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Abstract. Many physical systems feature interacting components that evolve on disparate time scales. Sig-
nificant insights about the dynamics of such systems have resulted from grouping time scales into
two classes and exploiting the time scale separation between classes through the use of geometric
singular perturbation theory. It is natural to expect, however, that some dynamic phenomena can-
not be captured by a two-time-scale decomposition. In this work, we are motivated by applications
in neural dynamics to focus on a model consisting of a pair of Morris—Lecar systems coupled so
that there are three time scales in the full system. We demonstrate that two approaches previously
developed in the context of geometric singular perturbation theory for the analysis of two-time-scale
systems extend naturally to the three-time-scale setting, where they complement each other nicely.
Our analysis explains the dynamic mechanisms underlying solution features in the three-time-scale
model. By comparison with certain two-time-scale versions of the same system, we identify some
solution properties that truly require three time scales and thus can be viewed as indicators that
the presence of three time scales in a system is functionally relevant.
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1. Introduction. Many physical quantities have characteristic rates at which they tend
to evolve. For example, people do not gain meters in height overnight, but rather grow over
weeks, months, and years. Identifying relevant time scales is a useful step in modeling physical
systems using any sort of dynamic framework. In mathematical analysis in particular, the
time scales in a system of differential equations are often grouped into a small number of
classes, so that limits can be taken and the assumptions of certain mathematical techniques
can be satisfied; the aim is to use knowledge of the limit system(s) to gain information about
the behavior of the original system. Examples of this approach are ubiquitous in the literature,
with ideas applicable to systems in which time scales can be grouped into two classes being
particularly well developed. However, there have been fewer reported studies that analyze
dynamics involving evolution on three distinct time scales. Even fewer works have examined
decisions about how to group time scales (for example, whether to use two or three classes), a
decision that can arise both in the mathematical treatment of models and in the development
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of mathematical models based on experimental observations. Our goal in this paper is to do
both of these things, with a focus on a certain minimal model.

This work was originally motivated by efforts to understand oscillatory dynamics in neu-
rons. It is well established that neural processes can evolve over very different time scales.
For instance, the membrane potential of a neuron typically oscillates with a period on the
order of milliseconds in response to opening and closing of ion channels in the membrane
[6]. The ion channels, in turn, may have conductances that are modulated by much slower
variations in the concentration of cytoplasmic calcium (Ca?*) ions. Typical simple models
of membrane potential oscillations (ignoring conductance modulation by Ca?*t) have at least
two time scales [12], as do typical simple models of oscillations in intracellular Ca?* [16], and
thus models that combine these two processes typically involve three or more time scales.
These combined models can have highly complicated solutions [21], and one challenge is to
determine the mathematical mechanisms underlying the dynamics. We are particularly inter-
ested in knowing how much of the complication results from the presence of three or more
time scales in the model and how much is, rather, a reflection of the models being relatively
high-dimensional nonlinear systems with many parameters.

As a first step in addressing such issues, we adopt the approach of constructing and
analyzing a minimal model that has three time scales explicitly built into it. This approach
shares some similarities with that taken in [2, 30, 18], but we focus on some different aspects
of solutions and their time scale dependence; a detailed discussion of the similarities and
differences is in section 5. We start with two copies of the Morris—Lecar (ML) equations
[20, 23] and couple them in a simple way. The ML equations are a two-dimensional system of
ordinary differential equations often used as a simple qualitative model of membrane potential
oscillations; one of the variables of the model represents the membrane potential, and the other
represents inactivation of a family of ion channels in the membrane. With typical parameter
values, the model has two time scales, with the membrane potential evolving much faster
than the state of the ion channels. We choose to couple two copies of the two-dimensional
model, not because we believe that the system so obtained is a physiologically accurate model
of neuronal dynamics, but because it gives us a model where we can easily control the time
scales; since the dynamics of a single ML oscillator is relatively well understood [23, 29], we
can use the coupled system to investigate which features of the dynamics arise directly from
the time scale structure of the model.

Our coupled ML system takes the form

(1.1a) L = 1~ geamac (V1) (Vi — Vi) — gicun (Vi — Vi)
- gL(Vl - VL) - gsynS(V2)(‘/1 - ‘/syn)a
(1.1b) B o (weelV2) 1) (V)
(11¢) 002 = Iy — geamac (V) (V2 — Vi) — gicun(Va — Vi)
- gL(V2 - VL)7
d’wg
(11d) 2 = alune(V2) — w2)/1u(V2),
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Table 1
The values of the parameters in the model given by (1.1) and (1.2).

Parameter values

Ch 8 uF /cm? I 0 pA/em® | ¢ 0.01
Cs 100 uF/cm? | I 60 pA/cm? | ¢o 0.001
Voa 120 mV gca 4 mS/cm2 Ki —1.2mV
Vi —84 mV gK 8 mS/Cm2 Ko 18 mV
%3 —60 mV gL 2 mS/Cm2 K3 12 mV
Viyn 30 mV 0, —20 mV Ky 17.4 mV
I3 0.5 ms~! o 10 mV

with

(1.2a) S(Vi) = a(Vi)/(a(Vi) + B),

(1.2b) a(Vi) = 1/(1 +exp(—(V; — 05)/05)),

(1.2¢) Moo (V;) = 0.5(1 + tanh((V; — K1)/ K2)),

(1.2d) Woo (Vi) = 0.5(1 + tanh((V; — K3)/Ky)),

(1.2¢) Tw(Vi) = 1/cosh((V; — K3)/2Ky4),

where ¢ = 1, 2. The parameter gy, controls the coupling between the two oscillators, which
we choose for simplicity to be unidirectional such that the dynamics of (Va,ws) affects the
dynamics of (V1,w;) but not vice versa; we refer to S(V2) as the coupling function. Several
values of gy, with units of mS/cm?, will be considered, while other parameters will be
fixed at the values shown in Table 1, selected so that there is clear separation of time scales
between V; (fast) and w; (slow) in each oscillator and so that w; and V3 evolve at comparable
rates. In a more biologically realistic model for calcium and voltage interactions, V; might
represent membrane potential and V5 intracellular calcium concentration, and the physical
units of some parameters in Table 1 and details of some terms in the model would need to be
altered correspondingly. We work with (1.1)—(1.2) and the units in Table 1 nonetheless, since
they provide the appropriate minimal mathematical structure (cf. [2, 30]), and these are the
traditional units for the ML system.

In the absence of coupling, each ML oscillator can be tuned to be excitable, with an
attracting critical point at relatively low V', or oscillatory, with an attracting limit cycle
solution. A transition between these states can be induced by increasing the parameter I; in
the Vj-equation and typically occurs through a saddle node on an invariant circle (SNIC) or
an Andronov-Hopf (AH) bifurcation, called a Type I or Type II transition [23], respectively.
The specific parameters in Table 1 would yield a Type I transition if Iy or I, were varied, but
we keep I; and I fixed at values such that when gy, = 0, the (V1,w1) system is excitable and
the (Va,w9) system is oscillatory (Figure 1). In this regime, (1.1)—(1.2) has the structure of an
intrinsic oscillator, such as intracellular calcium oscillations, driving a conditional oscillator,
such as calcium-dependent neuronal membrane potential oscillations. A similar structure was
considered in the context of neurosecretory dynamics in [18]. In that work, a slower relaxation
oscillation also provided input to a faster conditional oscillator, switching it between excitable
and oscillatory states. Importantly, however, the coupling term in that work appeared in the
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Figure 1. Baseline phase planes for the two ML systems without coupling. In each plot, the red curve is
the V -nullcline and the cyan is the w-nullcline. The hollow circles, triangles, and squares denote equilibrium
solutions of sink, saddle, and source type, respectively. The (Vi,w1) system in (A) lacks a periodic solution,
while the attracting periodic orbit for the (Va,w2) system in (B) is shown in black (with counterclockwise flow
passing through the numbered regions in increasing order).

equation for the slow recovery variable (analogous to wj in our notation), a difference that
results in some qualitatively different dynamical effects, as we will discuss further in section 5.

In this paper, we first explain the mechanisms underlying the dynamics of our model
system. In doing so, we consider two viewpoints within the realm of geometric singular per-
turbation theory (GSPT). In one, we establish the roles of critical and superslow manifolds,
within the four-dimensional model phase space, in shaping model dynamics, making heavy use
of projections to three dimensions. In the other viewpoint, we link various two-dimensional
projections, corresponding either to the phase plane of one ML system or to the slow sub-
system of the model, as has often been useful in past studies of the dynamics of synaptically
coupled neurons (e.g., [26, 28, 1, 25]). Notation and other preliminaries relating to these ap-
proaches are presented in section 2 and the appendix. The system that we study progresses
through a variety of oscillatory solutions as the coupling strength ggy, is increased. We fo-
cus on certain key aspects appearing in the dynamics for three particular values of gsyn—the
onset of oscillations in the conditional oscillator, the emergence of sustained oscillations, the
modulation of oscillation amplitude, and the convergence to an elevated plateau—such that
patterns arising for other gy, can be readily understood in terms of these components. The
mechanisms underlying these phenomena are analyzed using our two approaches in section 3.
Next, in section 4, we revisit the solution types and elucidate which characteristics truly rep-
resent three-time-scale features. This analysis involves consideration of certain reductions to
two time scales as well as additional analysis of the parameter dependence of solution features
in the three-time-scale framework. Our results in this area may be useful for characterizing,
developing models of, and analyzing models of experimental data. Finally, section 5 contains
a discussion of our results.

2. Preliminaries. Based on simulations of (1.1)—(1.2) over a range of g, values, we have
selected three fundamental solution types on which to focus our analysis, specifically those
obtained by setting gsn to 1.0, 4.1, and 5.1. Time series for the attracting solutions at these
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Figure 2. Time series for attracting solutions of (1.1)—(1.2) with parameter values as in Table 1 and with
the indicated values of gsyn.-

values of gsy, are shown in Figure 2. We shall see that the properties of these solutions are
indicative of the presence of at least three time scales.

Our methods for analysis of the model will depend heavily on exploiting the presence of
different time scales. As a first step in the analysis, therefore, it is helpful to rescale the
variables so that the important time scales can be explicitly identified. To this end, we define
new dimensionless variables (v1, va, 7), and voltage and time scales @, and @y, respectively,
such that

(2.1) Vi=Qp-vi, Vo=Q,-v2, t=0Q; T

Note that wy and wy are already dimensionless in (1.1a)—(1.1d).

Details of the nondimensionalization procedure, including determination of appropriate
values for @), and ¢, are given in the appendix. From this process, we obtain a dimensionless
system of the form

d’Ul
2.2 =
(2.2a) €1 dr fi(v1, v, wy),
dw
(22b) d ! = gl(vl) wl)a
T
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d’Ug

(2.2¢) g fa(va, wa),
d
(2.2d) % = £292(va, wa),

with small parameters e1,e9 < 1, where the functions f1, f2, g1, and gy are specified in (6.3)
in the appendix. The values of £1 and €9 can be varied by changing C7 and ¢o, respectively,
as shown in (6.2a); the parameter values given in Table 1 yield e = 0.1,e2 = 0.053.

2.1. Singular limits: Scalings and subsystems. Standard ideas from GSPT [7, 14, 15]
are useful in our analysis, although they need to be adapted to allow for the presence of three
time scales in our model. Rewriting the time variable 7 as tg, we see that (2.2) has the form

(2.3a) €1 CZ; = f1(v1, va, wy),
(2.3b) Cf;:sl = 101, w),
(2.3c) sz = fa(va, wa),
(2.3d) (Zj = €292(v2, w2),

where f1, g1, f2, g2 are O(1) functions and €1, e are small parameters. We refer to changes
with respect to ts as evolution on the slow time scale. Introducing a superslow time tss = eots,
which changes slowly relative to ts, we can derive the rescaled system

dv
(2.4a) €1€2dt1 = f1(v1, v2, w1),
dw
(2.4b) €2 dtsi = g1(v1, w),
dv
(2.4c) €2 2 = folva, wn),
tSS
d
(2.4d) de = g2(v2, wa),

which evolves on the superslow time scale. Alternatively, defining a fast time ¢y = ¢, /e, which
changes quickly relative to ts, we obtain the rescaled system

dv
(25&) %;‘ - fl(vl7 1)27 wl)?
dw
(2.5b) ?1 = e191(v1, w1),
f
dv
(2.5¢) Ej = e1f2(v2, wa),
dw
(2.5d) ?2 = €18292(v2, w2),
f
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which evolves on the fast time scale.

There are several possible singular limits that can be taken in (2.3)—(2.5), yielding an array
of subsystems. We will use the term reduced problem to refer to a subsystem that is exposed
by a limit that eliminates dynamics faster than the baseline time scale. The phrase layer
problem will refer to a system obtained by eliminating dynamics slower than the baseline.
Since a reduced problem may have more than one time scale, we can define a layer problem
for a reduced problem, and we will refer to the resulting system as a reduced layer problem.
These terms will become clearer as we apply them to specific systems below.

Fixing €5 > 0 and taking €1 — 0 in (2.5) yields a system that describes the dynamics of
the fast variable, v, for fixed values of the other variables,

d’Ul
dt f
We call this limit the fast layer problem, and refer to the corresponding dynamics as the fast

flow. We define the critical manifold M, to be the manifold of equilibrium points of the fast
layer problem, i.e.,

(2.7) M = {(v1, v2, w1, w2) = fi(v1, vo, w1) =0} .

Although My is a three-dimensional manifold in (v, w;,vs, we) space, it does not depend
on wy. We can solve fi(vy, vg, wy) = 0 for wy as a function of v; and vy and can therefore
represent M as

(2.8) wy, = Fl(vl, 1)2)

(2.6) = fi(vi,wy,v2).

for a function Fj. This relation allows us to readily visualize the projection of Mg onto
(v1, vg, wy)-space. It is well known [7] that, for sufficiently small £; > 0, normally hyperbolic
parts of My each perturb to a locally invariant manifold called a slow manifold, on which
wy is given by an O(ep)-perturbation of Fj; we simply use My as a convenient numerical
approximation of these slow manifolds.

Taking the same limit, i.e., &1 — 0 with €5 > 0, in (2.3) yields a system that describes the
dynamics of w1, vo, ws restricted to the surface Mg,

dw

(2.9a) dtl = g1(v1,w1),
dv

(2.9b) dt2 = fa(v2,w2),
dw

(2.9¢) dt2 = €292(v2, w2)

subject to the constraint fi(vy,ve,w;) = 0. Since it is obtained by eliminating the fast flow,
we call this system the slow reduced problem. It is itself a multiple-time-scale problem, since
the slow and superslow time scales are still both present. It is convenient to further separate
scales by letting eo — 0 in (2.9); doing so yields the slow reduced layer problem,

d

(2.10a) dzfsl = g1(v1,w1),
dv

(2.10b) dt2 = fg(’l)g, wg) N
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which describes the dynamics of the slow variables wy and vy for fixed values of wy, with all
variables restricted to M. Since it takes place entirely on the slow time scale, we refer to the
corresponding dynamics as the slow flow.

Alternatively, fixing 7 > 0 and taking eo — 0 in (2.3) or (2.5) yields the slow layer
problem, which is a different layer problem from (2.10). Starting from (2.3) yields the slow
layer problem in the form

dv

(2.11a) €1 dtl = fi(v1, v2, w1),
dw

(2.11b) dtl = gi(v1, w1),
dv

(2.11c) = Ja(v2, w2).

System (2.11) still includes two distinct time scales, and we can manipulate the system to
obtain either the fast layer problem (2.6), by rescaling time and taking a limit, or the slow
reduced layer problem (2.10), by taking a limit. We define the superslow manifold, Mg, to
be the set of equilibrium points of the slow layer problem, i.e.,

(2.12) Mg = {(v1, v2, wi, wa) : fi(vi, v2, wi) = g1(vy, wi) = fa(ve, wa) = 0} .

Note that M is a subset of M;. Similarly to Mg, the normally hyperbolic parts of Mg
perturb to nearby locally invariant manifolds for e sufficiently small, and we approximate the
collection of these manifolds by M.

Taking the same limit in (2.4), i.e., eg — 0 with £ > 0, gives a system that describes the
dynamics of wy restricted to Mg,

dU)g
dtss

(2.13) = g2(v2, wa).

We call this system the superslow reduced problem and refer to the corresponding dynamics
as the superslow flow.

There is one more limiting system that turns out to be important for the dynamics we
consider. We define the three-dimensional manifold, M., by

MJ = {(Ul,’wl,?)g,’wg) . fg(vg,wg) = O}

Because the dynamics of (vy,ws) decouples from (vy,wq) in (2.2), we can find a function F,
such that

(2.14) wy = F(v7)
on M,. Differentiation of (2.14) with respect to t4 yields

dw2 d’Ug
g, — Falv) g
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Downloaded 10/22/15 to 150.212.39.198. Redistribution subject to SIAM license or copyright; see http://www .siam.org/journals/ojsa.php

1526 P. NAN, Y. WANG, V. KIRK, AND J. E. RUBIN

This equation can be combined with (2.3) to obtain the three-time-scale system

dv
(2.15a) €1 dtl = fi(v1, w1, v2),
dw
(2.15b) dtl = gi(v1,w1),
dvy _ €2g2(va, F2(v2))
2.1 =
(2.15¢) . F(02)

describing the dynamics on M, away from its folds (to leading order in 9; see Remark 2.1).
An analogous system was used heavily in the analysis of three-time-scale dynamics in [18].

Remark 2.1. Just as My is defined in the singular limit and perturbs to a nearby locally
invariant manifold for 0 < e1 < 1, M, perturbs to a nearby locally invariant manifold for
0 < ey < 1. This manifold is given by we = Fy(ve) + O(e2), and additional terms should
appear in the vy equation in (2.15) to reflect this perturbation, but these are higher order in
g9 and we omit them.

It will be useful to work with two systems defined from (2.15). First, taking ey — 0
yields the slow reduced problem for (2.15) governing the dynamics on Mg N M,. Taking the
subsequent limit o — 0 gives the slow reduced layer problem for (2.15), namely,

dw1
dts

(2.16) =01 (’Ul, wl) 5
on M;NM,; note that this equation is consistent with (2.10) with fo = 0, although it cannot
be obtained by taking a limit in (2.10) directly.

Second, taking €9 — 0 directly in (2.15) gives

dv

(2.17a) €1 dtl = fi(vi, w1, v2),
dw1

(2.17b) a. g1(vi,wr).

System (2.17) is the slow layer problem for (2.15). To distinguish it from (2.11), we will also
call (2.17) the wvq-frozen system, with solutions that we call vo-frozen solutions. Similarly,
when it is helpful, we will refer to (2.16) as the vy-frozen system reduced problem and (2.6)
as the vo-frozen system layer problem, since these can be obtained through appropriate limits
from (2.17).

For reference, we summarize the subsystems that are useful for describing the dynamics
of (2.2) in Table 2.

Within the context of GSPT, the usual way to proceed from here is to construct singular
periodic orbits by concatenating solution segments of singular limit systems. For instance,
within a two-time-scale setting and for a system with a cubic-shaped critical manifold, one
might be able to construct a singular closed orbit by concatenating in order a solution of the
(fast) layer problem, a solution of the (slow) reduced problem, a second solution of the layer
problem, and a second solution of the reduced problem, as illustrated in Figure 3. Then,
depending on the details of the dynamics and the structure of the critical manifold where
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Table 2
Subsystems for (2.2).

Equation System name Dynamic variables | Baseline time scale | Domain
(2.6) fast layer / va-frozen layer v1 ty R*
(2.9) slow reduced w1, V2, W2 ts M
(2.10) slow reduced layer w1, V2 ts M
(2.17) slow layer on M, / va-frozen V1, W1 ts M,
(2.16) |slow reduced layer on M, / va-frozen reduced w1 ts Ms N M,
(2.13) superslow reduced wa tss Mss C M

Figure 3. Schematic diagram showing construction of a singular periodic orbit by concatenation of solution
segments for singular limit systems. The cubic-shaped surface is the critical manifold, M. Solution segments
shown in black, corresponding to the fast layer problem, jump between sheets of the critical manifold. Solution
segments shown in red, coming from the slow reduced problem, lie on the critical manifold.

the connections between the slow and fast segments occur, such a singular oscillation will
generically perturb, as we move away from the singular limit, to a periodic solution of the
full problem. In this manner, one is able to use the singular limit systems to understand the
nature of oscillations in the full system. Further details of the method appear elsewhere (e.g.,
[14, 5]).

A similar method could also be used to explain the oscillations seen in three-time-scale
systems, although the process would be more complicated since there are more than two
singular limit systems to be considered. In this paper, for reasons of brevity, we choose
not to show detailed constructions of singular orbits and subsequent analysis of how these
perturb. Instead, we appeal to intuition based on the way the technique works in two-time-
scale systems to explain the mechanisms underlying solutions generated in simulations done
with a separation of scales but away from a true singular limit. In the following discussion, we
will show orbits of the full system and refer to different segments of them as being governed
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by the subsystems in Table 2 and evolving under the fast, slow, or superslow flow; by this we
mean that, in an appropriate singular limit, these segments will converge to nearby solutions
of these subsystems.

Remark 2.2. We could have chosen alternative values of Cy,Cs, ¢1,¢s to impose a wider
separation of time scales. We opted to use the values specified in Table 1, corresponding to
€1 = 0.1 and 5 = 0.053, to show that extreme time scale separation is not necessary in order
for the issues that we consider to arise. This point will come up again later in the paper, when
proximity of time scales renders certain analysis steps more subtle.

In the two-time-scale context, a crucial step in determining the nature of the solution that
arises from a perturbation of a singular periodic orbit is to establish the type of points that
occur at the transitions from slow to fast segments of the singular orbit when these occur
on fold curves. Two types of point are commonly seen: jump points and folded singularities
[5]. Singular orbits containing only jump points perturb in a straightforward way to orbits
that transition smoothly from slow to fast motion near the jump points, such as relaxation
oscillations. However, singular orbits containing folded singularities may perturb to more
complicated oscillations, including orbits with subthreshold oscillations such as mixed-mode
oscillations [5].

Similar considerations are also relevant for three-time-scale systems, although once again
the situation is complicated by the existence of more than two singular limit systems. Since
M is a three-dimensional surface, fold points of Mg lie on two-dimensional surfaces within
M defined by

d
(2.18) Ly := {(vl, Vg, Wi, Wa) € M : a—z{l(vl,wl,vg) = 0}
1
or, equivalently, as
OF,
(2.19) L= {(017 vg, wi, w2) : wy = Fy(vy, v2), 8—1)11 = 0},

where F was defined in (2.8).

Folded singularities for three-time-scale systems have not been comprehensively studied,
although [18] classifies the folded singularities in a particular three-dimensional, three-time-
scale system by extending ideas from two-time-scale systems, and [32] extends the concepts
developed for two-time-scale systems with two slow variables to systems with three or more
slow variables; ideas related to both of these approaches appear in [31], where a degenerate
type of folded singularity that arises naturally in three-time-scale systems is identified and
some analysis of the related dynamics is given.

In the usual manner, we define the desingularized slow reduced problem by differentiating
the algebraic equation defining M, (i.e., fi(v1,v2,w1) = 0) and rescaling time using 75, =
(0F1/0v)ts, yielding

dv oF

(2.20a) drl = g1(v1,w1) — a—vzlfz(vz,m),
dv oF

(2.20b) d: = 8—1)11f2(v2,w2)7
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d’w2 . 8F1
(2.200) dTS = 628—1)192(212, ZUQ) .

We then look for equilibria of (2.20) that are not equilibria of the full system; these are what
we refer to as folded singularities of M. We find that they lie on one-dimensional curves
within L, defined by

OF;
(2.21) FS = {(’Ul, V2, W1, wg) S Ls . gl(vl,wl) — —1(v1,v2)f2(v2,w2) = 0} .

8’[)2

Away from Mg, the linearization of (2.20) at a folded singularity has one zero eigenvalue
(due to there being a curve of folded singularities, as in [32]) and two other eigenvalues; the
folded singularities can be classified using these other eigenvalues, as in [18, 32]. As we will
see, the location and type of folded singularities within M, depend on gg,,. We note that
points where Mg, and Lg intersect are always folded singularities since g1 = fo = 0 on Mgg;
some discussion of this degenerate type of folded singularity is contained in [31].

Since M, is a one-dimensional subset of Mg, fold points of M s occur at isolated points;
these are located on the set

02 0f1 991 0f1 Og1

2.22 Lgs := 4 (v1, v9, wy, wo) € Mgs: ==(vo,ws) =00or =—— — ——"—==0, .
( ) 5¢ {( ! 2 ! 2) 58 8’02( 2 2) (%1 8’[1)1 awl (%1
For all values of gs,, that we consider below, points that satisfy the latter condition lie on the
middle sheet of My and hence will not play a role in the dynamics, and points that satisfy
the former condition are jump points.

2.2. Effect of coupling. When gs,, = 0, our model decouples into two systems, each of
which has two variables and a two-time-scale structure. For the parameter values we have
chosen, the nullclines for the uncoupled systems are qualitatively as shown in Figure 1. Each
v-nullcline is cubic shaped, with outer branches that are attracting relative to the v dynamics
and a repelling inner branch. When solutions are near the outer branch with lower (resp.,
higher) v values, we say that the system is in the silent (resp., active) phase.

Since the coupling in our system is unidirectional, the oscillations in (vg,ws) are inde-
pendent of the value of gs,, and of the dynamics of v; and w;; they are standard relaxation
oscillations consisting of a superslow excursion through the silent phase (Figure 1B, D), a
slow jump away from the ve-nullcline up to the active phase (Figure 1B, 2)), a superslow
excursion through the active phase (Figure 1B, 3)), and a slow jump back to the silent phase
(Figure 1B, @). By contrast, v; and w; depend on gsy, and, if ggy, > 0, on ve and wy. For
positive ggy, we find it helpful to consider the phase plane for the vo-frozen system (2.17) for
various fixed values of vs; this is a reasonable approach to take when v is in a superslow phase,
i.e., if the dynamics is close to M,,. Figure 4 shows configurations of the v;- and wi-nullclines
for (2.17) for several different values of vy with gg,n, = 5.1. Note that the vi-nullcline satisfies
(2.8) and is in fact a section of M.

Continuing in this spirit, bifurcation diagrams can be obtained for (2.17) using ve as
the bifurcation parameter. Examples are shown in Figure 5 for several values of gs,,. For
gsyn = 4.1 and gy, = 5.1, several families of periodic orbits are seen. The first is almost
invisible on the scale of Figure 5; as v is increased a branch of unstable small amplitude
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Figure 4. Nullclines for vi (red) and wy (cyan) for the va-frozen system (2.17). The red curve is a slice
through M taken at a fized v and restricted to the (vi,w1) plane. The cyan curve is the restriction of the
wi-nullcline to the (vi,w1) plane. Varying va changes the red curve but not the cyan curve. From left to right:
va = —0.7,-0.4,0.2, all with gsyn = 5.1. Circles, triangles, and squares denote equilibria of (2.17) of sink,
saddle, and source type, respectively.

0.5

-05 -04 -03 -02 -01 0 0.1 -05 -04 -03 -02 -01 O 0.1 -05 -04 -03 -02 -01 O 0.1
[ Vo V2

Figure 5. Bifurcation diagrams for (2.17) with v2 as a parameter. From left to right, gsyn = 1.0,4.1,5.1.
Solid (resp., dashed) red curves indicate stable (resp., unstable) equilibria, and black curves indicate periodic
solutions (stability not indicated).

periodic orbits is created in a homoclinic bifurcation involving the middle branch of equilibria
and is destroyed in a subcritical AH bifurcation of the lower branch of equilibria. A second
family of stable periodic orbits of much larger amplitude is created in a homoclinic bifurcation
also involving the middle branch of equilibria. For gs,, = 5.1, but not 4.1, this family of orbits
terminates for larger vy when it coalesces with a third family of unstable periodic solutions
born in a subcritical AH bifurcation at relatively large ve. For gy, = 4.1, even with the
coupling function S(vy) set to its upper limit of 1, the upper equilibrium point of (2.17)
remains unstable and the stable periodic orbits persist as vy — o0.

Allowing both gy, and vo to vary, we find bifurcation curves in the (va, gsyn) parameter
plane, as illustrated in Figure 6. The green (resp., blue) curve in the left panel is the curve of
AH bifurcations on the lower (resp., upper) branch of equilibria. These approach horizontal
asymptotes as vy increases; the lower asymptote is at gsy, ~ 1.0319 =: g, while the upper
asymptote is at gsy, ~ 4.2628 =: g. Existence of the upper asymptote implies that the
(v1,wr) system will not oscillate for any fixed gsy, > g if v is fixed at a large enough value;
this is illustrated in the right panel of Figure 5. The onset of stable oscillations, on the
other hand, is not directly tied to the green AH curve, since that curve relates to the family
of unstable oscillations near the lower branch of equilibria. To identify the onset of stable
oscillations, we compute the curve of homoclinic bifurcations through which the stable large
amplitude oscillations arise as vo increases. It turns out that this curve lies extremely close to
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Figure 6. Bifurcation curves for (2.17) in (v2, gsyn) parameter space. Left: Two curves of AH bifurcations
(green, lower vi; blue, higher vi) and their horizontal asymptotes (dashed). Right: Enlargement of part of
left panel showing, in order of increasing v2 and gsyn, part of the lower AH curve (green), two overlapping
homoclinic bifurcation curves (red), and, for comparison, the curve of saddle-node bifurcations that occurs at
relatively low v1 (black).
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Figure 7. Graph of S(vz2) (blue) and locus of the va-nullcline (black/red). The red section of the va-nullcline
indicates the range of va values over which S(v2) is steeply sloped.

the lower AH curve (compare the red and green curves in the right panel of Figure 6), with
approximately the same asymptote. Thus, for gs,, < g, there is no value at which vy can be
fixed to yield oscillations in (vi,w1), while for gsyn € (g, g) oscillations occur for all vy above
the homoclinic bifurcation.

The structure of the bifurcation set in Figure 6 stems in part from the form of the coupling
function S(v9) in (1.1), as defined in (1.2) and shown in Figure 7. For v sufficiently small
or sufficiently large, S(vg) varies little in response to changes in vg, whereas for intermediate
values of vg, S(vy) changes rapidly with ve (red in Figure 7). As a consequence, changes of vy
within the intermediate interval result in significant effects on the vy equation, while changes
in vy outside of this domain have little effect. This saturation of S explains why the horizontal
asymptotes in Figure 6 exist and why certain bifurcations cannot be achieved by increasing
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Figure 8. Attracting dynamics in (v2, w2)-space. The green symbols mark the approximate points of tran-
sition between the slow and superslow sections of the oscillation: the square and star mark the transitions from
slow to superslow motion, and the circle and triangle mark the transitions from superslow to slow motion. The
circled numbers label the sections of the oscillation, using the same convention as in Figure 1B.

vg in (2.17) if ggyn is not sufficiently large. Figure 7 also shows where the steepest part of
S lies relative to the vo-nullcline. We see that S(ve) is sensitive to changes in ve over the
silent phase and over jumps between phases but is insensitive to vy in the active phase for the
parameter values we use.

As noted above, the (v, wz) dynamics is not dependent on (v, wi) or on gey,; with pa-
rameters fixed as in Table 1, the (ve, ws) variables trace out a relaxation oscillation, shown in
Figure 1B. It will be helpful to define some reference points along the relaxation oscillation.
Figure 8 shows the (vg,ws) oscillation from Figure 1B plotted in nondimensionalized coordi-
nates, with green symbols marking points at the transition between the four different sections
of the oscillation. These symbols have the same interpretation in all the figures and analysis
that follow.

3. Analysis of three-time-scale solutions. Simulation of (2.2) over a range of parameter
values yields a variety of solution behaviors, with variation in g, giving a particularly nice
progression of features. We focus our analysis on three values of gg,,,; these values highlight the
distinct combinations of dynamic mechanisms that can arise for (2.2) and together capture
the most interesting dynamic effects that we have identified over a range of gy, values.
The case ggy, = 1.0 represents an interesting transitional case between solutions in which v;
remains relatively steady at a low level and solutions for which vy spikes repeatedly. The cases
gsyn = 4.1 and gy, = 5.1 are representative of two related yet distinct solution behaviors each
seen over a wide range of g, values.

In the following, we will present analysis from two points of view, one that focuses on the
roles of M and M, in organizing the flow of the full model and another that focuses on how
the oscillations of (ve,ws) affect the dynamics of (v1,w;). The inclusion of both perspectives,
we feel, provides the clearest picture of how the dynamics emerges, and may be of use to those
readers who typically adopt only one perspective or the other.
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Figure 9. An attracting solution of (2.2) for gsyn = 1.0 (black curve), projected to (v1,w1,v2)-space. Also
shown are projections of the critical manifold, Ms (colored surface), and the superslow manifold, Mss (red
curves). The labels MY and M' denote, respectively, the upper and lower sheets of My, both of which are
attracting under the fast flow, while MY denotes the middle branch of Ms, which is unstable under the fast
flow. The coloring on M indicates variation in the wi-coordinate, with cooler colors for smaller wi. The blue
curves show the folds on M. The solid (resp., dashed) red curves are the branches of Mss that are attracting
(resp., repelling) under the slow flow. The green symbols indicate transition points between slow and superslow
flow for the (v2,w2) oscillator, as shown in Figure 8.

3.1. Case 1: ggy,,,=1.0.

3.1.1. Relation of the trajectory to M  and M. Figure 9 shows a projection onto
(v1, w1, ve)-space of the solution shown in the upper left panel of Figure 2. Also shown in
Figure 9 are the projections of M and M onto this space. The critical manifold Mg has
three sheets, M\, M, M%. With respect to the fast layer problem, the outer sheets, MY
and M., are stable while the middle sheet, M7, is unstable. The green square in Figure 9,
which lies just above MZ* in the v; direction, marks the point where vs is maximal, at the
start of phase @) in Figure 8. From here, the trajectory (black curve) evolves on M, (not
shown). Initially, the solution follows the fast flow (2.6) towards M¥N.M,, then evolves along
M? N M, under (2.16) until it reaches the upper fold of My (upper blue curve, Figure 9),
from which it jumps under (2.6) towards M. Within M/, we observe that the trajectory is
attracted to a branch of the superslow manifold M,,, making a long excursion on M, again
under (2.16), towards and then along Mg (solid red curve, Figure 9). Note that there are
also two branches of M5 on M7" (dashed red curves, Figure 9), but these do not influence
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Figure 10. Projection of the solution from Figure 9 to (vi,v2, w2)-space. Also shown is Mss (red curve).
The solution trajectory (black curve) reaches ML at the red dot and is attracted by a stable part of Mss, which
it starts following under (2.13) near the yellow dot. Green symbols are as in Figure 8.

the dynamics of interest here.

Further insight into the dynamics on MY comes from viewing the trajectory in (v, v, ws)-
space, as in Figure 10. When the trajectory reaches M/ (red dot in Figure 10) during phase
@ of the (ve,ws) cycle, it is governed by (2.16), for which a branch of Mg is attracting (red
curve). The trajectory approaches Mgy and then moves along it (approximately from the
yellow dot) under the superslow reduced flow (2.13) until it reaches the fold of Mgy (green
triangle), from which it jumps under (2.10). This jump (phase @) takes the trajectory away
from M, but it remains within Mls and asymptotes to another stable branch of Mg in
My N ML The solution then moves under (2.13), following the second stable branch of M,
in the direction of decreasing wo (phase (D)) until it reaches the next fold of M, and starts
to jump back to large v, again under (2.10). However, as the solution approaches the other
branch of Mg, (near the green square; see also Figure 9), it crosses the lower fold of M, and
jumps again, this time under the fast flow (2.6), towards MY, from which point the previous
paragraph applies.

The above discussion reveals how the three time scales influence the solution. The vy and
wy variables always evolve on the slow or superslow time scale, but the speeds of vy and w;
depend on the phase of the oscillation. In particular, the jumps between sheets of My are
fast, and the excursions along M that follow are slow, except for when the trajectory is in
a neighborhood of a stable part of M; within Mls, in which case the superslow time scale
emerges. This behavior is consistent with what is expected from GSPT analysis applied to
two-time-scale systems; at each instant in time, the dynamics is governed by the fastest time
scale system that has not converged to an attracting limit.

Implicit in this discussion is that in the singular limit the trajectory always meets the fold
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Figure 11. Projection to (v1,v2,w2)-space of the surfaces of folds of Ms (orange), the superslow manifold
M (red), the folded singularities (green), and the attracting solution (black), for gsyn = 1.0. The red curves
are the same branches of Mss shown in Figure 10; note that the solid red curve lies within MY and remains
below the lower fold surface (see Figure 9). The solution trajectory crosses each fold surface a significant
distance from the curves of folded singularities.

surface of M at a jump point. Figure 9 does not capture the structure of the fold surfaces,
but they can be visualized in (v1, v, w2)-space; see Figure 11. The trajectory actually crosses
each fold surface only once per cycle: it crosses the lower fold surface with vy increasing just
before it reaches the green square and crosses the upper fold surface with v; decreasing to the
left of and above the rightmost black arrow head. The two other apparent crossings of the fold
surfaces are artifacts of the projection used. Also shown in Figure 11 are the curves of folded
singularities, computed using (2.21). Importantly, note that the trajectory always crosses the
fold surfaces at normal jump points, significantly distant from the folded singularities, and
thus the folded singularities do not appear to play a significant role in the dynamics.

3.1.2. (v1,w;) driven by (v2, w2). We now consider (1.1) from the perspective of a fast-
slow system driven by a slow-superslow oscillation. The use of this kind of perspective has
proved helpful in past analyses of various models with two time scales (e.g., [28, 27, 25, 24, 3]).

Recall that for the parameter values we are considering, in the absence of coupling, the
(v1,w1) system has a stable equilibrium but no oscillatory solution. If coupling is introduced
by setting gsy, = 1.0, however, then oscillations in v1 are observed, as can be seen in Figure 2.
It might be natural to ascribe the onset of these oscillations to variation of vs pushing the
vo-frozen system (2.17) through a bifurcation at which oscillations are born. As shown in
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Figure 12. The attracting trajectory from Figure 9 (black curve) projected to the (vi,w1) plane; the right
panel shows an enlargement of part of the left panel. Circled numbers and green symbols correspond to phases of
the (v2,w2) oscillation and the transition points, as shown in Figure 8. The cyan curve is the w1 -nullcline for
(2.17), which is independent of v2, while the red curves are the vi-nullclines for (2.17) for va = va,,,. (higher
red curve) and va = va (lower red curve).

min

Figures 5 and 6, however, there is no such bifurcation for gs,, = 1.0. The key point in
considering the dynamics with g, = 1.0 from the perspective of (v, ws) driving (vi,w;) is
to explain the observed oscillations in vy.

To provide this explanation, we consider the phases of the (vy, ws) oscillation in succession.
The yellow dot in Figure 10 marks the point in phase 3) where the conditions fi = g1 = fo =0
become (approximately) satisfied; the trajectory at this point lies on the vg-nullcline when
projected to the (v, ws) plane and at the intersection of the vi- and wi-nullclines of the vy-
frozen system (2.17) when projected to the (vi,w;) plane. From the yellow dot, the solution
evolves under the superslow reduced problem (2.13) with vy slaved to wy. The evolution of
vy in turn moves the vi-nullcline of (2.17) on the superslow time scale, while the w;-nullcline
is independent of ve and thus remains fixed. The (v1,w;) projection of the trajectory then
tracks the intersection of the v1- and wi-nullclines. In fact, vo > 0 throughout phase @), so
based on the shape of S(vq), which provides the coupling from vy to vy, these intersection
points depend only very weakly on vy (see Figure 7). Thus, if projected to the (vi,w;) plane,
the yellow dot would lie almost on the green triangle that marks the end of phase ), and the
trajectory remains near the green triangle throughout this part of phase @) (Figure 12).

After the trajectory passes the green triangle and moves into phase @, the condition
f2 = 0 no longer applies. The flow is now governed by the slow reduced layer problem (2.10).
The trajectory still lies on M, and thus, in the projection to the (vi,w;) plane, is on the
curve fi(vy,wi,ve) = 0, but it diverges from the wi-nullcline (cyan curve in Figure 12).
Correspondingly, the trajectory diverges from the red curve in Figure 13, which shows the
wi-coordinate of the intersection of v1- and wi-nullclines of (2.17) for each vs.

Phase @) ends when the trajectory converges to a critical point of (2.10), at which time its
projection to the (vy,w9) plane reaches the left branch of the vy-nullcline. The vg-coordinate
of this point is the minimal value of vo along the trajectory; call it vo, . . Within the (v, w;)
plane, the trajectory is seen to converge to a point at the intersection of the vi- and w;-
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Figure 13. The attracting trajectory from Figure 9 (black curve) projected onto the (w1,v2) plane. Circled
numbers and green symbols correspond to phases of the (v2,w2) oscillation and their transition points as in
Figure 8. The yellow dot indicates where the trajectory reaches a small neighborhood of a critical point of the
slow reduced layer problem on M, namely, a point of Mss within MY, as in Figure 10. The blue curve shows
the wi-coordinate of the left fold of the vi-nullcline for (2.17), while the red curve indicates the wi-coordinate
of the intersection of the vi- and wi-nullclines for (2.17), both parametrized by va. The direction of flow on
the trajectory is indicated by arrows, one arrowhead for superslow flow and two for slow flow.

nullclines for the vo-frozen system (2.17), with the vi-nullcline computed with vy = vo .
(green star in Figure 12). This convergence corresponds to the end of the jump between
branches of Mg, within ./\/lls described in the previous subsection.

Next, phase (D) is governed by the superslow reduced flow (2.13), as for phase 3). Under
this flow, the vi-nullcline for (2.17) moves superslowly in the (v1,w;) plane, while the wi-
nullcline stays fixed, and the projection of the trajectory tracks the fixed point of (2.17) along
the wi-nullcline (green star to green circle in Figures 12-13). Since there is no bifurcation in
(2.17) as vo varies, this situation continues until the trajectory reaches the lower fold of the
vo-nullcline in the (ve,ws) plane, as marked by the green circle, at the end of phase (D.

The most interesting phase of this oscillation is phase 2). At the start of this phase (green
circle in Figures 12 and 13), the trajectory is governed by (2.10) and vy begins a slow jump
away from its nullcline. During this slow jump, v; is slaved to wy and vy, as in phase @. Even
though (2.17) does not govern the evolution of this part of the trajectory, it is still useful to
track the vi-nullcline of (2.17), which slowly slides in the direction of increasing w; in the
(v1,wy) plane. Each such nullcline has two folds; as can be seen in Figure 13, the slow flow
of (2.10) steers the trajectory across the one-dimensional curve of lower folds of the family of
vi-nullclines (blue curve), projected to the (wy,vs) space. Thus, we observe that the flow of
(2.10), in which the two slow variables conspire to pull the trajectory away from the curve
of fixed points of (2.17) and across the curve of lower folds of the family of vi-nullclines, is
crucial for the emergence of an oscillation in vy for ggy, = 1.0.

Following the fold crossing, there is a fast jump in v governed by (2.6), from left to right
branches of the v;-nullcline family in the projection to the (v1,w;) plane. If we had a greater
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Figure 14. An attracting solution of (2.2) for gsyn = 4.1, projected to (vi,w1,v2)-space (black curve). Also
shown are projections of M (colored to indicate variation in w1 ), the folds of Ms (blue curves), and Mss (red
curves, solid where attracting, dashed otherwise). The green symbols indicate transition points between slow
and superslow flow for the (v2,w2) oscillator, as shown in Figure 8.

separation of time scales, then the jump would occur almost as soon as the fold was crossed.
With the weaker separation that we consider, the jump is delayed; it begins quite close to the
end of phase ) and ends during phase @) (Figure 12, right panel). Once the jump in v; is
complete, just after the start of phase @), the trajectory evolves under (2.16) or, equivalently,
under the reduced problem for (2.17), tracking the right branches of the vi-nullclines in the
direction of increasing w; in the projection to the (v1,w;) plane (Figures 12 (left) and 13).
The trajectory eventually reaches the right knee curve of the vi-nullcline family and jumps
down to the left vi-nullcline branches (red dot in Figure 10) under (2.6) or, equivalently,
under the layer problem of (2.17). Finally, the trajectory converges under (2.16) to the curve
of critical points where the vi-nullclines intersect the wj-nullcline (yellow dot in Figure 13),
bringing us back to where we started our description.

Remark 3.1. In the true singular limit, we expect that the fast jump up of vi would happen
instantly with respect to the slow time scale, during phase @). After that jump, w1 and vy
would evolve according to (2.10), continuing phase ), until being interrupted again by the
fast jump down of v1. Finally, the slow evolution of (2.10) would continue until convergence
to where f1 = g1 = fo = 0, analogous to our yellow dot point, at the end of phase 2. This
progression is expected from GSPT, and we have observed it numerically (not shown).

3.2. Case 2: ggy,=4.1.
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Figure 15. The solution from Figure 14 projected to (vi,v2,w2)-space (black curve). Also shown is Mss
(red curve). Symbols all have the same meaning as in Figure 8.

3.2.1. Relation of trajectory to M and M. The solution corresponding to the upper
right panel of Figure 2 appears in Figure 14 projected onto (vy,w;, ve)-space. Also shown are
the projections of My and Mg, onto this space. Figure 15 shows a different projection of
the same solution, this time onto the (vq,v2,ws)-space. When gg,n, = 1.0, there were three
branches of M, within My, each extending over all values of vy (Figure 9). When goyn = 4.1,
however, only one branch of M,y (on the middle branch of My) extends to all values of vy,
with the other branches being replaced by a single curve that intersects both the lower and
middle sheets of My; see Figure 14.

The evolution of the attracting orbit in this case can be understood in terms of the shapes
and relative positions of M and M. Starting from the green star in Figure 14, the trajectory
is in phase (D) and evolves on the superslow time scale under (2.13). It follows Mg to the
lower fold of M, where it makes a jump to MY on the fast time scale under (2.6); this jump
corresponds to the onset of spikes in v;. Since there are no branches of Mg; on MY, the
trajectory moves on the slow time scale along MY N M, under (2.16) until it meets the upper
fold, from which it jumps back to M. under (2.6). Now the orbit has reached a part of M}
where there is no nearby branch of M, (Figures 14 and 15) and so it moves along M/, under
(2.16) until it again reaches the lower fold of M. Several more oscillations consisting of fast
jumps interspersed with slow segments follow, during which vy increases on the superslow
time scale; the full three-time-scale evolution occurring here is described by (2.15).

Eventually the trajectory reaches the green circle at the start of phase @), at which point
the speed of evolution of ve changes from superslow to slow (see Figure 8). From there, the
orbit evolves under (2.11), with alternating fast v; jumps (governed by (2.6) in the singular
limit) and slow drift (governed by (2.10) in the singular limit). When the green square is
reached, phase @) begins and ve once again becomes superslow (see Figures 8 and 15), this
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time causing vy to decrease. Since there are no branches of My nearby, the orbit continues
to make fast-slow loops as vy decreases on the superslow time scale until the green triangle
is reached. There, phase @) begins and the oscillatory dynamics is similar to phase 2.
Eventually v is sufficiently negative that a fast jump takes the orbit to a region of MY where
there is a nearby branch of M,s. Then the orbit is attracted to M, under (2.10) and returns
to the green star.

In the description above, it is again implicit that the orbit meets the folds of Mj at
regular jump points. It is straightforward to check that, except for one case, intersections
of the attracting orbit with the fold surfaces are relatively far from the curves of folded
singularities. The exceptional case is when the orbit jumps at the point where My crosses
the lower fold of My. The intersection of a branch of Mg, and a fold of M, must always
be a folded singularity, since g1(vi,wy) = fa(vy,we) = 0 on Mg and so condition (2.21) is
satisfied. A complete unfolding of this type of folded singularity has not, to our knowledge,
been performed, although [31] discusses some features of this type of singularity in a specific
system and shows that subthreshold oscillations are associated with passage near the folded
singularity of that system. In our case, numerical results suggest that orbits that follow Mg
to the folded singularity at the fold of Mg make a regular jump, and it appears that no
complicated dynamics are induced by the folded singularity. A proper investigation of this
type of singularity is left for future work.

3.2.2. (v1,w) driven by (vg,ws). We now use our alternative perspective to explain
properties of the attracting solution when gsn = 4.1. Figure 5 shows that treating vs as a
parameter in the vo-frozen system (2.17) and increasing v from its minimal relevant value
pushes (2.17) through a homoclinic bifurcation, resulting in the appearance of oscillatory
solutions of (2.17); these oscillations persist no matter how large vy becomes, which explains
why the v; spikes continue throughout phase 3) as vo drifts on the superslow time scale and
only end after vy drops below the homoclinic bifurcation value during phase @).

Next, we explain why the amplitude of the v; spikes decreases progressively during phase
@ until v9 jumps up in phase 2), and then remains approximately constant throughout phase
®. Consider the effect of v9 on the position of the vi-nullcline of (2.17). At the start of phase
(D the v;- and wi-nullclines intersect in three critical points (Figure 16, lowest red curve and
cyan curve). Under (2.15), as vg increases on the superslow time scale during phase (D), it raises
the corresponding vi-nullcline of (2.17). This rise is not uniform in v, however; since it occurs
through the term gg,nS(v2)(v1 — Viyn) in (1.1), a fixed change in vy causes a relatively large
change in the wi-values along the part of the vi-nullcline with vy far below Vjy,, including
the left branch of the vi-nullcline, and a relatively small change where |v1 — Viyp| is small,
including the right branch of the v;-nullcline (Figure 16).

The increase in vy causes a bifurcation in which two of (vy,w) critical points near the
left knee of the vi-nullcline, with vy values far from Vj,,,, merge and annihilate. For each v
above the bifurcation value, (2.17) exhibits a stable relaxation oscillation involving fast jumps
in v1 between branches of the vi-nullcline alternating with slow drift in (vq,w;) along these
branches. Since the right branch of the nullcline depends little on v, each jump down occurs
from a similar value of wy even as vy varies (Figure 16). The minimal values of v; within spikes
are determined by the fast flow and increase with vs, since they are on the left branches of the
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Figure 16. Nullclines for (2.17) for the case gsyn = 4.1. The red curves are vi-nullclines for a selection of
fized values of va; these move upward as va increases. The cyan curve is the wi-nullcline, which is independent
of va, and the blue curve denotes the left folds of the vi-nullclines over the full range of va arising during ve
oscillations. The black curve is a projection of the periodic orbit shown in Figure 14.

vi-nullclines. Thus, we find increasing vy values along successive v spike troughs before v
becomes active. Furthermore, the jumps up in v; occur from larger wy values across successive
spikes as vy increases. These jumps land at points on similar negatively sloped right branches,
meaning that an increase in w; translates to a decrease in vy at the landing point (Figure 16).
Thus, peak values of v; decrease across successive spikes during this phase.

When phase (D) ends, vy jumps up through and beyond the active range of S(vy) (Figure
7) to the right branch of its nullcline in the (vq,ws) phase plane, where phase 3) begins. The
(v1,wq) relaxation oscillations continue; since S(v2) remains approximately constant, so does
the vi-nullcline and hence so do the quantitative features of the relaxation oscillation. The
insensitivity of the v; equation to vs in phase @) explains why the v; spikes have approximately
constant amplitude throughout this phase (upper right cycles in the trajectory in Figure 16).

The discussion above shows how variations in ve can shape the vy spikes: superslow drift
in vo imposes a superslow v; spike amplitude modulation. To appreciate fully how transitions
in the vy dynamics relate to the (v1,w;) dynamics, we consider the projection of the attracting
solution onto the (wy, vy) plane (see Figure 17). During the part of phase () when there is no
spiking, the trajectory evolves under (2.13), moving along an attracting branch of Mgy (near
the single arrow). A fast excursion away from Mg, and in fact away from M, altogether,
occurs when the branch of Mg, crosses the fold of M; (green diamond). At the onset of
the fast jump, vy is still below the value corresponding to the left fold of the wo-nullcline
and continues to drift on the superslow time scale, while the (v1,w;) system has alternating
fast and slow segments, with wy oscillating between the folds of the v1-nullcline (blue curves),
under (2.15). Once the lower fold of the vy-nullcline is crossed (green circle), (2.10) governs the
slow segments of the trajectory; these alternate with fast jumps governed by (2.6), but there
is only time for a few of these jumps, since w; and vs evolve on the same time scale during
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Figure 17. Projection to the (w1,v2) plane illuminates several features of the periodic solution (black) for
gsyn = 4.1. The red curves are branches of Mss or, equivalently, critical points of (2.17), the blue curves are
the left (smaller wy) and right (larger wi1) folds of the vi-nullcline, the green diamond marks the time point
when vy begins spiking, and the other green symbols have the same meanings as in Figure 8.

this phase. The return of (vy,w2) to a neighborhood of the vy-nullcline occurs as vy reaches
its maximum value (green square); then the evolution of vy becomes superslow again, so that
only small decreases in vy are seen during the subsequent spikes governed by (2.17). This
progression continues until (ve,ws) crosses the right fold of the ve-nullcline (green triangle),
at which time another slow jump in vy occurs. Under (2.10), the trajectory then converges
back to Ms, completing the cycle.

Figure 17 shows clearly the vo-dependence of the wy coordinate on folds of the vi-nullcline
of (2.17), as discussed earlier. The w; coordinate of the left folds of the vi-nullcline depends
strongly on vy while vy is negative but becomes approximately independent of vy at positive
v9, while the wy coordinate of the right folds is more weakly dependent on vy and also becomes
approximately independent of vy for vy sufficiently large (Figure 17). Correspondingly, the
minimal w; value during a spike increases on subsequent spikes when the (ve,ws) system is
in phase (D), as does the minimal v; value, and is approximately constant when the (v, ws)
system is in phase @). The maximal w; value remains relatively constant over all spikes.

3.3. Case 3: gy, = 5.1.

3.3.1. Relation of the trajectory to M, and Mg,. A key new feature that arises for
gsyn = 0.1 is that a branch of M, crosses from the middle to the upper sheet of M, as v9
increases (Figure 18). Thus, while the behavior of the orbit during phase (I), from the green
star to the green circle, is quite similar to that seen when gy, = 4.1, qualitatively different
behavior arises after that. In particular, after passing the green circle and starting phase (2),
the orbit undergoes one more fast-slow oscillation in (vq, w1, v2), governed by (2.11), and then
settles on MY, where it evolves towards the fold curve of My under (2.10). Once the green
square is reached and phase 3 begins, the orbit follows an attracting branch of M, under
(2.13) until the green triangle is reached and phase @ starts. Then vy starts to decrease at a
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Figure 18. An attracting solution of (2.2) for gsyn = 5.1, projected to (vi,w1,v2)-space (black curve). Also
shown are projections of M (colored to indicate variation in w. ), the folds of My (blue curves), and M (red
curves, solid where attracting, dashed otherwise). The green symbols indicate transition points between slow
and superslow flow for the (v2,w2) oscillator, as shown in Figure 8.

Figure 19. The solution from Figure 18 projected onto (vi,v2,w2)-space. Mss is also shown (red curve).
Symbols all have the same meanings as in Figure 8.
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Figure 20. Nullclines for (2.17) for the case gsyn = 5.1. The black curve is a projection of the periodic
orbit shown in Figure 18. Colors of curves are as in Figure 16.

greater rate (on the slow time scale), attempting to jump to another attracting branch of Mg
(left branch of the cubic shaped section of Mg, in Figure 19). Although this flow is governed
by (2.10), g2 ~ 0 and hence little change in w; occurs. Before the other branch of Mgy is
reached, the orbit encounters the fold surface for M, and then jumps in v; under the fast
flow of (2.6) and returns to MY near the green star, completing one period of the oscillation.

Just as for the case of gs,, = 4.1, it can be checked that folded singularities do not have
a role in the dynamics. Again, there is a folded singularity at the intersection of the fold
of M, and the lower branch of Mg, but as with g, = 4.1, the orbit appears to make a
straightforward fast jump at this point. There is also a folded singularity where the branch
of M, hits the upper fold of Mg, but the orbit leaves M, before reaching the fold of M, so
this folded singularity is not relevant to the observed dynamics.

3.3.2. (v1,w;) driven by (v, wy). Comparing the relevant bifurcation diagrams in Fig-
ure 5 shows that changes in vy have a qualitatively similar impact on the vs-frozen system
(2.17) for geyn = 5.1 as for gey, = 4.1 except that for gs,n = 5.1, when vy becomes sufficiently
large, oscillations of (2.17) are lost as a stable critical point at elevated vy is born through an
AH bifurcation. Correspondingly, comparing Figures 20 and 16 reveals a similar progression
of vi-nullclines except that when gs,, = 5.1, the upper knee of the vi-nullcline eventually
crosses the wi-nullcline, so that the wi-nullcline intersects the uppermost v{-nullcline on its
right branch. The trajectory tends towards this intersection point on the slow time scale
during phase ) and remains in a small neighborhood of the point throughout phase ).

Similarly, there is a strong resemblance between the slow phase plane projections in Figures
21 and 17. The key new feature that arises for gs,, = 5.1 is that there is an attracting limit
point of (2.10) at the green square in Figure 21. This point becomes attracting because the
curve of critical points of (2.17) (red) crosses through the fold curve (blue) with increasing vo;
due to the projection, the crossing appears as a tangency in Figure 21 (green diamond). After
the trajectory reaches the green square, it drifts back down the red curve on the superslow
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Figure 21. Projection to the (wi,v2) plane illuminates several features of the periodic solution (black) for
gsyn = 5.1. Color coding and symbols have the same meaning as in Figure 17, except there is now a diamond
appearing on the upper (larger wi) branch of Mss, corresponding to the location of an AH bifurcation in the
frozen system (2.17) with v2 treated as a parameter. Right panel shows an enlarged view.

time scale under (2.13) until it returns to the fold line (green square to green triangle) and
then departs from the nullcline intersection curve on the slow time scale, again under (2.13),
converging towards the lower stable branch of M.

Importantly, as noted in the previous subsection, the convergence to the limit point on
the upper branch of Mg, occurs on the slow time scale, governed by (2.10). That is, while v9
evolves along the left branch of the vo-nullcline on the superslow time scale as part of (2.15),
(v1, w1 ) engage in fast-slow relaxation oscillations as described by their equations, which com-
prise (2.17). Once v reaches the lower fold of the vg-nullcline, however, there is a transition
to a phase of slow flow of (2.10) with v; & vy (w1, va) satisfying f1(v1(wy,v2),v2,w1) = 0. The
linearization of (2.10) about its limit point on M, yields an upper triangular matrix with real
eigenvalues, which can easily be shown to be negative as expected. Thus, this convergence
features a direct transition from v; spikes to a vy plateau, with no damped oscillations. We
shall see later that this property contrasts with features of similar solutions in two-time-scale
systems.

4. Identifying three-time-scale features. We next seek to identify which aspects of the
solutions discussed above are truly three-time-scale features in some reasonable sense. In this
section we find it useful to work with our original dimensional system (1.1), which produces
the solutions shown in Figure 2, but for convenience we omit units on the parameter values.

Our approach is to transform (1.1) into certain two-time-scale systems by adjusting system
parameters, then consider whether these systems can generate solutions that are similar to
the three cases considered in section 3. We will exaggerate the time scale separation in the
three-time-scale system, speeding up V7 by decreasing C from 8 to 0.8 and slowing down wo
by decreasing ¢o from 0.001 to 0.0001. This amounts to reducing both ¢; and ey by a factor
of 10, to 0.01 and 0.0053, respectively. In our original scaling and in this exaggerated version,
our system has 1 fast, 2 slow, and 1 superslow (1F, 2S, 1SS) variables. There are many ways
to regroup time scales to transform this system into a two-time-scale system. Omne natural
approach is to slow down V7, say by setting C; = 80, so that it evolves on the same time scale
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Figure 22. Projections of solutions for gsyn = 1.0 onto (Vi,Va,w2)-space. The solution trajectory (black
curve) exhibits a spike in Vi for the (1F, 25, 15S) system (left) but not for the (35, 15S) system (right). In
both cases, the red curves are Mss, with stable (unstable) branches drawn as solid (dashed) curves. For the
(1F, 25, 15S) case, the blue and orange surfaces are folds of Ms. The same surfaces are shown in the (35S,
18S) case for comparison, although Ms is no longer meaningful.

as wy and Vs, resulting in a 3 slow, 1 superslow (3S, 1SS) system; similar effects are seen if
w1, Vo, and wy are sped up appropriately to produce a system with 3 fast and 1 slow (3F, 1S)
variables. Another approach is to speed up ws, say by increasing ¢, to 0.01, so that it evolves
on the same slow time scale as V5, and wi, and we have a 1 fast, 3 slow (1F, 3S) system;
qualitatively similar effects will be seen for a 1 slow, 3 superslow (1S, 3SS) system obtained
by slowing Vi, wy, and V5 appropriately. Other rescalings are also possible, leading to pairs of
variables on each of two scales, but these require more significant changes, namely, modifying
the relative speeds of evolution of two variables or altering the speed of one variable by two
orders of magnitude, and so will not be considered.

4.1. gsyn = 1.0: Recruitment of a transient V; spike. When g,,,, = 1.0, (1.1) generates
a solution with a single V; spike per period, as shown in the first panel of Figure 2. With
exaggerated time scale separation, there is little change in this solution. We first compare this
solution to solutions from the (3S, 1SS) version of the system (1.1) described above.

Projections onto (V1, Vo, wy)-space show that in the (1F, 2S, 1SS) system, the trajectory
reaches the lower fold surface of My and jumps to higher V;. No analogous jump occurs in
the (38, 18S) case with gsyn = 1.0 (Figure 22), resulting in an absence of spikes in the V; time
course (Figure 23, top panel). The fact that (2.17) does not have an AH bifurcation when the
frozen variable vy is varied can be used to explain why there is no V; spike in the (3S, 1SS)
case. Consider a trajectory of the (3S, 1SS) system evolving under the superslow flow on the
critical manifold for that system, namely, Mg, on a branch where V7 and V5 are low. Suppose
this trajectory reaches a fold of M, such that a transition to the slow layer problem occurs.
By construction, the slow layer problem in this case has a unique stable equilibrium point
with V5 high and Vi, wq low. The value of V5 at this equilibrium can be obtained from solving
dVa/dts = 0 and 9(dV,/dts)/0Va < 0. The corresponding values of V; and w; are those for
the unique stable equilibrium point of the dimensional version of (2.17) at this V5 value (see
Figure 5). Hence, after passing the fold of Mg, the solution of the (3S, 1SS) system will
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Figure 23. Time series of rescaled versions of (1.1) with gsyn = 1.0. Top: (35S, 155) case, with C, = 80,
¢2 = 0.0001. Bottom: (1F, 3S) case, with C1 = 0.8, ¢2 = 0.01. Other parameters as in Table 1.

follow the slow layer flow to the unique stable equilibrium of the layer problem, as seen in the
jump from the low-V5 branch of Mg to the high-V5 branch in the right panel of Figure 22.
The subsequent motion is governed by the superslow flow, with V5 slaved to we and (Vi,w;)
following the Vs-dependent branch of stable equilibria until V5 jumps down again.

The solutions to the (3S, 1SS) case remain similar for all gs,, values for which there is
no AH bifurcation in (2.17) as vy is varied. For gs,, fixed sufficiently above the minimal
bifurcation value (g from section 2), on the other hand, the trajectory of the (3S, 1SS) system
does exhibit a slow V; spike after reaching the fold of M,. These spikes continue even after
V5 reaches the active phase, however. That is, during its active phase, V5 is slaved to wy and
hence evolves on the superslow time scale, while the spikes in V4 (and w1) occur on the slow
time scale and hence occur repeatedly. By continuity, there is a small range of g, values close
to but above g for which very few or even one V; spike occurs, but such limited spiking arises
because the (V7,w;) components of the slow vector field remain quite small beyond the AH
bifurcation. Hence, the spikes appear with a significant delay relative to the slow activation
of V3, yielding a qualitatively different solution from that found in the (1F, 2S, 1SS) system
with gsyn = 1.0. Such solutions are straightforward to find numerically but, for reasons of
space, we do not show an example here.

Under the alternative rescaling to a (1F, 3S) system, the attracting trajectory with gey, =
1.0 is as shown in Figure 23 (bottom). The spike in V; has been restored, and the fast jumps
in V; can be described using the fast flow. However, the solution differs qualitatively from
that for the (1F, 2S, 1SS) system (Figure 2). In the (1F, 3S) case, after the initial rise in V;
under the fast flow, the trajectory is governed by the three-dimensional slow reduced problem
along MY. There is no longer a superslow manifold to attract w; and Va, and there is no
longer a relaxation oscillation in (V5,ws). Thus, the time the trajectory spends on the upper
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Figure 24. Time series of (1.1) with gsyn = 4.1. Top: (35, 155) case, with C1 = 80, ¢2 = 0.0001. Bottom:
(1F, 35) case, with C1 = 0.8, ¢2 = 0.01. Other parameters as in Table 1.

sheet of M (with large V7) is commensurate with the time for V5 to fall from higher to lower
values, and so the V; spike has similar duration to that of V5. Moreover, after the fast jump
down from the upper fold, wy continues to evolve along with V5 and ws rather than settling
down, and since V; is slaved to (wq, V2) along Mls, there is no longer a prolonged plateau in
V; after the trough of its spike.

In summary, neither of these two-time-scale systems captures the full features of the
oscillating solution shown in the first panel of Figure 2. Since a two-time-scale system will
either lose the large spikes in the V; time series, generate additional or delayed V7 spikes, or
elongate the V7 spikes relative to the V5 spikes and eliminate the plateau in Vi after each
spike, it appears that for (1.1) to produce the solution shown in Figure 2, its three-time-
scale structure must be preserved. We therefore classify the solution shown in Figure 2 with
gsyn = 1.0 as an intrinsically three-time-scale phenomenon.

4.2. gsyn = 4.1: Transition from V; spikes of gradually decaying amplitude to V;
spikes of constant amplitude. When the time scale separation is exaggerated in the (1F, 2S,
18S) scaling, the qualitative form of the solution with g, = 4.1 does not change, nor does the
relevance of the mechanisms shown in Figure 14, although the number of V; spikes per cycle
increases because the slowed superslow flow prolongs the solution period. In particular, the V;
time series continues to exhibit two groups of rapid spikes, one with decrementing amplitudes
and one with constant amplitudes, corresponding to passage of the trajectory near parts of
M with low V5 (phase (D) and elevated V5 (phase 3)), respectively. With rescaling to (3S,
1SS), the solution time series changes qualitatively (Figure 24, top). In this case, the V; spike
amplitudes are initially approximately constant, rather than decrementing, then taper off into
damped oscillations and approach a plateau, rather than maintaining a fixed amplitude.
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Figure 25. Top row: Time courses of Va (red) and Vi (black/blue/green) for Cy = 0.8 (left) and C1 = 80
(right), which reduces the amplitude modulation during the period when Vi is spiking and Va is still depressed;
¢1 = 0.01 and ¢2 = 0.0001 in both cases. Bottom row: Projections to the (Vi,w1) phase plane of the parts of the
solutions colored blue and green in the upper row, along with Vi-nullclines computed with Vo fized at the value
attained by the Vo time series at the start of the corresponding segment of the time series: Vo = —41.94 (left,
lower red curve), —26.00 (left, upper red curve), —40.23 (right, lower red curve), and —18.84 (right, upper red
curve). Flow is counterclockwise. Note that for C1 = 0.8 (left), the orbits adhere very closely to the nullclines
in the silent and active phases, and the maximal Vi drops significantly between the cycles shown. For C1 = 80
(right), the orbits deviate from the nullclines much more, and the difference in mazimal Vi values, even between
the first and last spikes of the burst, is significantly smaller.

The mechanism for the gradual decay of V; spike amplitudes in the three-time-scale system
was explained in section 3.2 (Figures 16 and 17) and depends on the fact that trajectories
closely follow the V5-dependent Vi-nullclines in the projection onto (Vi,w;)-space in between
fast jumps in Vj. Equivalently, in the projection onto (Vi,w;, Va)-space, Vo has a strong
effect on the shape of My, which trajectories follow between these fast jumps. In the (3S,
1SS) scaling, however, M, no longer plays a role and the oscillations in the projection to
(V1,wq) pull away from the Vj-nullclines and lose their relaxation character. As a result, the
V1 amplitude becomes less varied across spikes (Figure 25). This effect persists across all ggyn,
values that yield V; spiking before V5 jumps up in the (3S, 1SS) system.

Figure 26 shows the attracting solution for the (3S, 1SS) case projected onto (Vi, Vo, ws)-
space. On the lower right of this figure, the trajectory follows an attracting branch of M,
with low V4 and V5. When the trajectory reaches the fold where this branch ends, slow
oscillations of V; begin, but V5 remains slaved to ws, evolving on the superslow time scale,
until a fold of the V5-nullcline in the projection onto (Va,ws)-space is reached (although this
projection is not shown, the fold is indicated by the green circle in Figure 26) and the slow
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Figure 26. Projection of the attracting solution (black curve) of the (35S, 15S) system with gsyn = 4.1,
C1 = 80, ¢2 = 0.0001 onto (Vi,Va,w2)-space. Red curves denote Mss, and blue and green circles mark two

folds of Ms.

transition to the next phase of the solution, with V3 elevated, occurs. In the (3S, 1SS) regime,
the branch of M, to the left of the blue circle is stable with respect to the three-dimensional
slow system, and when the trajectory jumps up from the fold of the V5-nullcline, it converges
with damped oscillations in V; to this branch. This stability contrasts with the instability of
M, for the (1F, 28, 1SS) system with gy, = 4.1 seen in Figure 14, which corresponds to
the instability of the critical points of the vo-frozen system (2.17) with elevated vy since V5 is
slaved to the superslow flow of wy during the relevant solution segment in the (1F, 2S, 1SS)
case. Thus, the grouping of time scales can significantly alter the behavior of V; and wy in the
regime where V5 is elevated for g, = 4.1. After the damped V; oscillations, the trajectory
jumps from a fold of M, (blue circle) back to the attracting branch of M at low V; and V5
(Figure 26) and another solution cycle begins.

Under rescaling to a (1F, 3S) system, a different type of trajectory is observed (Figure 24,
bottom). The solution exhibits prolonged V5 spikes as in the (1F, 3S) case with gsy, = 1.0
(Figure 23), but there are now multiple V; spikes per cycle because the trajectory can jump
up from M, with smaller V5 than it could with gsyn = 1.0. The solution is quite different
from that of the (1F, 2S, 1SS) system, lacking the rapid V; spikes and the transition from
decrementing to constant amplitude spikes seen for (1F, 2S, 1SS) (Figure 25, top left).

In summary, neither of these two-time-scale systems captures the full features of the
oscillating solution generated by (1.1) with gs, = 4.1. The three-time-scale system has
distinctive solutions with two groups of rapid V; spikes per cycle, one with decrementing
amplitude and one with constant amplitude, but neither of the rescaled systems has solutions
with both types of V7 spikes. We therefore conclude that the solution shown in the second
panel of Figure 2 represents an intrinsically three-time-scale phenomenon.
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Figure 27. Time series of (1.1) with gsyn = 5.1. Top: (38, 15S) case corresponding to the choice C1 = 80,
¢2 = 0.0001. Bottom: (1F, 3S) case, with C1 = 0.8, ¢2 = 0.01. Other parameters as in Table 1.

4.3. gsyn = 5.1: Direct transition to a depolarized plateau. When the time scale
separation is exaggerated in the (1F, 2S, 1SS) system with ggy, = 5.1, the qualitative form of
the solution, shown in Figure 2, does not change, nor does the relevance of the mechanisms
shown in Figures 18-21. In particular, the V; time series includes a group of rapid spikes with
decrementing amplitudes, followed by a depolarized plateau.

A time series obtained after rescaling to a (3S, 1SS) system with g, = 5.1 is shown in
Figure 27 (top panel). As with gy, = 4.1, this rescaling eliminates the gradual decrease of
V1 spike amplitudes, again due to the loss of relevance of M or, equivalently, the loss of
relaxation oscillator character in the (Vi,w;) oscillations; by similar arguments, varying gsyn
away from 5.1 cannot restore this property. A second, subtle change is that the transition from
large V; spikes to a V; plateau features a gradual damping in the two-time-scale case, evident
during the abrupt increase in V5, that is absent with three time scales. Recall that in the (1F,
28, 1S8S) case, this transition occurs while the orbit is following a solution segment of the two-
dimensional slow layer problem. Linearization of this problem about the equilibrium point
to which the solution segment converges, on Mg, yields a matrix with eigenvalues that can
be shown to be real and negative for the (1F, 2S, 1SS) system; hence, the slow layer solution
converges without damped oscillations to this equilibrium point. The situation is different
in the (3S, 1SS) case. The solution segment during the V5 jump is described by a solution
of a three-dimensional slow layer problem. A calculation shows that the matrix obtained
by linearizing this slow layer system about its equilibrium point on Mg, has eigenvalues of
negative real part, but these can be complex. Thus, a possibility arises for subthreshold
oscillations, and we observe these numerically for g, = 5.1 and other nearby values.

In the (1F, 3S) regime (Figure 27, bottom panel), the solution with gy, = 5.1 is qualita-
tively similar to that obtained in the (1F, 3S) scaling with gs,, = 4.1, with similar mechanisms
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involved. In particular, there is no convergence to an equilibrium point of a slow system (i.e.,
a point on M) during the active phase but instead an increase and decrease in all three slow
variables, w1, Vo, ws. The V4 time course is determined by the path of the slow system solution
along M, showing a gradual, nonmonotonic decay as V5 increases that is quite distinct from
the abrupt transition from spiking to plateau arising with three time scales.

In summary, the attracting solution of the (1F, 2S, 1SS) system with g, = 5.1 has two
distinguishing features: a phase of rapid V; spikes of decrementing amplitudes and an abrupt
transition to a depolarized plateau. The first of these is lost in both two-time-scale versions
of the system that we considered. The second may in principle occur with a rescaling to
(3S, 1SS), but is lost in the parameter regime we use; instead, subthreshold oscillations are
seen during the transition. However, the effect is visually rather subtle and thus may not be
relevant to efforts to model experimental data. Based on the spike amplitude modulation,
at least, we can still conclude that the solution shown in Figure 2 with gg,, = 5.1 is an
intrinsically three-time-scale phenomenon, but we acknowledge that the distinctiveness of the
three-time-scale case is more limited than with the other g,,, values we discussed.

5. Discussion. In this work, we have considered the dynamics of a model system with
three time scales. Our analysis has been done from two perspectives, both based on the
ideas of fast-slow decomposition: the first involves concatenation of segments of solutions of
various subsystems (reduced and layer problems), while the second considers the interaction
of two potentially oscillating systems (one fast-slow and the other slow-superslow). Both
perspectives are commonly used in the context of two-time-scale dynamical systems, and
our work illustrates that they can be extended to the three-time-scale setting and that they
complement each other well. In particular, the concatenation method provides a clear view
of how characteristics of trajectories relate to the features of slow and superslow manifolds
and their folds, while the coupled oscillator approach helps elucidate how these manifold
features arise. For gs,, = 4.1, for example, consideration of slow and superslow manifolds
shows that an attracting branch of the superslow manifold intersects a fold of the critical
manifold, yielding a direct transition from superslow to fast dynamics, while consideration of
how nullclines of one oscillator respond to changes in another oscillator gives insight into the
evolution of solution features (e.g., spike amplitudes) over time. We hope that these insights
will guide other researchers undertaking similar analyses related to their problems of interest.

In addition to providing a helpful comparison of approaches, our analysis yields several
insights. First, the fast-slow decomposition methods developed for two-time-scale systems do
extend naturally to three-time-scale settings, and it is clear that this extension would carry
over similarly to systems with more than three time scales as well. Second, there are natural
mechanisms for transitions directly from superslow to fast dynamics, yet we generically do not
expect transitions directly from fast to superslow, as these would require fast layer problem
solutions to asymptote to limits that happen to be equilibria of certain slow systems as well.
Besides superslow to fast transitions, we also observe transitions from superslow dynamics
to fast-slow relaxation oscillations in some variables with continued superslow drift in others.
This finding highlights a need for an averaging result for the three-time-scale setting, like the
one that justifies use of a slow averaged system in a two-time-scale context when solutions
combine fast oscillations and slow drift. Third, there is a limitation to the utility of frozen
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systems for the analysis of coupled oscillator systems; full system dynamics can have features
not predicted from bifurcation analysis based on frozen systems, as we see with gs,, = 1.0.

While parts of this work investigate rather specific details of solution features, we have
followed our descriptive analysis with an investigation of which solution features are truly
three-time-scale phenomena. Identifying solution features that require three time scales pro-
vides useful information for modeling studies, where a determination needs to be made about
how many time scales to include in a model to represent some given experimental data. In
fact, many of the solution features that we observe are lost under grouping to two time scales
and hence can be said to require three time scales, at least in the system we have studied. This
finding suggests that classifying disparate time scales into two groups should no longer be a
default approach in modeling work. We also note that choices about how to group time scales
determine the dimensionality of various subsystems that come into play, and the dimension
of a subsystem constrains the types of solutions it can support; certain solution features will
therefore only be observed in certain time scale groupings. In an arbitrary multiple time scale
system, the number of time scales exhibited by a particular solution need not be as large as
the number of distinct time scales in the system as a whole. An example occurs in system
(1.1) for small ggypn; in this case, vy stays relatively steady and does not spike, so the fast
time scale is not observed in the attracting solution for the system. Hence, three-time-scale
effects can be destroyed in our system by decreasing gs,,. However, since the (v, ws) system
decouples, there will always be slow and superslow components to solutions and, once gy, is
large enough that v; becomes active, three time scales will be manifest in solutions. Thus,
while it is generally the case that three-time-scale effects can be removed by varying a system
parameter rather than by changing the time scale separation as we have done in this article,
this possibility is not of interest in our system.

Ours is not the first work to provide mathematical analysis of a three-time-scale system.
Several papers in this area have focused on mixed-mode oscillations (MMOs) supported by
three time scales. The initial approach was to consider a three-dimensional system where
the right-hand sides were O(1), O(e), O(€?), respectively [17]; MMOs were shown to emerge
through an effect analogous to a slow drift through a canard explosion. Certain higher dimen-
sional systems were also shown to reduce to similar three-dimensional systems with the same
structure [22, 13]; see also [4].

The paper closest to ours is [18], which also considers two coupled systems, one fast-slow
and one slow-superslow, with unidirectional coupling such that the slow-superslow oscillator
forces the fast-slow system. Some similar features are seen in solutions to our model and those
from [18], including periods of rapid oscillation of relaxation type (called the pulsatile phase
in [18]) and segments where all variables are changing on the superslow time scale (occurring
within the surge phase in [18]). However, in [18], the slow variable from the slow-superslow
oscillator appears in the slow equation of the fast-slow oscillator, rather than in the fast
equation as in our model. An important consequence is that while our model can exhibit
amplitude modulation during the fast spiking phase (as in, for instance, the upper right and
lower panels of Figure 2) because the position and shape of the nullcline for the fast variable
is modified by the coupling term, this effect is absent in the model of [18] where the coupling
moves the relative positions of the nullclines but does not alter their shape. The focus in [18] is
also somewhat different to ours; they are interested in determining the dynamical mechanisms
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for the MMOs found in their system, whereas we have concentrated on identifying features of
the dynamics that are truly three-time-scale phenomena. We note that MMOs are likely to
occur in our system in certain parameter regimes, but we have not looked for them.

Ha and Kuznetsov [9] also considered a three-time-scale model, describing the interactions
of voltage and calcium concentration in a neuronal soma linked with a neuronal dendrite. Their
work focused on mechanisms leading to two different types of oscillations, one involving the
fast and intermediate time scales and another based on fast and slow components, rather than
solution features emerging from the concurrent interaction of all three time scales. A recent
paper by Vo, Bertram, and Wechselberger [31] considered solutions of a four-dimensional,
three-time-scale model of electrical activity and calcium signaling in a pituitary lactotroph,
focusing on solutions such as MMOs that can appear in systems with two time scales. The au-
thors considered the effect of grouping the time scales into two groups in two different ways and
showed that the dynamics of these rescaled models could be understood as different unfoldings
of the full three-time-scale system. The two two-time-scale approaches were compared, were
shown to provide different insights, and were unified via a fully three-time-scale representa-
tion, but little consideration was given to identifying dynamic features that are specifically
three-time-scale phenomena, as we do. Franci, Drion, and Sepulchre [8] considered bursting
in conductance-based models of neurons and proposed a three-time-scale “normal form” for
the phenomenon. The focus was on explaining how observed bursting behavior might arise
in unfoldings of the normal form, rather than on identifying phenomena that are intrinsically
three-time-scale. Indeed, many earlier analyses of bursting behavior have shown that only
two time scales are needed in order to observe bursting solutions, and the work of [8] shows
how previously observed two-time-scale bursters might be transformed into one another by
superslow variation of system parameters. Other models with three time scales have been
discussed in the recent literature (see, e.g., [10, 11, 19]) but, again, the analysis presented
arises mostly from grouping the time scales into two groups and there is little insight into
intrinsically three-time-scale phenomena.

In the emerging study of systems with more than two time scales, there are many direc-
tions for future work, even without considering complications such as stochasticity, forcing,
or delays. As in other earlier work (e.g., [18]), we have considered a specific form of coupling
such that our model system can be thought of as one oscillator forcing another. Preliminary
investigations suggest that in the scenarios we have considered, the inclusion of bidirectional
coupling has surprisingly little influence on solution features. Nonetheless, there are many
variations on the coupling among time scales that arise in other model systems and should
be considered in future work. The consideration of bidirectional coupling is likely to be par-
ticularly important for understanding the dynamics of our main motivating example, the
oscillatory dynamics of neurons, where membrane potential and cytoplasmic Ca?* concentra-
tion can each influence the evolution of the other. Note also that our ML models were tuned
individually to be Type I oscillators, with an onset of oscillations through a SNIC bifurcation
under variation of the applied current parameter I;, yet the coupling nonetheless induced os-
cillations in (Vi,w;) via an AH bifurcation with respect to changes in V. This effect would
not change with intrinsically Type II oscillators, so we expect little difference there relative
to what we have considered, but this expectation still remains to be confirmed.

From a more theoretical point of view, there is much work to be done to explore folded
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singularities that can arise and affect solutions in systems with three or more time scales. In
the solutions that we considered, trajectories pass close to folded singularities, yet these have
little influence on the resulting dynamics. This is unlikely to always be the case, however (see
also [31]), and a comprehensive theory of folded singularities in systems with more than two
time scales is needed. There are also many other forms of dynamics that one could consider
that are outside the coupled oscillator framework altogether, and these will likely yield a
variety of three-time-scale phenomena beyond those that we have identified.

6. Appendix. Here we present details of the nondimensionalization of (1.1). From nu-
merical simulations of this system, we find that the membrane potential for the uncou-
pled ML oscillators typically lies between —70mV and 60mV. Correspondingly, we define
Ty = max(1/7,(V;)) over the range V; € [=70, 60] and then define t,,(V;), a rescaled version
of 7,(V;), by tw(V;) = TwTw(V;). We also define gpax to be the maximum of the three con-
ductances gca, gk, and gr,. Substituting these expressions into (1.1a)—(1.1d) and rearranging,
we obtain the following dimensionless system:

C dv _ _ _
(6.12) Orgar — 1 Feamee(v) (1 = Vea) = gicwn (1 = Vi)
- gL('Ul - VL) - gsynS(U2)(U1 - ‘7syn)7
1 dw1 1
6.1b = Weo (V1) — w1),
(6.1b) o Qi T dr Loy ) T 1)
C dv _ _ _
(6.1c) md_j =I5 — JcaMoo(v2)(v2 — Vea) — grwa(va — Vi)
— gr(va — VL),
1 dw 1
(6.1d) 2 (Woo (v2) — w2),

02 Qi Ty dr tu(v2)

with dimensionless parameters I, = I./(Qy * gmax), Gz = G2/ Gmax, and Vi = V,./Q,,.

Since we expect V; € [—70, 60], a suitable choice for the voltage scale is Qy = 100mV.
We also see that values of mqo,(V;), weo(V;), and w; all lie in the range [0, 1]. For the choice
of parameters specified in Table 1, the maximum conductance is gk, so we have gmax = 9K.
Numerical evaluation of 1/7,(V;) for V; € [~70, 60] shows that T, ~ 5.3ms™! = O(10) ms~".
Using these values we see that all terms on the right-hand sides of (6.1a)—(6.1d) are bounded
(in absolute value) by one.

The coefficients of the derivatives on the left-hand sides of (6.1a)—(6.1d) now reveal the
relative rates of evolution of the variables. We find that C}/gmax = O(1)ms™, 1/(¢ T,) =~
Ca/gmax = O(10)ms™!, and 1/(¢2 T,,) = O(100) ms~?, from which we conclude that v; evolves
on a fast time scale, wy; and vy evolve on a slow time scale, and wy evolves on a superslow
time scale. We choose the slow time scale as our reference time, i.e., pick Q; = 10ms, and set

C
(6.2a) €1 := 7 <1, €9:= o Qi Ty < 1,
Qt * max
(6.2b) Ru, = ¢1 Q¢ T, Ry, = @'Timax :
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As aresult, the dimensionless system (6.1) becomes the system (2.2) given in section 2, namely,

(6.3a)

(6.3b)

(6.3c)

(6.3d)

dv - — —
€1d—7_1 =11 — gcaMoo(v1)(v1 — Vea) — grwi(vi — Vi)
— gL(v1 = VL) — GsynS(v2) (v1 — Vign) == f1(v1, va, w1),
dw1 N 1 L
dr = Rwl tw(vl) (wOO(Ul) - wl) = gl(vb wl)a
dv - ~ =
d—: = Ry, (I — geaMoo(v2)(v2 — Via) — grwa(va — Vi)

—gr(va — W) := falva, w2),
dZUQ c 1
dr 2tw(v2

)(woo(vg) —wa) = £292(v2, w2),

with small parameters ¢; and €2, where R,,, and R,, are dimensionless parameters bounded

by one.
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