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SUPPLEMENTARY MATERIALS: Bifurcations on Fully Inhomogeneous
Networks*

Punit Gandhif, Martin Golubitskyi, Claire Postlethwaite?, lan Stewart¥, and Yangyang
Wang'

In this supplement, we prove the main theorems regarding local bifurcations in codimen-
sion one and codimension two stated in Sections 3 and 5 of the main document. Throughout,
references to equations, theorems and lemmas within the supplement begin with 'SM’, while
references with just numbers refer to items in the main document.

SM1. Proofs of Codimension One Theorems. Section SM1.2 below provides proofs of
the main theorems on codimension-1 steady-state bifurcation, and Section SM1.3 provides
proofs of the main theorems on codimension-1 Hopf bifurcation. Neither proof is trivial.
First, we show in Section SM1.1 that generically, within the class of admissible maps, the
Jacobian has distinct eigenvalues.

It is useful to introduce the following notion. A shape space S is a vector space of all n x n
matrices A having a certain set of nondiagonal matrix entries equal to zero, Golubitsky and
Stewart (2017). By (1.1) the linear admissible maps for a fully inhomogeneous network form a
shape space; a zero entry in the (4, 7)th slot indicates that node j is not directly connected to
node i. The same equation obviously implies that at any point, the Jacobian of an admissible
map for a fully inhomogeneous network G lies in the shape space corresponding to G.

SM1.1. Simple Eigenvalues are Generic. We begin with a technical lemma. Let | - ||
denote any norm on R" (all norms on R™ are equivalent).

Theorem SM1.1. Let A be an n X n matriz in a shape space S that includes all diagonal
matrices, with characteristic polynomial p(t) = det(A — tI). Let

p(t) =t" + an_1t" L+ -+ art + ap.
Then there exists € > 0 such that for any (bn—1,...,bo) € R™ satisfying

[(bn—1—@n-1,...,bo —ao)|| < ¢
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there exist €; such that the perturbed matriz
B = A+ diag(ey,...,en) €S
has characteristic polynomial
q(t) = t" 4+ by t" -+ byt + by,
Proof. We start from the standard version of Jacobi’s formula, Wikipedia (2018):
det(K +eX) = det K + tr(adj(K)X)e + O(e?)

for n x n matrices K, X. Here adj(K) is the adjugate (or adjoint) matrix — the transpose
of the matrix of cofactors C;; = (—1)"*/ det M;; where M;; is the minor obtained by deleting
row ¢ and column j from K. This formula follows directly from the standard formula for the
determinant as a sum over permutations o of products of the form sign(o)a; ;-

The first step is to perturb the diagonal so that all diagonal entries a;; are distinct. Having
pre-prepared A in this manner, we proceed as follows:

Let e;; be the elementary matrix with 1 in the (7, j) position and 0 everywhere else. Put
K = A—tI and X = ej;. The only contribution to the trace of adj(K)X comes from the
(1,1) position, so we want the cofactor Cy1 for A —tI. Since (—1)'*1 = 1, this is

det[AM —¢1]

where A is A with row and column 1 deleted. This is the characteristic polynomial of A,
Let pl! be the characteristic polynomial of A, which is A with row and column 7 deleted.
The same calculation (think of the Taylor expansion or just take X = diag(ey,...,&y)) yields

q(t) = det(A —tI + diag(e1,...,2n)) = p(t) + Y _ ipl(t) + O(2)

where O(2) is of order 2 in the &;.

By the Implicit Function Theorem it is enough to prove the theorem neglecting the O(2)
terms. So we have to prove that generically (that is, after a small enough perturbation) the
polynomials p o pl) are linearly independent. (The ¢; are independent, and there are n
of them, the same as the number of coefficients in each pl!, including the leading term 1-t™~1,

Expanding and collecting coefficients of powers of ¢, each coefficient of each pll is a poly-
nomial in the entries a;; of A. The condition for linear independence is that the determinant
A of these coefficients (including the leading term with coefficient 1) should not vanish.

We claim that A defines a codimension-1 subvariety. This follows provided A does not
vanish identically on the shape space S. Suppose for a contradiction that it does vanish. Then
it vanishes on the diagonal matrices, since these are contained in S, so some nontrivial linear
combination vanishes:

(SM1.1) > piptl(t) = 0.
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SUPPLEMENTARY MATERIALS: BIFURCATIONS ON FULLY INHOMOGENEOUS NETWORKS SM3

However, when A is diagonal,
pi) = ]t = ajy).
J#i
We initially perturbed the diagonal of A (say by £/2) so that all diagonal elements a;; are
distinct. Now for each i we can substitute ¢ = a;; in (SM1.1). All terms vanish except possibly

pip® (air) = [ [ (ais — aj).
i

so u; = 0 for all ¢, contradiction.
Therefore the plil are linearly independent off the codimension-1 variety A = 0, so small
enough ¢; give characteristic polynomials filling an entire neighbourhood of p(t).

Corollary SM1.2. All sets of eigenvalues sufficiently close to those of A can be obtained by
a diagonal perturbation A + diag(ey, ..., ep).

Proof. Take q(t) = (t— A1) --- (t—\p) to be the perturbed polynomial in Theorem SM1.1,
where the ); are the required perturbed eigenvalues.

SM1.2. Proofs for Codimension One Steady-State Bifurcation.

Proof of Theorem 3.1:. Fix a fully inhomogeneous network and consider an admissible
system

for the network, where y € R", A € R. Assume F(0,0) = 0 so that y = 0 is an equilibrium
when A = 0. Because the network is fully inhomogeneous, Corollary SM1.2 implies that at a
codimension-1 steady-state bifurcation the Jacobian J = (D,F) ) generically has a simple
zero eigenvalue. We call the corresponding eigenvector v # 0, so Jv = 0.

Let v* # 0 be a null vector for the adjoint J*. The range of J is the orthogonal complement
of v* since (v*, Jw) = (J*v*, w) = 0 for any w € R", and the range of J is (n — 1)-dimensional.
We claim that

(SM1.2) (v*,v) #0.

To prove the claim assume, for a contradiction, that (v*,v) = 0. This implies v € range(J),
so there exists u # 0 such that Ju = v and J?u = Jv = 0. Since u and v are linearly
independent, zero is not a simple eigenvalue of J, a contradiction.

Since rank(J) = n—1, Liapunov-Schmidt reduction shows that the zeros of F'(y, \) near the
bifurcation are in one-to-one correspondence with zeros of a single equation g(x, \), where = €
R. The Liapunov-Schmidt procedure implies that ¢,(0,0) = 0. Moreover, g;,(0,0)gx(0,0) # 0
if and only if the resulting bifurcation is a saddle-node bifurcation.

The formulas for computing ¢,.(0,0) and g5 (0, 0) are standard (Golubitsky and Schaeffer,
1985, p. 33). In particular,

922(0,0) = (v*,D%2F(v,v))
gr(0,0) = (v*, F))
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SM4 P. GANDHI, M. GOLUBITSKY, C. POSTLETHWAITE, |I. STEWART, AND Y. WANG

In coordinates write v = (vq,...,v,) and w = (wy, ..., w,). Then the k" component of D*F
is

—~ *fi
[D%F (v, w)]x = ]Z S, (0, 0)vjw;.

In order to show that saddle-node bifurcations are generic, we must consider the two cases
when either g;,(0,0) = 0 or ¢»(0,0) = 0. In each case we must show that there is a generic
perturbation that forces these derivatives to be nonzero.

The linear case is straightforward. Suppose that the j** coordinate of vj is nonzero.
Perturb the j* (node) coordinate of F' to G;(y,\) = Fj(y,A) + e\ and assume Gy = F}, for
k # j. Note that F' = G =0 and DG = DF at y = A = 0. It follows that g\ = ev} # 0 when
e #0.

Next, we must show that a generic homogeneous quadratic perturbation of F' leads to a
new vector field G = F 4+ ¢® where

95,(0,0) = <U*,D2G(’U,1})> = 6(1)*,D2<I>(v,v))

is nonzero. The Jacobian J and therefore v and v* remain unchanged by this perturba-
tion because we assume ® to be homogeneous quadratic. Indeed, because the map & —
(v*, D?®(v,v)) is linear, it is enough to show that

(SM1.3) (v, D2B(v,v)) # 0

for some admissible @, in order to satisfy (SM1.3) for almost all admissible ®.
The quadratic ® = (¢1,. .., ¢,) is admissible if

9¢;

=0
(9.%'1'

whenever node j is not connected to node i and j # 4. In particular, a quadratic ® of the
form 0¢;/0x; = 0 for i # j is admissible for any network.

By (SM1.2) there is a component k such that both v} # 0 and vi, # 0. We can therefore
choose ¢ = 27/2 and ¢; = 0 for j # k so that for this ® we have

95:(0,0) = evjuvj # 0

The bifurcation of the perturbed vector field is therefore a saddle-node.

Lemma SM1.3. Fiz a fully inhomogeneous network with shape space S. Let S be the set
of matrices J € S that have a simple zero eigenvalue. Define S; C S to be the set of matrices
J € 8 with null vector v = (v1,...,vyn) such that v; # 0. Let

ﬁj:{JESi: Uj?é()}.

Then for any node j downstream of node 1, 7}]' is open and dense in ;.
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SUPPLEMENTARY MATERIALS: BIFURCATIONS ON FULLY INHOMOGENEOUS NETWORKS SM5

Proof. The set of J € S; that lead to a nonzero v; is open by the continuous movement of
the null vector v. So it is enough to show that this subset is dense in S; for all j downstream
of 4.

Fix J € &;. If vj # 0, the proof is complete, so we can suppose v; = 0. Because node j is
downstream of node i, there exists a path of length m such that kg — k1 — --- — k;, where
ko =i, k,, = 7, and arrows indicate connections between the corresponding nodes.

Given that component vy, = v; is nonzero, the proof proceeds by constructing a series of
m perturbations that sequentially makes each k;, component of the null vector v nonzero, to
achieve the desired result v; # 0.

Suppose we have found perturbations 1 through ¢ so that vy, ...., vx, are all nonzero. We
show how to make an arbitrarily small perturbation of .J, denoted by J , that makes v, , # 0.
We choose the perturbation small enough so that the perturbed Jacobian still lies in 5}-, and
the nonzero components of v remain nonzero. For convenience, relabel nodes so that kyyq is 1
and ky is 2. Now v1 = 0 and node 1 receives input from node 2 with vo # 0. Each perturbation
is constructed in two stages, as we now describe.

First perturbation:. Given the above labeling, let

-2y

where A is a scalar and D is an (n — 1) x (n — 1) matrix. By assumption v = (0 z)T for
2z € R"1. The condition that v is a null vector becomes

(SM1.4) [éﬁ“ﬂﬂ[g]:[g]

Now (SM1.4) implies Bz = 0 and Dz = 0, so D is singular with null vector z.
We claim there exists a perturbation of J so that the zero eigenvalue of D is simple. By
Theorem SM1.1 we can choose an admissible n x n perturbation matrix

0 0
NG [ 0 A ] :
where A is diagonal, so that the perturbed matrix J 4+ Wa has a simple eigenvalue A close to
zero. Then the perturbed matrix

j:J+\I/A—)\I:[A B},

C D

where A = A— X and D = D+ A — \I, has a simple zero eigenvalue. Moreover, we can choose
the perturbation WA small enough so that the nonzero components of v remain nonzero and
j S Sl

If the new null vector of J has vy # 0, we are done. So we may assume that the null vector
still has the form @ = (0 )7, which implies that the simple zero eigenvalue is associated with
D. The claim is verified by dropping the tildes on A, D, J, v and z.

This manuscript is for review purposes only.
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Second perturbation:. Let

0 F
where E = (g,0,...,0). Since node 2 connects to node 1, &g is a small admissible matrix.

Moreover, Ez # 0. Consider the small perturbation .J = J+ ®p — pI of J, where p is the
simple eigenvalue of the matrix J + ®g near zero. Thus J has a simple zero eigenvalue with
null vector ¥ = [§ |7 and

|0

10

We claim that § # 0. We argue by contradiction; suppose § = 0. Then (SM1.5) reduces to

(SM1.5) J [

X

-2 22

ISP

Bz+FEz = 0
(SML1.6) Ds — o2
Since p is near 0 and D has a simple eigenvalue at 0 with all other eigenvalues bounded away
from 0, it follows that p = 0 and we can take Z = z. From (SM1.4) we know that Bz = 0;
hence (SM1.6) implies Ez = 0. This is a contradiction, so § # 0.

The proof of Lemma SM1.3 does not require the eigenvalues or the eigenvectors of J to
be real. Hence Lemma SM1.3 also holds for matrices in & that have a pair of simple purely
imaginary eigenvalues. This adaptation, stated without proof in the next lemma, is needed in
Section 3.2.

Lemma SM1.4. Fix a fully inhomogeneous network with shape space S. Let S be the set of
matrices J € S that have a pair of simple purely imaginary eigenvalues. Define S; C S to be
the set of matrices J € S with critical eigenvector v = (v1,...,v,) such that v; # 0. Let

ﬁj:{JGSil Uj;é()}.

Then for any node j downstream of node 1, ’ﬁj is open and dense in S;.

Lemma SM1.5. Let C be the critical path component associated with the saddle-node bifur-
cation. Let v be the associated critical eigenvector. Then the coordinates of v on nodes that
are not downstream from C are zero. Generically, the coordinates of v on all nodes that are
downstream from C' (including C') are nonzero.

Proof. Because the zero eigenvalue at the saddle-node bifurcation is simple, it is associated
with a unique path component C. By Theorem 2.9, the corresponding zero eigenvector v has
zero components on nodes that are not downstream from C'. Since v has at least one nonzero
component on C', Lemma SM1.3 implies that v has nonzero components on C' and on all nodes
downstream.

Proof of Theorem 3.3:. The growth rates follow from Lemma SM1.5 and Remark 3.2.

SM1.3. Proofs for Codimension One Hopf Bifurcation. We first consider the special
case of a directed ring, and then parlay this case into a proof of the general result.

This manuscript is for review purposes only.



192
193

194

195

196

197
198
199
200

201

202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228

SUPPLEMENTARY MATERIALS: BIFURCATIONS ON FULLY INHOMOGENEOUS NETWORKS SM7

Lemma SM1.6. Nondegenerate Hopf bifurcation can occur for suitable admissible vector
fields in a directed ring with more than one node.

Proof. Consider a directed ring of nodes 1,...,m with 1 — 2,...,m — 1. Admissible
vector fields for this ring have the form
i1 = fi(z1,zm)
(SMLT) iy = fax2,31)
Tm = fm(Tm, Tm—1)

Assume that (SM1.7) has an equilibrium at the origin; that is, f;(0) = 0 for all j. We claim
that the m x m Jacobian of (SM1.7) at the origin can be chosen to have a pair of simple
complex conjugate purely imaginary eigenvalues, and no other imaginary eigenvalues.

In block form let L be the m x m matrix

0 1
=0 0]

The characteristic polynomial of L is p(\) = det(\[,,, — L) = A" — 1 and the eigenvalues of L
are the m'" roots of unity. For each m the matrix L has simple complex conjugate eigenvalues,
so there exists p such that J = L — ul,, has simple purely imaginary eigenvalues and no other
imaginary eigenvalues. The standard Hopf bifurcation theorem implies that adding AI,, to
the vector field leads to a nondegenerate Hopf bifurcation; that is, to the desired v\ growth
rate of small amplitude periodic solutions.

Lemma SM1.7. Hopf bifurcation in a path component H, at a pair of simple complex con-
jugate purely imaginary eigenvalues, is possible for some admissible map if and only if the
number of nodes in that component satisfies ng > 1.

Proof. For ng = 1, Hopf bifurcation is not possible. We therefore show that for ny > 1,
there exists an admissible Jacobian J with one pair of simple purely imaginary eigenvalues
and all other eigenvalues off of the imaginary axis.

Fix a path component H with ny > 1 nodes. We construct a directed ring within that
path component as follows. Given any two distinct nodes ¢ and k in H, there exists a directed
loop{ —--+-— k and k — --- — £. Consider a loop of minimal length m. If any node occurs
twice (except where the ends join) the segment in between is a smaller loop. So a minimal
loop consists of distinct nodes, forming a closed ring. In particular, there are no connections
between distinct nodes in the ring, except for the unidirectional nearest neighbor ones.

Order the nodes in the ring by 1,...,m. Consider admissible vector fields such that the
coordinate function f; = 0 when j > m and f; has the form in (SM1.7) for 1 < j < m. By
Lemma SM1.6 these admissible vector fields can have an equilibrium at which the Jacobian
J has simple purely imaginary eigenvalues. However, 0 occurs n — m times as an eigenvalue
of J.

Theorem SM1.1 implies that we can perturb the diagonal entries of J to make the 0
eigenvalues nonzero while fixing the purely imaginary pair of eigenvalues. The Jacobian J
constructed in this way is admissible, and it has exactly one pair of simple purely imaginary
eigenvalues and no other imaginary eigenvalues.

This manuscript is for review purposes only.
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Proof of Theorem 3.6:. Fix a fully inhomogeneous network and consider the network ad-
missible system

for y € R", A € R. Assume F(0,\) = 0 so that y = 0 is a steady-state solution for all .
By Lemma SM1.7, purely imaginary eigenvalues associated with each path component H are
possible as long as ny > 1. Moreover, we can assume these eigenvalues are simple and all
other eigenvalues are off the imaginary axis. Without loss of generality we can assume at
codimension-1 Hopf bifurcation that J = (DyF )(070) has simple eigenvalues +¢ and no other
imaginary eigenvalues.

Define the eigenvectors ¢ and d by Je = —ic and J'd = id, where the superscript T
denotes transpose. Using the inner product

(SM1.8) (w,v) = w'v,

where the overbar denotes complex conjugate, we can choose d such that (d, ¢) = 2 (Golubitsky
and Schaeffer, 1985, p. 346). In particular,

(d,c) #0.

Since the critical eigenvalues of J are simple, Liapunov-Schmidt reduction shows that near
bifurcation the small amplitude periodic orbits of § = F'(y, A) are in one-to-one correspondence
with zeros of a single equation g(z,\) = r(2?,\)z = 0, where x € R. By the Liapunov-
Schmidt procedure, r,(0,0)7(0,0) # 0 (where z = 2?) if and only if the resulting bifurcation
is a nondegenerate Hopf bifurcation. The formulas for computing r,(0,0) and 7,(0,0) are
standard (Golubitsky and Schaeffer, 1985, p. 352), and we assume that r,(0,0) # 0.

To show that Hopf bifurcations are nondegenerate, we consider the case r,(0,0) = 0,
and prove that a generic homogeneous cubic perturbation of F' leads to a new vector field
G = F + €V such that the new cubic coefficient in the reduction r5(0,0) # 0. In this case the
coefficient can be computed as

r(0,0) = 1—16Re (d, (D) (e, ;) = =R (d, (D*W)(c,,€))

The Jacobian J and therefore ¢ and d remain unchanged by the perturbation because we
assume ¥ to be homogeneous cubic.

Because Re(d,c) = 2, there must be some node k such that Re(dxck) # 0 and |c| # 0.
Choose ¥y, = %x% and ¥; = 0 for j # k. Then

€ - _ € -
TE(0,0) == —Re(dkckckck) = f|6k|2Re(dka) 75 0
16 16
as desired. This perturbation is admissible, since for every node j the variable x; appears in
f]’ in (11)
Lemma SM1.8. Let H be the critical path component associated with a nondegenerate Hopf
bifurcation, and let v be the associated critical eigenvector. Then the coordinates of v on nodes

that are not downstream from H are zero. Generically, the coordinates of v on all nodes that
are downstream from H are monzero.

This manuscript is for review purposes only.
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266 Proof. Since the purely imaginary eigenvalues are simple at the Hopf bifurcation, we can
267 associate it with a unique path component H. The fact that the coordinates of v that are
268 mnot downstream from H are zero follows from Theorem 2.9. By Lemma SM1.4, generically
269 all components of v that are downstream from H are nonzero.

270 Proof of Theorem 3.7:. This follows immediately from Lemma SM1.8.

SM2. Overview of Singularity Theory. The analysis of codimension-2 mode interactions
in the next four sections relies on techniques from singularity theory. We summarize the
main concepts and results here. We follow the approach to bifurcation problems in Golubit-
sky and Schaeffer (1985); Golubitsky, Stewart and Schaeffer (1988), but we do so without a
distinguished parameter. These sources should be consulted for further details and proofs.

The analysis of the four codimension-2 mode interactions (steady-state/steady-state, steady-}
state/Hopf, Hopf/steady-state, and Hopf/Hopf) reduce to functions F : R? — R? that satisfy
a feedforward structure F'(z,y) = (f(z),g(x,y)). In addition, F' commutes with the action of
a symmetry group on R? in the three interactions involving Hopf modes.

Singularity theory is about the local topological structure of classes of C* smooth maps

LA W N =

N NN NN DN NN NN
~N N 3 ~J N 9 9
© 00 N O

®

F:R™ - R"

ND
Qo
—_

282 near some point. By translation, we take this point to be 0 € R™ and assume F(0) = 0.
283  The local structure is captured by introducing the following notion. Two such maps F, G are
284 germ-equivalent if their restrictions to some open neighborhood U C R™ of 0 are equal; that
285 18, FI(X) = G(X) for all X € U. A germ is a germ-equivalence class. We define a germ by
286 specifying a representative map, and identify the germ with this map, bearing in mind that
287 only local information near 0 is meaningful. In particular, derivatives D*F'|x—_q of F at 0 are
288 meaningful concepts for the germ of F', and so is the Taylor series of F' near 0.

289 With this understood, we can henceforth omit ‘germ’ and refer to maps and functions.
290 All of these are assumed smooth, and we mainly require the case m = n = 2.
291 Singularity theory uses changes of coordinates to simplify the form of F', where possible.

292 These changes of coordinates preserve the number of solutions (zeros of F'), and the type of
293 solutions (if symmetry is present). To do this, define two problems F,G : R? — R? to be
294 contact equivalent if

295 G(X)=S5X)F(®(X))

296 where the smooth map ® : R? — R? is a diffeomorphism and the smooth map
297 S :R? - GL(2)

298 where GLL(2) is the group of invertible real 2 x 2 matrices. The equivalence is strong if ®(0) = 0.
299 Contact equivalence preserves the topology of the zero set of F'. It is the most general
300 form of equivalence with this property, and it has technical advantages over any stronger form
301 of equivalence.

302 The methods of singularity theory usually have to be adapted to any specific context,
303 imposing extra conditions to ensure that the equivalences preserve any relevant structure. As
304 we see in the next four sections, contact equivalence must be suitably modified in each of the
305 four mode interactions to preserve the feedforward structure and the relevant symmetry.
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Normal form theory:. The first main objective is to use an suitable equivalence to transform
a given map F' into a simple polynomial map, a normal form. This is not always possible,
but it can be done for ‘almost all’ maps, namely, those of finite codimension, see (SM2.1).
To achieve this we consider ‘infinitesimal’ perturbations. Consider a one-parameter family of
strong equivalences

G(X7 e) = S(X, E)F((I)(X7 8))
where ¢ € R is small. Differentiate with respect to e (shown by a dot) and evaluate at £ = 0.
We get . . .
G(z,0) = S(X,0)F(X)+ (DF)x®(X,0)
We therefore define the restricted tangent space of F' to consist of all possible G; that is,
RT(F)={SF + (DF)®}

where S(X) is an arbitrary 2 x 2 matrix for each X and ® : R? — R? is an arbitrary map
that satisfies ®(0) = 0. We now have:

Theorem SM2.1 (Tangent Space Constant Theorem). Let F' be a vector field. Suppose
there exists p : R2 — R? such that

RT(F +ep) = RT(F)
for alle € [0,1]. Then F + ep is strongly equivalent to F' for all e € [0, 1].

See Golubitsky and Schaeffer (1985) Chapter II Theorem 2.2 when n = 1, and Golubitsky,
Stewart and Schaeffer (1988) Chapter XIV Theorem 3.1 for the general case. We can ap-
ply Theorem SM2.1 to construct normal forms, and to solve the recognition problem: using
conditions on Taylor coefficients to characterize when F' has the normal form concerned.
The proof of Theorem SM2.1 can be adapted to prove analogous theorems for each of
the mode interactions. Alternatively, the appropriate tangent space constant theorem for
each mode interaction follows from general results of Damon (1988). The principal difficulty
in applying Theorem SM2.1 is the computation of RT(F). This computation is simplified
by using its algebraic structure (a module over a system of rings) and Nakayama’s Lemma
(Golubitsky and Guillemin (1973); Gibson (1979); Martinet (1982)), which we briefly recall:

Lemma SM2.2 (Nakayama's Lemma). Let R be a commutative ring with unit, with an
ideal T such that whenever r € T the element 1 + r is invertible in R. Let M be a finitely
generated R-module, with a submodule N'. Then the condition

N+IM=M
implies that N = M.

The rings that we use are rings £ of germs of C*° functions at the origin and the associated
ideals M of functions in £ that vanish at the origin. The modules over these rings are modules
of vector mappings denoted by €. The exact definition of these spaces (that is, the coordinates
X on which the functions are defined) are context dependent. See (Golubitsky and Guillemin,
1973, p. 103) or (Golubitsky and Schaeffer, 1985, Chapter 2).

The next four sections carry out these calculations under the assumption that the corre-
sponding tangent space constant theorem is valid.
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345 Unfolding theory:. The other main topic we need is unfolding theory, which determines all
346 possible perturbations of F' (of finite codimension) in a sense we now explain. A k-parameter
347 wunfolding of F' is a smooth map

348 F:R? x RF 5 R2

349 such that
350 F(X,0) = F(0)

351 Let fI(X, B) be an [-parameter unfolding of F'. Then H factors through Fif
352 H(X, ) = (X, B)F(2(X, ), A(B))

53 where A : Rl — RF, A(0) = 0, and S(X,0) = I, ®(X,0) = X. An unfolding is versal if every
354 unfolding factors through it. It is wuniversal if it is versal and the number of parameters is
55 minimal among all versal unfoldings. This minimal number is the codimension

356 (SM2.1) codim(F).

357 The tangent space of F is
358 T(F)={SF+ (DF)%},

359 where the diffeomorphism ® is an equivalence, but not necessarily a strong equivalence. That
360 is, ®(0) need not equal 0.

361 The codimension of F' is equal to the codimension of the tangent space T(F'), which
362 contains RT'(F') but may be larger. We refer to Golubitsky, Stewart and Schaeffer (1988)
363 Chapter XV Section 2 for a discussion and definition.

364 Finally, we state a criterion for a universal unfolding to exist:

365 Theorem SM2.3. An unfolding F of F is a universal unfolding of F if and only if

366 Ex = T(F) ® R{Fo,(X,0),..., Fa (X,0)}.
367 Corollary SM2.4. The codimension of F is equal to the codimension of T(F') in Ex.
368 The proofs of the theorems for the four mode interaction cases that are analogous to

369  Theorem SM2.3 follow from Damon (1988) and these corresponding theorems are used in the
370 next four sections. Generally speaking, a singularity theory analysis proceeds by computing
371 RT(F), determining a normal form F of F, computing T (F') based on the computation of
372 RT(F), and finally determining a universal unfolding of E.

373 SM3. Steady-State/Steady-State Mode Interaction: Proofs. This section outlines proofsj
374  based on singularity theory, as reviewed in Section SM2, of the main results in Section 5.1 on
375  steady-state/steady-state mode interaction. We first compute the restricted tangent space for
376 the center manifold dynamics (5.1) associated with this mode interaction, and use this result
377 to prove Theorem 5.3: that (5.1) can be transformed to the normal form (5.5). We then use a
378 complement of the unrestricted tangent space of (5.5) to identify the universal unfolding (5.7),
379 proving Theorem 5.6.
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SM3.1. Restricted Tangent Space for SS/SS Mode Interaction. The restricted tangent
space of a map F, denoted RT'(F'), is obtained from %FT(F )|r=0, where I'; is a one-parameter
family of strong equivalences (as in Definition 5.2) with I'g(F)(z,y) = F(x,y).

For technical reasons we use a version of singularity theory adapted to maps of the form
(f(z),g(x,y)). These maps are analyzed using a special case of the general concept of a system
of rings and an associated system of modules, as defined in Damon (1984) p. 242-243. In this
case the key step is to work with a pair of rings (£, ;) instead of a single ring. In place of
a module over a ring, we use a direct sum M; @& My where M; is a module over &, and M, is
a module over &, ,. Tangent spaces and restricted tangent spaces are defined by analogy with
the case of a single ring and module.

In Lemma SM3.1 we show that RT(F) is a system of modules over the system of rings
(€x,E2y). The tangent space constant theorem that is analogous to Theorem SM2.1 states
that if

RT(F +71p) = RT(F)

for all 7 > 0, then F 4 7p is strongly equivalent to F. In the context of systems of rings, this
theorem follows from Damon (1984, 1988). See also Dangelmayr and Stewart (1985).

Lemma SM3.1. Let F = (f(z),g(z,y)) be a map in (Ey,Ery). A map G € (E;,Exy) is in
RT(F') if and only if there exist maps P;i(x) € &, and Qj(x,y) € vy such that

en-n[{]on 2] va st 0] & o0l 8

Proof. The general form of strong equivalence is given in (5.2). Define a one-parameter
family of strong equivalences by

_ | alz,7) 0 f(o(z,7))
(5M3.1) CPED = | sy ctonr) || o0 bl )
where I'g(F') = F and I'/(F)(0,0) = (0,0). Then
a(z,0) =1 b(z,y,0)=0 c(z,y,0)=1 ¢(z,0) =2 ¢(x,y,0)=y
#(0,7) =0 (0,0,7)=0

We compute the restricted tangent space by differentiating (SM3.1) with respect to 7 (indi-
cated by a dot) and evaluating at 7 = 0, obtaining

Lo(F)(z,y) = a(z,0) [ f(ox) ] + b(z,y,0) [ f(()x) } + ¢(,y,0) [ ’ }

o 9(z,y)
9@ 0) [ g (T,y gy (z,y)

(SM3.2)

(SM3.3) |+

We use (SM3.2) to conclude that a(z, 0), b(z,y,0) and é(z, y, 0) are arbitrary, whereas ¢(x, 0) =}
an(x) and ¥ (z,y,0) = zo(x,y) + yv(x,y) for arbitrary functions 7, o, v. The restricted tan-
gent space is therefore

SR IR IR EA R PR
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Here the notations (--- )y and (---), ) indicate generators of a module over the rings &,
and &, ,, respectively.

SM3.2. Normal Form for SS/SS Mode Interaction. We prove Theorem 5.3 by showing
that F' can be transformed to the normal form (5.5). We do this in two steps. First, in
Lemma SM3.2 we explicitly transform the linear and quadratic terms of F' into the normal
form (5.5); then we use the tangent space constant theorem to transform away terms of order
three and higher.

The defining conditions for a steady-state steady-state mode interaction imply that to
quadratic order F' takes the form F» = (f2, g2), where

falax) = pa’
SM3.4
( ) g(r,y) = qr+r®+ svy +ty?

Lemma SM3.2. {lny map of the form (SM3.4) with p,q,t # 0 is strongly equivalent to the
normal form F = (f,§) where

f(z) ep?
SM3.5 . P
( ) i(z,y) = eggz+ey?

and £, = sign(x).

Proof. As we are interested only in terms up to second order in z and y, we take the
truncated forms of the transformation functions used to define equivalence in (5.2) to be

o(z) = ax Gle,y)=Br+yy a(w)=3 bay) =0 clz,y)=p.

Now
f(x) B dpaa?
(SM3.6) [ 9(z,y) ] a [ opa’z® + p (qax + ro’z? 4+ sax(Br + yy) + t(Br + yy)?)

Combining terms in (SM3.6), the transformed coefficients are

da’p

pag

oap + par + pafBs + pBit
porys + 2pPyt

= py*t

s > H S
Il

We assumed that p # 0, t # 0, ¢ # 0 in f and g. Thus we can simplify the system so that
D=¢p, § =g, t = &, where E(x) = sign(x). Additionally, we can impose the conditions 7 = 0
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and § = 0, leading to the transformation

Et
P=
oo fa_ca’t

pqg e
s_ S _ ciepd

a’p  epyttp
5= as Eq’st

2t 2e1q
2

U:_CXL;]) (a r+aﬁs+ﬁ2) —% <T—Zt>.

Here v > 0 is a free parameter. We require 4, p, o,y > 0 so that the transformation preserves
the stabilities of steady states. Were we free to choose the signs of §, a, p, we could have
transformed p, ¢, to +1. Applying the transformation specified above to (SM3.4) produces
(SM3.5).

Proof of Theorem 5.3:. By Lemma SM3.2 a general map F(z,y) = (f(z),g(x,y)) satisfy-
ing the defining and nondegeneracy conditions is strongly equivalent to (5.5) modulo terms
of order three or higher. That is, F' is equivalent to F=F+... , Where - - - indicates terms
of order three or higher. Using the tangent space constant theorem we may also remove
terms of order three and higher by a suitable transformation. Specifically, we show that
RT(F) = RT(F).

First, we claim that the restricted tangent space of the normal form ( f ,g) 1s

(SM3.7) RT(F) = { AS% ] © [ M%y-(i)-R{QT} ] ’

which is a system of modules over the system of rings (€x,E2y). By Lemma SM3.1, the
restricted tangent space for the normal form F'in (5.5) is

2 2
A EpT 2epT 0 0 0 0
RI(F) = <[ 0 } ’ [ EqT ]>{z}@<[ £px? ] ’ [ e e || 2ewy || 26’ [/,

By linear combinations of the vectors, we can reduce this to

wmio={[ 5]}, (L[5 D),

The restricted tangent space is therefore as in (SM3.7).
Next, we consider higher order maps n € M3 and m € Miy, that is, F = F + (n,m).
We use Nakayama’s Lemma (Lemma SM2.2) to prove that RT(F) = RT(F 7). Tt follows that
=( f +n,g + m) is strongly equivalent to the normal form F and hence that F is strongly

equlvalent to F', as desired. Specifically, we set

f@) = epa®+n(z)
(SM3.8) g(z,y) = 52)95 + ey + m(z,y)
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and compute

2 2
SN Epx’ +mn 2epx” + TNy
e =([ [T ],

(SM3.9) 0 0 0 0
epr?4n || eqrtew?+m || 25y +amy || 2697 4 ymy {z.y} '

By (SM3.7) each generator of RT(F) in (SM3.9) is in RT(F). Hence RT(F) C RT(F).
Next we apply Nakayama’s Lemma to prove RT(F) C RT(F), for which we must show
thatRT'(F') € RT(F) + (Mg, M4y )RT(F). The generators of RT(F') over the system of

rings are
<[%2}’[2]’[yg]>_[M%,y/\ﬁmx}]
and
(Ma, My ) RT(F) = [ "y fﬂiw - ]

Thus we must show that

oL LEDemo (]2 L] 1A ])

which follows from

I P B P i DY VR

R P R ) B R DY Y

Therefore the restricted tangent space of the perturbed system is identical to the restricted
tangent space of the original system, so the two are equivalent.

The next step is to compute the codimension of the restricted tangent space to ensure
that it is finite. A complement of the restricted tangent space of (5.5) in (&, & y) is

ol LoV

so the codimension of RT(F) is 4.
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SM3.3. Tangent Spaces for SS/SS Mode Interaction. In order to find a universal un-
folding we must compute a complement of the unrestricted tangent space, which is generated
by relaxing the constraint that the origin remains fixed under coordinate transformations.

Lemma SM3.3. The tangent space of a map F = (f,g) where f € &, and g € &, is

(SM3.10) T(F) = RT(F) & R{ [ gxfff;) } , [ gy(i » ] } .

Proof. Computing the tangent space is similar to computing the restricted tangent space
as in Lemma SM3.1, except that now we do not require the origin to be fixed by the coordinate
transformation. That is, ¢(z,0) and ¢ (z,y,0) in (SM3.3) can be arbitrary functions. Hence
the tangent space is

ol Do LA D,
R EA S (b
Uo D = (L Lo Doy ol ]y

We are now in a position to compute a universal unfolding of the normal form (5.5) using
the analog of Theorem SM2.3.

Proof of the Universal Unfolding Theorem 5.6:. Compute

o [ Laen =AU T et [T

The tangent space is therefore

T<F>=[Agi]EB[MOx,y]@RHQZxH’

and a complement to T'(F') is a two dimensional complement to (2e,z,¢,) in the span

LG
ol Y]}

leads to the universal unfolding (5.7).

The complement
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SM4. Hopf/Steady-State Mode Interaction: Proofs. This section outlines proofs of
the main results in Section 5.2 on Hopf/steady-state mode interaction. To apply singularity
theory, we first use Liapunov-Schmidt reduction on the three-dimensional center manifold to
construct a two-dimensional network whose zeros are in one-to-one correspondence with the
equilibria and periodic solutions of the center manifold network. We compute the restricted
tangent space for the Liapunov-Schmidt reduced network of the vector field (5.8), and use
this result to prove Theorem 5.11, which states that (5.13) is a normal form. We then use the
complement of the tangent space of (5.13) to identify the universal unfolding (5.14), proving
Theorem 5.12.

SM4.1. Liapunov-Schmidt Reduction for H/SS Mode Interaction. In this subsection,
we prove Theorem 5.8 using the standard ‘loop space’ approach to Hopf bifurcation via
Liapunov-Schmidt reduction, Golubitsky and Schaeffer (1985) Chapter VIII. First we con-
struct, from the center manifold vector field (5.8), an operator ® with the property that
solutions to ® = 0 correspond to periodic solutions of (5.8) with period approximately 2.
Then we apply Liapunov-Schmidt reduction to ® to prove Theorem 5.8.

Proof of Theorem 5.8:. We seek periodic solutions of (5.8) with period approximately 27,
for which we introduce 7 corresponding to a rescaled time s = ¢/(1 + 7). In terms of s, (5.8)
can be rewritten as

X _(1+nfX) ]
(SM4.1) gﬁ —+7n9X,y) | ’

A 2m-periodic solution of (SM4.1) corresponds to a periodic solution of (5.8) with period
27(1 4 7), which is close to 27 for 7 ~ 0. We define
®: CL(R?) x CL (R) x R = Car(R?) x Car(R) x R

by the left hand side of (SM4.1). Then the zeros of ®(X,y, 7) characterizes periodic solutions
of (5.8) with period approximately 27.

We now apply the Liapunov-Schmidt reduction to ® to find a reduced map ¢ in the
coordinates (SM4.3) on ker(d®). Then we use its properties to derive the theorem. The
linearization of ® about (X,y,7) = (0,0,0) is

d _
(SMA4.2) o — [ as — Dt 0 ]

-Vxg %

whose kernel is 3-dimensional:

(SM4.3) ker(d®) = <[ —i(V;g) . ] s, [ i(v;g) . ] s, [ (1) ]>

Here ¢ is a 2-dimensional complex eigenvector that satisfies Df ¢ = ic. Identify ker(d®) with
R3 via the map

(SM4.4) (21, 72,y) — z1Re[we’] + xalm[we"] + yes,
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544 where w = (¢, —i(Vyg) - ¢) and ez = (0,0, 1). The circle group S! acts on ker(d®) by

545 v(0) = [ R(()H) (1) ]

516 where R(6) acts on R? by rotation counterclockwise through the angle 6.
547 In the coordinates (SM4.4) on ker(d®), the reduced map ¢ has the form

T — X9 0
548 d(x1, 0,9y, 7T) = p(x% + :c%, T) | x2 | + q(x% + m%, T) 1 + U(m% + a:%, y,7) | 0
0 0 1

because ¢ commutes with the action of S'. Formulas for the derivatives of the reduced function
(Golubitsky and Schaeffer, 1985, p. 295) imply that p(0,0) = ¢(0,0) = ¢(0,0,0) = p-(0,7) =
0+(0,0,7) = 0 and ¢,(0,7) = —1. Solutions to ¢ = 0 locally are in one-to-one correspondence
with periodic solutions of (5.8).

The rotational symmetry lets us assume that xo = 0, 1 > 0, and the implicit function
theorem lets us solve g(z3,7) = 0 for 7 = 7(2%) (Golubitsky and Schaeffer, 1985, p. 345). Now
all solutions to ¢ = 0 may be obtained from zeros of

0~ O ©

ot ot ot ot ot gt Ot
ot Ot Ot Ov Ot Ot
[\]

ot

ut

6 Py = | 700" |

ot
(@
S|

where 7(z) = p(z,7(2)) and ¢(z,y) = 0(z,y,7(2)) and z1 > 0.

SM4.2. Restricted Tangent Space for H/SS Mode Interaction. The restricted tan-
gent space of a map F in the context of symmetry, denoted by RT(F'), is obtained from

%FT(F)]T:(), where I'; is a one-parameter family of strong Zs-equivalences (Definition 5.9)
with To(F)(z,y) = F(x,y).

562 Lemma SM4.1. Let F = (r(u)x,g(u,y)) be a map in (&, - {x},Euy). A map G € (&, -
563 {x},Euy) lies in RT(F) if and only if there exist maps Pi(u) € &, and Q;(u,y) € Ey,y such
564 that

. _ re 2ryuz +rx 0 0 0 0
it G(I’y)_Pl[ 0 ]+P2[ 2g,u ]+Q1[W}+Q2[9]+Q3[ugy}+%[ygy]'I

S Ot Ut
S © @

ot ot ot Ot

=
(=2}

567 Proof. The general form of strong Zs-equivalence is (5.10). Define a one-parameter family
568 of strong Zs-equivalences by

569 (SM4.5) L7 (F)(x,y) = [ ba(u’T) 0 } [ gréﬁz U, T uzf((u,r)x ] 7

(w,y,7)x c(u,y,7) (¢° (u, T)u, P (u,y, 7))

570  where I'g is the identity and I'7(F")(0,0) = (0,0). Then
(SM4.6)
a(u,0) =1, b(u,y,0) =0, c(u,y,0) =1, ¢(u,0) =1, ¥(u,y,0) =y, ¥(0,0,7) = 0.

ot
3
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To compute the restricted tangent space, differentiate (SM4.5) with respect to 7 and evaluate
at 7 = 0, to obtain

e = a0 | "G | i | 0 [raeno | 0 ]

(SM4.7) [QTU(u)u:U—I—T(u):L‘] - 0 iy)

+ofu,0) | el ol +w<u,y,o>[gy(u,y)

Conditions (SM4.6) imply that a(u,0), i)(u,y, 0), é(u,y,0) and gﬁ(u,O) are arbitrary, whereas

Y(u,y,0) = uo(u,y) + yv(u,y) for arbitrary functions o and v. The restricted tangent space
is therefore spanned by

LT s DL L L D

SM4.3. Normal Form for H/SS Mode Interaction. The proof of Theorem 5.11 is similar
to the proof of Theorem 5.3, and is carried out in two steps. First, in Lemma SM4.2 we
explicitly transform the lower order terms in r(u) and g(u,y) in F = (r(u)z, g(u,y)) into the
normal form (5.13). Second, we use the tangent space constant theorem for the Hopf/steady-
state mode interaction that is analogous to Theorem SM2.1 to transform away higher order
terms.

The defining conditions for a Hopf/steady-state mode interaction imply that to first order
in v and quadratic order in y, the functions 7(u) and g(u,y) take the forms pu and qu + ty>.
Hence F takes the form F = (7z,g) where

r(u)r = pux

)
(SM4.8) glu,y) = qu+ty?

Lemma SI\/I4.2.A Any map of the form (SM4.8) with p,q,t # 0 is strongly Za-equivalent to
the normal form F = (fz,§) where

u)r = Epur

7(u)
MA.
(SM4.9) g(u,y) = equ+ey?

and €, = sign(x).

Proof. We are interested only in terms of r(u) and g(u,y) up to first order in u and second
order in y, so we compute the truncated forms of the transformation functions used to define
Zs-equivalence in (5.10), obtaining

o) =a wluy) =yy alw) =3 bluy)=0 cluy)=p.

Now

rlu)x | Spadux
(SM4.10) [ } = [ pgau + pin2y?

This manuscript is for review purposes only.



SM20 P. GANDHI, M. GOLUBITSKY, C. POSTLETHWAITE, |I. STEWART, AND Y. WANG

599 Combining like terms, the transformed coefficients are
= 6ap
= pa’q
_ 2

= pyt.

600 (SM4.11)

s 1K 3>

601 By assumption, p # 0, ¢ # 0,¢ # 0 in 7 and g. Thus we can impose the conditions p = ¢,
602 ¢ =¢eq4 and t = &, where e, = sign(x), by making the transformation

— %r
0 = a3
. — fa
603 p agq
2 . afget
7= eqt

604 Here a > 0 is a free parameter. We require 9, p, a, v > 0 to preserve the stabilities of steady
605 states. Were we free to choose the signs of 6, p, we could have transformed p, ¢, f to be +1.
606 Applying the above transformation to (SM4.8) produces (SM4.9).

607 Proof of Theorem 5.11:. By Lemma SM4.2 a general map F(z,y) = (r(u)z, g(u,y)) sat-
608 isfying the defining and nondegeneracy conditions is strongly Zs-equivalent to F = Fa..,
609 where F is the normal form (5.13) and --- indicates terms of higher order. Using the tan-
610 gent space constant theorem we remove higher order terms associated to F by a suitable
611 transformation. Specifically, we show that RT(F) = RT(F).

612 First, we claim that the restricted tangent space of the normal form (7x,§) is
~ M, (x) 0

313 M4.12 T(F) =

o1 (SMa.12) RT(F) [ o Pl M2, R |

614 which is a system of modules over the system of rings (€,,&uy). By Lemma SM4.1, the
615 restricted tangent space for the normal form (5.13) is

S RT(E) — EpUT 3epur @ 0 0 0 0
616 ( ) = 0 ) 2€qu () epu2 ’ EqU + 5ty2 ’ 2€th ’ 25753/2 fug} .

617 Taking linear combinations, this reduces to

618 RT(F) = <[u0x]>{u}@<[2]’[;2]’[@?yb{u,y}'

619 The restricted tangent space is therefore given by (SM4.12).
620 Next, consider higher order maps n € M3, and m € M3, & My, (u). That is, let

621 F = (7z,) = F + (nz,m), where

Hu)x = (gpu+n(u))x

622 -
) G(u,y) = equtey® +mu,y).

623  We use Nakayama’s Lemma to prove that BT(F) = RT(F). Then F = ((7 + n)z, g +m) is
624 strongly Zs-equivalent to the normal form F, so F' is strongly Zs-equivalent to F, as desired.
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Observe that
(SM4.13)

RT(F) = EpUT + NT 7 3epux + 2nyux + nw &
0 2equ + 2myu (u

0 0 0 0
<[ epu2—|—nu ] ’ [ 5qu+5ty2+m } ’ [ 2epuy + umy, } ’ [ 25ty2+ymy }>{uy}'
By (SM4.12), each generator of RT(F) in (SM4.13) lies in RT(F). Hence RT(F) C RT(F).

Next, we apply Nakayama’s Lemma to prove that RT(F ) € RT (F ), for ‘which we need to
show that RT'(F) C RT(F) + (My, Myy)RT(F). The generators of RT(F') over the system

of rings (&, Ey,y) are

uxT 0 0

0 9 U 9 y2 .
Therefore

ottt @ = ([ || 2] [ ][0 )= Lo S |

So we need to show that

ALl LaDemes (0] La ] L] L2 ]

which follows from

wr | [ ux+nx nx ~ M2 (z)
[0 | = 0 ]— 0 € RT(F) + 0

0 | [ 0 0 ~ 0

[92: - :92+ymy]_[ymy]ERT(F)+[Mi,y@Mu,y{u}]

0 0 0 0 . 0

) - _u+y2+m][y2][m]ERT(F)*[Mi,y@MU,m]

Therefore the restricted tangent space of F is equal to the restricted tangent space of the
original system F', so the two are equivalent.

Remark SM4.3. A complement in (&, - {z},&,,) of the restricted tangent space of the

normal form (5.13) is
x 0 0
ailiEniw)

so the codimension of RT(F) is 3.

SM4.4. Tangent Space for H/SS Mode Interaction. We follow the standard procedure
used in previous cases, starting with

Lemma SM4.4. The tangent space T(F) of a map F = (r(u)x, g(u,y)) in (Ey-{x}, Euy) is

(SM4.14) T(F) = RT(F) &R { [ . (2’ " } } .
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Proof. Computing the tangent space is similar to computing the restricted tangent space
in Lemma SM4.1, except that now we do not require the origin to be fixed by the coordinate
transformation. That is, 1/}(u,y,0) in (SM4.7) can be an arbitrary function. The tangent
space is therefore
(SM4.15)

<[ r(g)x ] | [ 2TU(212HQL(2,Z)TIEU)QS ]>{u} @<[ T(S)u } ’ [ g(t?, ) } ’ [ gy(2>y) D{w} |

Equation (SM4.14) follows from

Uo D = L] Lo Dol ]r

We now find a universal unfolding of the normal form (5.13) according to the analog of
Theorem SM2.3.

Proof of the Universal Unfolding Theorem 5.12:. Compute

(SM4.16) { gy(g,y) } _ [ Q&gy ] .

The tangent space is therefore

and the complement to 7'(F') is two dimensional:

ALk

This leads to the universal unfolding (5.14).

SM5. Steady-State/Hopf Mode Interaction: Proofs. This section outlines proofs for
the main results presented in Section 5.3 for steady-state/Hopf mode interaction. The basic
strategy is the same as in Section SM4, though some differences appear in the details of the
proofs. In order to apply the methods of singularity theory, we use Liapunov-Schmidt reduc-
tion on the three-dimensional center manifold to construct a two-dimensional network whose
zeros are in one-to-one correspondence with the equilibria and periodic solutions of the center
manifold network. We compute the restricted tangent space for this reduced network for the
vector field (5.15), and use this to prove Theorem 5.17 that (5.18) is a normal form. We then
use the complement of the tangent space of (5.18) to identify the universal unfolding (5.19),
proving Theorem 5.18.

SM5.1. Liapunov-Schmidt Reduction for SS/H Mode Interaction. We outline a proof
of Theorem 5.14. Begin with the system (5.15) that describes the center manifold dynamics
for the steady-state Hopf mode interaction. Assume that the origin is an equilibrium, so that
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f(0) = ¢(0,0) = 0; that f is associated with steady-state bifurcation, so that f,(0) = 0; and
that a Hopf bifurcation is associated with g, so that Dy g has eigenvalues +i at the origin.
We seek periodic solutions and rescale time by ¢ = (1 + 7)s to set the period to 2w. We can
now define a map

®:Cl (R) x Ca (R?) x R = Cor(R) x Cor(R?) x R
given by

Oy (u,v,7) = %—(1+T)f(u)
Oy (u,v,7) = % — (14 7)g(u,v)

where u € C3_(R) and v € C3,_(R?) are once-differentiable 27r-periodic functions on R and R?
respectively, and 7 € R.

The zeros of ® correspond to periodic solutions for the center manifold vector field. The
linearization of ® about (u,v,7) = (0,0,0) is

4 0
dd = S
|: —Gu js_Dvg:|

and an element of the kernel, n(s) € ker(d®), is

n(s) = o [ (Dvgﬁ—lgu ] + Re [z [ ) ] e] ,

for coordinates z € R and z € C, where ¢ € C? is the complex eigenvector defined by
(Dyg)c = ic. Moreover, the S'-action is

v(0) = [(1) 6(39]

The reduction now proceeds as in standard Hopf bifurcation, Golubitsky and Schaeffer (1985).

Periodic solutions of the vector field are locally in one-to-one correspondence with zeros of the
function F(x,y) = (f(z),r(z,y?)y) on R

SM5.2. Restricted Tangent Space for SS/H Mode Interaction. The proof of Theo-
rem 5.17 requires computing the restricted tangent space RT(F') of the map (5.18). Let I';
be a one-parameter family of strong Zs-equivalences as in (5.15), with To(F)(z,y) = F(x,y).
A typical element of RT(F) is

The analog of the tangent space constant theorem, Theorem SM2.1, lets us prove equivalence
of maps. Here we use restricted tangent spaces in the Zo-symmetric context.
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Lemma SM5.1. Let F = (f(x),r(z,v)y) be a map in (Ez,Exp-{y}). A map G € (E,Ez 0 -
{y}) is in RT(F') if and only if there exist maps P;(z) € & and Qj(x,v) € . such that

G(z,y) = Pl[é]#‘&{fy{fx]+Q1[y0f]+Q2[;r]+Q3[yfrv] .

Proof. Define a parametrized family of near-identity transformations (5.17), generating
an orbit of strongly equivalent systems near the original vector field F'(z,y) for all small 7, by
)

_ | alzT) 0 f(o(x,7)
(SM5.1) I+ (F)(w,y) = [ b(z,v,7)y c(x,v,7) ] [ r (gb(x,T),w(x,v,T)Qv) U(z,v, 7)Y ] ’
where T'g is the identity and I'-(F')(0,0) = (0,0). Then
(SM5.2) a(z,0) =1 b(z,v,0) =0 c(z,v,0)=1 ¢(z,0)=2 (z,v,0)=1.
Compute the restricted tangent space by differentiating (SM5.1):
. . f(zx) : 0 ) 0
for)ea) = ate0) | 18 ] +io0]| 0 ] +eeno] O]

T(,0) [ ey ] +9(@0,0) [ (o) + ) ] ’

where ¢(z,0) = x(z,0)z and x(z,0) = 1. Equations (SM5.2) imply that

a(x,0) b(z,v,0) ¢é(z,v,0) x(x,0) ¥(x,v,0)

are arbitrary functions. The restricted tangent space is therefore spanned by

LD el e L D,

SM5.3. Normal Form for SS/H Mode Interaction. We prove that (5.18) is a normal
form by showing that a given admissible Zy-equivariant F' of the form (5.16) satisfying the
defining and nondegeneracy conditions of Theorem 5.17 can be transformed to (5.18) via a
transformation of the form (5.17). Consider a map F(z,y) = (f(x), 7(x,v)y), where

flz) = pa?
SM5.3
(S>3 Ry = (qv+ sy,
and v = y?. Aapply the tangent space constant theorem to show that all other nonlin-

ear terms can be removed by a suitable transformation. Specifically, we compute RT(F)

in Lemma SM5.2 and then show that RT(F) = RT(F) for the given F. Finally, by an
appropriate (orientation preserving) rescaling of F', we obtain the normal form (5.18).

Lemma SM5.2. The restricted tangent space of (f,7y) given by (SM5.3) is
=[5 e [ s |
SMb5.4 RT(F) = e )
( ) () [ 0 Mx,v<y>

which is a system of modules over the system of rings (g, Exw)-
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731 Proof. By Lemma SM5.1 the restricted tangent space for (SM5.3) is

732 RT(F)_<[p32]v[in; ]>{x}@<[pa?2y]’[(qv%-osm)y]7[(3QU£3$)?J]>{I,U} .

733 Taking linear combinations, this reduces to

o= ([, =[5 14D,

The restricted tangent space is therefore (SM5.4).

-
o
Ut

736 Proof of Theorem 5.17:. The restricted tangent space of (SM5.3) is given by Lemma SM5.2.Jj
737 We show that a general Zs-equivariant map F = F + - - -, where F is given by (SM5.3), and
738 --- indicates higher-order admissible perturbations. We use Nakayama’s Lemma to show that
739 RT(F) = RT(F), so the tangent space constant theorem guarantees that the two maps F
740 and F are strongly Zo-equivalent as in Definition 5.15.

741 Let F(x,y) = (f(z),7(z,v)y), where

fl@) = pa®+n(z)

Flz,v)y = (qu+ sz +m(z,v))y,

~
[\]

743 andn e M3, me Mi’v. Lemma SM5.1 shows that
~ p:1:2 +n 2p1‘2 + xny
RT(F) = , ®
744 ( .5) 0 0 0
(pz?+n)y || (qu+sz+m)y || Bqu+ sz +2vm, +m)y (o0} '

745 By Lemma SM5.2, each generator of RT(F) in (SM5.5).

746 lies in RT(F), so RT(F) C RT(F). Next we apply Nakayama’s Lemma to prove RT(F) C
747 RT(F), for which we need to show RT(F) C RT(F)+ (Mg, M..,)RT(F). A set of generators
748 of RT(F) over the system of rings (&, Ex) is

Lol L)

750 Therefore

1 (Ma, Mo ) RT(F) = <[ x03 ]>{x} EB <[ :L‘vz(/] ] ’ [ v2(y) ] ’ [ :E22 ]>{m} - [ Mé\j)%w ] ’

752 and we need to show that

DD, e 4]
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This follows from
3] =4[]l
[ 12/ ] - <[ (3qv+sx+02vmv+m)y ] B [ (qv+82+m)y D
" [ vy?m ] € RT(F) + [ Mi(,)v(w ]

{:coy] - 21<3[ (qv—l—sg—i-m)y ] - [ (3qv+3x+02”m”+m)y D

- [ ym —Oyvmv } € RT(F) + [ M?c(,)v<y> } '

Therefore the restricted tangent space of F is equal to the restricted tangent space of F, so
F and F' are equivalent. Moreover the transformation f — f/|p|, r — r/|q| and = — |q|z/|s]
takes F' to the normal form (5.18).

Remark SM5.3. The restricted tangent space has finite codimension. The complement of
the restricted tangent space of the normal form (5.18) in (&5, &y - {y}) is

o] [t} 0]}

so the codimension of RT(F) is 3.

SM5.4. Tangent Space for SS/H Mode Interaction. As usual we first specify the rele-
vant tangent space:

Lemma SM5.4. The tangent space T'(F) of a map F = (f(z),r(z,v)y) in (E,En - {y}) is

Yrz

(SM5.6) T(F):RT(F)EBR{[ fo ]}

Proof. Computing the tangent space is similar to computing the restricted tangent space
in Lemma SM4.1, except that now we do not require the origin to be fixed by the coordinate
transformation. This means that we no longer enforce ¢(z,0) = x(z,0)x, and instead take

¢(x,0) to be an arbitrary function. Hence the tangent space is

Lol Lo Dol Lol Lan Dy

Relaxing the restriction of fixing the origin modifies the second element of the first span
compared to the calculation for the restricted tangent space. In fact we can write the span of
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this modified vector in terms of a span of vectors of RT(F') as

<[y%x]>{x} - <[fy§x}>{x}@R{[£xH'

The tangent space is therefore given by (SM5.6).

By computing the complement of T(F), we derive a universal unfolding of the normal
form (5.18) using the analog of Theorem SM2.3.

P_roof of the Universal Unfolding Theorem 5.18:. The restricted tangent space RT(F) =
RT(F) is given by Lemma SM5.2. We must therefore compute

=[] o= {2 ]}

A two-dimensional complement of T'(F') can be spanned either by

Lol [5])
Lol [o])

A universal unfolding corresponding to the latter choice is (5.19).

The tangent space is

or by

SM6. Hopf/Hopf Mode Interaction: Proofs. This section outlines proofs for the main
results presented in Section 5.4 for Hopf/Hopf mode interaction. In order to apply the methods
of singularity theory, we assume the four-dimensional center manifold dynamics is in Birkhoff
normal form. We can then reduce it to the dynamics of a two-dimensional network, whose
vector field (5.22) commutes with the standard action of Zy @ Zy in the plane. We compute
the restricted tangent space for this reduced network, and use the result to prove Theorem
5.24, which states that (5.24) is a normal form.

SM6.1. Amplitude Reduction for H/H Mode Interaction. Here we outline a proof of
Theorem 5.22. Begin with the system (5.20) that describes the center manifold dynamics for
the Hopf/Hopf mode interaction. Assume that the origin is an equilibrium so that f(0) =
g(0,0) = 0, and that the linear part of (f,g) is nonresonant, so that Dx f and Dy g have two
distinct pairs of complex conjugate purely imaginary eigenvalues +iw and +iv at the origin,
with w and v irrationally related. Assume also that (5.20) is in Birkhoff normal form, so that
(f,9) commutes with the two-torus T? whose action on R* is (5.21). Equivalently, T? acts on
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C? by
(SM6.1) (1, 02) (21, 22) = (e““zl, 62'1022,2)

where (11,12) € T? and (21, 22) € C2. Now

(1, 92)(f(21), 921, 22)) = (f(e""21), g(€" 21, €™ 29)),

which implies
(SM6.2) (f(21),9(21,22)) = (P1(|21*) 21, Pa(J21]%, |22 22)

where P;(0) = wi and P5(0,0) = vi.
Set z; = xe and zy = ye2. Using (SM6.2) we can reduce the Birkhoff normal form
(f,g) to the amplitude equations (5.22), which we write as

F(.’L’,y) = (p1($2)$,p2($2,y2>y) .
Here pj is the real part of P; for j = 1,2, so that p;(0) = p2(0,0) = 0.

SM6.2. Restricted Tangent Space for H/H Mode Interaction. The proof of Theo-
rem 5.24 requires computing the restricted tangent space RT(F') of the map F' in (5.24).
Let I'; be a one-parameter family of strong Zs @ Zs-equivalences (as in Definition 5.23) with
Lo(F)(z,y) = F(x,y). A typical element of RT(F') is

d
—TI
dr

The analog of the tangent space constant theorem, Theorem SM2.1, lets us prove equivalence
of the relevant maps. The restricted tangent spaces involved are computed in the Zo @ Zo-
symmetric context using Lemma SM6.1.

Lemma SM6.1. Let F = (r(u)z, s(u,v)y) be a map in (&, - {z},Eup - {y}). A map G €
(Eu-{x}, Eup-{y}) is in RT(F) if and only if there exist maps P;(u) € &, and Q;(u,v) € Eyy
such that

Glr,y) = R[%’“}LPQ[”“ ]+Q1[ }4—@2[ ! }+Q3{yiv].

YSu U yru

Proof. Define a parametrized family of near-identity transformations (5.23), generating
an orbit of strongly equivalent systems near the original vector field F'(z,y) for all small 7, by
(SM6.3)

o) = a(u, ) 0 r(¢ (u T)u)p(u, 7)x
Lo (F)(,y) = [ b(u,v, ")y  c(u,v,7) } [ s (¢ (u, T)u, ¥?(u, v, 7)v) ¥(u, v, 7)y ] ’
where T’y is the identity and T'7(F')(0,0) = (0,0). Then

(SM6.4) a(u,0) =1 b(u,v,0) =0 c(u,v,0)=1 ¢(u,0)=1 (u,v,0)=1

This manuscript is for review purposes only.



832

833

834

836

837

838
839
840
841
842
843
844

SUPPLEMENTARY MATERIALS: BIFURCATIONS ON FULLY INHOMOGENEOUS NETWORKS SM29

Compute the restricted tangent space by differentiating (SM6.3):

Po(F)(wy) = a(u,0) [ e } +b(u,,0) [ ey ] + & 0,0) [ S0l ]

+9(u.0) [ (2ry (W) + r(u) } - H(w,0.0) [ (

2su(u, v)uy 28y (x, v)v + s(u, v)) y ] '

Equations (SM6.4) imply that

a(u,0) b(u,v,0) é(u,v,0) @(u,0) P(u,v,0)

are arbitrary functions. The restricted tangent space is therefore spanned by

SRR A P P E P

SM6.3. Normal form for H/H Mode Interaction. We prove that (5.24) is a normal form
by showing that a given admissible Zgo @ Zg-equivariant F' of the form (5.22), satisfying the
defining and nondegeneracy conditions of Theorem 5.24, can be transformed to (5.24) via a
transformation of the form (5.23).

The defining conditions for Hopf/Hopf mode interaction imply that to first order in u and
v, the functions r(u) and s(u,v) take the forms pu and qu + tv. Therefore F' takes the form

F(z,y) = (F(u)z, 5(u,v)y) with

T(u)x = pux

(SM6.5) 5(u,v)y = (qu+to)y,

where u = 22, v = y?. We prove Theorem 5.24 in two steps. First, we apply the tangent space

constant theorem to transform away all other higher order terms by showing that RT(F) =
RT(F). Second, we rescale F' to obtain the normal form (5.24).

Lemma SM6.2. The restricted tangent space of (Tx,Sy) given by (SM6.5) is

RT(F) = [ MB<$> ] @ [ Mu(,)v<y> ] ’

which is a system of modules over the system of rings (Ey, Euw)-

Proof. By Lemma SMG6.1 the restricted tangent space for (SM6.5) is

RI(F) = <{ xgu } ’ [ iZz D{u} N <{ y(quOJr tv) } ’ [ ?JPO“2 ] ’ [ y?” D{u,v} .

Taking linear combinations, this reduces to

RT(F) = <{ ) ]>{u}@<{ yov ] ’ [ y(L D{u,v} ’

The restricted tangent space is therefore given by (SM6.2).
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Proof of Theorem 5.24:. Now F = F +-.- where F is given by (SM6.5) and - - - indicates
admissible higher-order perturbations. We use Nakayama’s Lemma to show that RT(F) =
RT(F), so the tangent space constant theorem guarantees that the maps F' and F are strongly
Zo @ Zs-equivalent, as in Definition 5.23. Then we rescale F to obtain the normal form (5.24).

We can write F'(z,y) = (r(u)z, s(u,v)y) as

r(u) = (pu+n(u))z
s(u,v)y = (qu + tv + m(u, v))y,

where n € M2, m € Mfw are higher order maps. By Lemma SM6.1,

RT(F) = <[ x(pqur . ] ’ [ ;(5::12))2 D{u}@

(SM6.6) 0 0 0
ylqut+tv+m) || ylpu+n)u || y(t+my)v ( v}‘
By Lemma SM6.2, each generator of RT(F) in (SM6.6) is in RT(F), so RT(F) C RT(F).

Next we apply Nakayama’s Lemma to prove RT(F) C RT(F), for which we need to show
RT(F) C RT(F) + (My, My ) RT(F). The set of generators of RT(F') over the system of

rings (&, Euw) is

uxr 0 0

0 |"| vy || uy '
Therefore

(M, My)RT(F) = <[ “(2):‘ D{u} & <[ uvg ] ’ [ U22 } ’ [ u2z(/) D{w} N [ /\%3<ZCZ/>> ] '

Now we must show that

U5 DUl L], e[ 265 |

This follows from

ugw = ;[a:(pu();-n) —,ﬁ[nom 06RT(F)+{M%<”C>J)

] T ﬂy(wmvo)v]‘%[yvmv]ERT(F”[Mi,mO]

Luy | ;<[y(qu+tv+m)}_[@/(Hmv)v])_; ym—yvmv]
R

e mr(e) + | M) |

Therefore the restricted tangent space of F' is equal to the restricted tangent space of F, so
the two are equivalent. Moreover the transformation » — r/|p|, s — s/|q| and v — |q|v/|t|
takes F' to the normal form (5.24).
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Remark SM6.3. The restricted tangent space has finite codimension. A complement of the
restricted tangent space of the normal form (5.24) in (&, - {z}, &y - {y}) is

=)0

SM6.4. Tangent Space for H/H Mode Interaction. We find a universal unfolding in
terms of the complement of the tangent space, which is forced to be identical to the restricted
tangent space by the Zg @ Zs-symmetry.

Lemma SM6.4. The tangent space T(F') of F = (r(u)z, s(u,v)y) in (&, - {z}, Eup - {y}) is
equal to RT(F).
Proof. Computing T'(F’) is similar to computing RT'(F) as in Lemma SM6.1, except that

now we do not require the origin to be fixed by the coordinate transformation ®(x,y). How-
ever, Zy @ Zy-symmetry forces ®(0) =0, so T(F) = RT(F).

The codimension of RT(F) is 2.

We can now compute a universal unfolding of the normal form (5.24) using the analog of
Theorem SM2.3.

Proof of the Universal Unfolding Theorem 5.25:. By Lemma SM6.4 and Remark SM6.3,
a complement to T'(F') in (&, - {z}, &y - {y}) is

=L

giving the universal unfolding (5.25).
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