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Abstract

In this article, we describe and analyse a novel mechanism for symmetry-breaking in minimal symmetri-
cally coupled identical slow/fast oscillator networks with strong nonlinear mutually inhibitory coupling.
We show that the symmetry-breaking, surprisingly, originates from the canard dynamics of a folded node
that lies on the axis of symmetry. By applying geometric singular perturbation theory and the blow-up
technique to a normal form, we determine the geometric mechanisms by which the symmetric folded node
induces symmetry-breaking. More specifically, we show that (i) the fold curve of the coupled system is
orthogonal to the axis of symmetry at the symmetric folded node; (ii) there is only one primary maximal
canard (either strong or weak, depending on parameters), which always lies on the axis of symmetry
and is the axis of rotation for the twisting of solutions; and (iii) the number of rotations is the key local
diagnostic feature that breaks the symmetry. Our work is closely related to that of Kristiansen and
Pedersen [STAM J. Appl. Dyn. Syst., 22 (2023)] on symmetrically coupled FitzHugh-Nagumo oscillators
with strong linear inhibitory gap junctional coupling, however, we consider nonlinear coupling and we
identify and study multiple sub-types of their ‘cusped singularities’. We demonstrate our theoretical re-
sults by applying them to a model of the eukaryotic cell cycle in which the symmetric folded node plays
a key role in rhythmogenesis. More specifically, we study periodic and quasi-periodic symmetry-breaking
mixed-mode oscillatory attractors of the cell cycle model. We show that the local twisting induced by
the symmetric folded node is the local mechanism that both breaks the symmetry and generates the
small-amplitude oscillations in the mixed-mode dynamics.
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1 Introduction

Symmetry-breaking refers to a phenomenon that occurs in models or systems that have certain symmetries,
but their solutions do not necessarily share these symmetries. It plays key roles in numerous branches of
science, including elementary particle physics [I8], pattern formation in chemical oscillator systems [28],
transitions between gaits in animal locomotion [§], and chimera states in coupled oscillator networks [1 23].

In classical deterministic symmetry-breaking, systems of coupled identical oscillators can exhibit asymmetric
rhythms that are small perturbations of a symmetric state. Common examples include rhythms that are
slightly out of phase or are close to anti-phase. Recently, a new type of symmetry-breaking, called strong
symmetry-breaking (SSB), was discovered in minimal chimera systems, i.e., low-dimensional networks of
coupled, identical slow/fast oscillators that exhibit chimera-like solutions [3| [4, [I5]. In this context, SSB
occurs when the amplitudes, frequencies, and/or other properties of the coupled, identical oscillators differ
substantially, typically by an order of magnitude. Such SSB rhythms are far from any symmetric state. For
example, one oscillator can exhibit small-amplitude oscillations (SAOs) whilst another oscillator can exhibit
large-amplitude oscillations (LAOs) or mixed-mode oscillations (MMOs), despite the two oscillators being
identical and the coupling being symmetric.

Some of the first examples of SSB rhythms were the SAO-LAO and SAO-MMO rhythms found in coupled,
identical planar slow /fast oscillators from chemistry (for coupled Lengyel-Epstein oscillators [2, 4] and coupled


https://arxiv.org/abs/2606.17780v1

Koper models [15]) and engineering (for coupled van der Pol equations [3]). In these systems, the coupling
is diffusive and is modeled by linear terms in the vector field. Moreover, the coupling strengths are typically
small-amplitude so that, to leading order, the geometry of the coupled system can be regarded as a cross-
product of the geometries of the individual oscillators; see cross-product quilts in [3].

For these model systems, it was shown that the primary mechanism responsible for the SSB was a non-
symmetric (or asymmetric) folded singularity. Asymmetric folded singularities are points in the phase space
that stay away from the axis of symmetry, and allow solutions to cross from an invariant slow manifold
of one stability to an invariant slow manifold with a different stability. It was shown that the maximal
canard solutions associated to the asymmetric folded singularity would determine key diagnostics of the SSB
rhythms, such as the number of oscillations each oscillator would make and whether each oscillator would
remain small-amplitude or would be directed to make a fast (large-amplitude) jump.

In this article, we report on a robust, novel SSB mechanism for coupled, identical slow /fast oscillator networks
with strong nonlinear coupling. We find that the singularity that underlies the new SSB is a symmetric folded
node. Even though the symmetric folded node lies on the axis of symmetry, the canard solutions that it
generates are (surprisingly) responsible for symmetry-breaking.

There are two main contributions in this manuscript. First, we provide rigorous analysis of the novel
symmetric folded node and the symmetry-breaking that it induces. More specifically, we show that for
identical slow/fast oscillators coupled via strong nonlinear mutual inhibition:

(i) there are two types of symmetric folded node: strong and weak;

(ii

the fold curve is orthogonal to the axis of symmetry at the symmetric folded node;

every solution that passes near the symmetric folded node is guaranteed to exhibit at least one twist;

)
)
(iv) the symmetric folded node only has one primary canard, which is aligned with axis of symmetry;
) the one primary canard is also the axis of rotation for the twisting;

)

The funnel of the symmetric folded node (strong or weak) corresponds to the entirety of the attracting
sheet of the critical manifold.

(vii) the slow manifolds are partitioned into ribbons and the parity of the ribbons, i.e., the number of twists
that the ribbon makes, determines the direction of any subsequent fast jump.

We also show numerically that the strong symmetric folded node has two types of sequential rotational
behaviour: the primary rotation occurs around the axis of symmetry and the secondary rotation occurs
around a rotation axis that seems to emerge from the weak eigendirection of the symmetric folded node.
Our second main contribution in this article is the demonstration of our symmetric folded node theory in a
model of the eukaryotic cell cycle [12], which consists of a pair of identical slow/fast oscillators with strong
nonlinear coupling in the fast directions. We show that the symmetric folded node in this system plays a
major role in the formation of the SSB MMO attractors, such as those shown in Fig.

To the best of our knowledge, there have been two other studies of canard dynamics in coupled oscillator
systems with strong coupling [22], 33]. In [22], the authors study a symmetrically coupled pair of FitzHugh-
Nagumo oscillators with inhibitory gap junctional coupling, i.e., the coupling terms are linear functions of
the fast variables. Moreover, the coupling strength is O(1) with respect to the small timescale separation
parameter . They show that their system possesses a symmetric folded singularity, which they call a cusped
singularity since it occurs at a cusp bifurcation of the layer problem. They then use geometric singular
perturbation theory and the blow-up technique to study the emergence of small-amplitude oscillations from
the neighbourhood of the cusped singularity, and they study the resulting mixed-mode oscillations.

In [33], the author extends the results of [22] to symmetrically coupled oscillator systems with mutually
inhibitory coupling of any form but with the added condition that a full system equilibrium is close to the
cusped singularity. That is, the author considers parameter configurations close to a folded saddle-node
bifurcation of type II [25]. The author demonstrates that the proximity of the full system equilibrium to the
cusped singularity is responsible for rhythmogenesis in two examples: a two-cell Wilson-Cowan-like neural
network with slow adaptation, and a synaptically coupled Morris-Lecar network with fast synaptic inhibition.
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Fig. 1: Representative SSB MMO attractors in a model for the eukaryotic cell cycle (see Section . (a) Periodic
attractor. Oscillator 1 (red) exhibits two large-amplitude spikes per period, whereas oscillator 2 (blue) exhibits
one spike per period, the timing of which occurs approximately in between the two spike events of oscillator 1.
(b) Quasi-periodic attractor. The number of large-amplitude spikes varies from event to event. In both cases, the
symmetry-breaking is determined by the slow local dynamics near a symmetric folded node (boxed regions).

Our work here may be regarded as a direct continuation of [22] and [33]. We concentrate specifically on
coupled oscillators with strong nonlinear mutually inhibitory coupling. We make no assumptions about the
existence of any full system equilibria near the cusped singularity. In this setting, we will show that the
symmetric folded nodes (i.e., the cusped node singularities of [22]) can have two distinct types, strong and
weak, each with distinctly different dynamics. A core focus of our work which differs from [22], [33] is that
we focus on how the local dynamics near symmetric folded node singularities induces symmetry breaking in
these coupled oscillator networks.

Remark 1.1. A closely related case study is provided in [30]. There, the authors study small networks of
Brusselator models symmetrically coupled with strong linear coupling. The main differences in [30] to our
work and that of [22,[33] is that (i) the coupled Brusselator system is a non-standard slow/fast system [38],
(i) the coupling is present in all components of the vector field, and (iii) they focus on synchronization and
almost synchronization.

The outline of the manuscript is as follows. In Section [2| we develop a normal form for the symmetric folded
node in symmetrically coupled, identical slow/fast oscillators with strong mutually inhibitory nonlinear
coupling. We use geometric singular perturbation theory to uncover the geometry of the system and identify
key features of the symmetric folded node. Then, in Section [3]we perform a blow-up analysis of the symmetric
folded node to rigorously determine the properties of the slow manifolds and their rotational behaviour. In
Section [4] we demonstrate the rotational properties of the symmetric folded node by computing the invariant
slow manifolds. In particular, we show that there is a ribboning of the slow manifolds (cf. [19, 20]), and
the parity of the ribbons determines the direction of the symmetry breaking, i.e., it determines which of the
coupled oscillators is most likely to exhibit a fast transition away from the neighbourhood of the symmetric
folded node. We then apply our results to a canonical model for the cell cycle control system in Section[5] and
show that the dynamics about the symmetric folded node are responsible for the SSB rhythms in Section [6]
Finally, we conclude in Section [7] with a discussion.



2 The Symmetric Folded Node

Motivated by dual oscillator models from biology (see Section , we study minimal networks of identical
slow /fast oscillators with mutually inhibitory symmetric coupling of the form

1 = f(u1,v1) — curug,
01 =€ g(u,v1),
U = f(ug,v2) — cujus,

Vg = € g(uz, v2),

(1)

where f and g are sufficiently smooth functions, 0 < € < 1 encodes the timescale separation, and the coupling
strength ¢ is O(1) with respect to . In this section, we develop a normal form for symmetric folded nodes,
which are folded node singularities that occur at fast subsystem cusp bifurcations (Section . We then
use geometric singular perturbation theory [16] 21] to identify the key geometric features of the symmetric
folded node (Section . Subsequently, we apply center manifold reduction to study the reduced dynamics
near the symmetric folded node (Section .

2.1 Normal form

The system is Zo-symmetric under the exchange of the two identical oscillators. More precisely, there is
a matrix, R, given by

R =

O = OO
= O O O
o O O
o O = O

such that the vector field is equivariant under this symmetry, i.e.,
RF(u) = F(Ru), (2)

where u = (u1,v1, uz,v2)T denotes the state vector and F' denotes the vector field in . Consequently, the
set Ls = {u; = u2,v; = va} is the fixed-point subspace of the map R, and hence it is an invariant subspace
of the system . We refer to L, as the axis of symmetry (even though it is a 2D subspace). Along L, the
system reduces to the symmetric subsystem

= f(u,v) — cu?,

3
b =eg(u,v), @
which is a standard slow/fast system with fast variable u and slow variable v.

Assumption 1: The symmetric subsystem possesses a non-degenerate fold point, i.e., there exists a
point (ug, vg) with ||(ug, vo)|| = O(1) with respect to e such that

of

flug,vo) — cud =0, %(Uoﬂfo) =0, )
%(Uo,vo) #0, W(U(MUO) # 0.

The conditions in Assumption 1 imply that there exists a neighbourhood of the point (ug,vg) such that the
u-nullcline is locally parabolic.

Assumption 2: The point (ug,vg) is a regular fold point, i.e.,
g(uo,vo) # 0.

Assumption 2 implies that the slow flow along the critical manifold of the symmetric subsystem (3] is singular
at the fold point (ug, vo), see [24].



Proposition 2.1. Given the coupled oscillator system satisfying Assumptions 1 and 2, there exists a
smooth change of coordinates which transforms the system to the form

Uy = —up — Uy 4 vy + u? — (14 2A1) urv2 — a(ugvz + ugvy) + Pr(u, ug, v1,v2,€),
iy = —us —ug +v2 +uj — (1+ 2A1) uov1 — a(ugvy + uiv2) + Palus, ui,va, v1, €), )
b1 = [1+ 2 (A1 4 Ao)ur + bui + La(A1 + Aa)uj + Q1 (ur, us, v1,v2,€)]

Vg =€ [1 + 5()\1 + Ao)ug + bul + Za (A1 + Xo)u? + Qg(Ug,uhvg,vl,a)] ,

in a neighbourhood of the origin, where (A1, A2, a,b) € R* are computable constants and the overdot denotes
differentiation with respect to t. The higher order terms are given by

2 5a+2a> 2
Pl(ul, U9, U1, 1)2,6) = pujus + WMUQ +keu +0O ((Ul + U2)01U2,€U1’02) s

Q1 (u1, uz, v1,v2,€) = O (u1(vy + v2), uz(vy + v2),€%),
where (p, k) € R? are computable constants, and the vector field obeys the symmetry , so that
Py(u1,uz,v1,v2,€) = Pr(ug,u1,ve,v1,6)  and  Qa(u1,uz,v1,v2,€) = Q1(u2, u1, va, v1,€).

Proof. In the first step, we translate the fold point (ug,vg) to the origin. Then, we Taylor expand the
vector field in about the origin (uq,v1,us,v2,&) = (0,0,0,0,0). Finally, the system is obtained via
a sequence of restricted near-identity transformations that preserve both the slow/fast structure and the
reflection symmetry R, and are designed to eliminate non-resonant terms from the vector field. O

We will show that the normal form (5]) possesses a folded singularity [36] at the origin, and that the coefficients
A1 and Ao determine its type. We will also demonstrate that the canard dynamics of the folded singularity are
determined at leading order by the parameters A\; and Ao, whereas the terms associated with the parameters
a and b affect the canard dynamics at higher order.

Remark 2.1. The normal form is not unique. The dominant coupling terms in the fast u; and us
equations of are the mized uive and usvy terms. An alternative choice of the sequence of near-identity
transformations in the proof of Proposition can be used to remove these mized uive and ugvi terms.
The trade-off, however, is that terms involving uivi,usv1,u1v2, and usvs are re-introduced and become
irremovable. Moreover, the coefficients of these 4 lowest-order coupling terms have the form (o £+ %)\1),
where A1 is again an eigenvalue of the folded singularity and « is a system parameter that only affects the
canard dynamics at higher order.

2.2 Geometric Singular Perturbation Analysis

The normal form (5)) is a slow/fast system with fast variables (uj, us) and slow variables (v, v2). To analyse
the system, we use techniques from geometric singular perturbation theory [16, 2I]. The essence of the
approach is to split the dynamics into the slow motions along a key invariant manifold, S, and the fast
motions in the complementary space R*\ S.

2.2.1 Layer problem, critical manifold, & slow manifolds

Setting € = 0 in the normal form yields the 2D layer problem

. 5a+2a°
U] = —Up — Uy + 01 + u% — %ulvg — aus +pufu2 + mu u% + O ((u1 + ug)vyv9), (©)

. 2 2+42a+A 5a+2 2
Uy = —uy — Ug + vg + u; — augvy — %uzvl + M uiusg +pu1u2 + O ((u1 + ug)vyv9),

which approximates the fast dynamics in the limit of infinitely slow motions, i.e., the slow variables v; and
vo are fixed parameters. The critical manifold, .S, is the 2D set of equilibria of the layer problem

S = {(ur,u2,v1,v2) € R* 1 vy = v1g(u1,u2), v2 = vag(ur, uz)},



where the function v1g is given by

v1s = U1 + uz + 2“?‘1 ui + 4a+3+)‘1 iUz + aul + Y30us + yo1uius + y12u1u3 + yozus + O ((ur + u2)4) )
and veg(u1, u2) = v15(usg, ur) by the symmetry R. Here, the coefficients of the cubic terms are given by

Y30 =
Y21 = 1+3CL(1 +a) —p—|—A1 +2a)\1 + %)\%,
Y12 = 3 (8a® = 2p + M (2+ M) +a(6X —2)),

2
Yo3 = a”.

a(2+2a+X1)
2 b

The linear stability of S is determined by the eigenvalues of the Jacobian of the layer problem, which has
trace and determinant given by

tr DUflS = -2 (2(1 + )\1) (u1 + ug) + O((u1 + UQ)2),
det Duf|5. = )\1(U1 + U2) + pluf + plug + pauiug + O((Ul + UQ)S),
where the coefficients p; and ps are given by
pr=13%(-2—a(l+2a)+p+ A +4ar; +A]) and po=4+4a® —2p+ A\ (24 A1) +2a(7 + 2)1).

Sufficiently close to the origin, the trace is always negative. Thus, in a neighbourhood of the origin, the
critical manifold can be partitioned as

S=8,USLUSs,

where the attracting sheet
Sa = { (u1,v1,u2,v2) € S : det D, f|g > 0},

consists of stable nodes of the layer problem @, the saddle sheet

Ss = {(u1,v1,u2,v2) € S :det D, f|g < 0},
consists of saddle equilibria of @, and the fold curve

St = {(u1,v1,u2,v2) € S:det D, f|g = 0},

consists of saddle-node bifurcations of the layer problem. The fold curve can be written locally as a graph:
SL={(ul,vl,uQ,vg)GS:ugz—ul—i—wu?—i—O(u?)}. (7)

This graph representation of Sy, reveals an important geometric feature of the mutually inhibitorily coupled
system , which we state in general terms below.

Lemma 2.1. Suppose that the coupled oscillator system satisfying Assumption 1 has a reqular fold point,
p € L, of the symmetric subsystem. Then (i) p is a fold point of the full coupled system , and (i) the
fold curve Sy, of the coupled system is orthogonal to the axis of symmetry Ls at p.

Proof. The Jacobian of the layer problem of , evaluated at a point p = (ug, vo, uo, Vo) € Ls, is given by

of
_|3u— Cug —CUg
Dufl, = { u—cuo Of _ o |
ou 0
where % = w = M Since this matrix is symmetric, we immediately have that the
1 p u2 p

eigenvalues are

A = %—QC’U,O and Ay = %.



The corresponding eigenvectors,
1 q -1
wy = | an w2 =

are aligned with L, and orthogonal to L, respectively. By Assumption 1, the derivative % vanishes at a
regular fold point of the symmetric subsystem. Hence, the eigenvalue Ay vanishes at a regular fold point of
the symmetric subsystem. Consequently, the regular fold point of the symmetric subsystem must also be an
element of the fold curve S, of the fully coupled system. Moreover, the eigenvector ws corresponding to the
zero eigenvalue is orthogonal to L. O

Fig. 2: Critical manifold, S, of the layer problem in a neighbourhood of the origin (black marker) for representative
values of A\1,a and b. The (blue) attracting sheet, S,, and (red) saddle sheet, Ss, are separated by the (solid black)
fold curve, Sr. Also shown are the intersections of the symmetry and anti-symmetry axes, £s and L,s, with the
critical manifold (dashed black curves). In this class of coupled oscillator systems, Sy, is orthogonal to L.

Thus, from both the graph representation of the fold curve Sp and Lemma [2.1] we have that the fold curve
is tangent at the origin to the anti-symmetry axis, L,s := {u1 = —ug,v; = —v3}, and is orthogonal to L.
The geometry of the layer problem @ is shown in Fig.

Remark 2.2. In prior studies of SSB [3,[4, [15]], the fold curve was transverse and non-orthogonal to both L
and L. The reason for this is that the coupling strengths in these prior studies is weak, i.e., e-dependent.
Consequently, the singular limit ¢ — 0 decouples the oscillators and the critical manifold of the coupled
system is simply the cross-product of the critical manifolds of the individual oscillators. Moreover, the fold
curve of the coupled system is a cross-product of the fold points of the individual oscillators, i.e., the fold
curve takes the form

Sp={u1 =ur, up e R}U{us €R, ug =ur},

where uy, is the u-coordinate of a fold point of the uncoupled oscillator. Thus, for coupled oscillator systems
with weak e-dependent coupling strengths, Sp consists of lines parallel to the ui- and uz-axes. Hence, the
intersection of S, with Ls is both transverse and non-orthogonal.

Fenichel’s first theorem [16] 21] guarantees that the normally hyperbolic subsets of S, i.e., the parts of S,
and S; which have spectra uniformly bounded away from the imaginary axis, will persist for ¢ sufficiently
small and positive as invariant slow manifolds S, . and S, .. These slow manifolds are O(e) perturbations
of the critical manifold. Moreover, the local stable and unstable manifolds of S, and S also perturb to
O(e)-close local stable and unstable manifolds of S, . and S; .

2.2.2 Reduced flow and ordinary singularities

The layer problem provides a good approximation of the dynamics of for the regions of phase space away
from the critical manifold, i.e., in R*\ S. The slow motions on S, however, require an alternative description.
To obtain such a description, we switch to the slow time 7 = €t in and take the singular limit ¢ — 0.



This gives the 2D reduced problem

0 = Fy(u1,v1, ug, va,0),

0 = Fy(uy, v1, ug, v2,0), (8)
01 = G1(uy,v1, u2,v9,0),
Uy = Ga(u1,v1,u2,v2,0),

where F; and G; denote the right-hand-sides of the u; and v; equations in for ¢ = 1,2. The overdot
denotes differentiation with respect to 7. The algebraic equations in constrain the phase space to the
critical manifold, and the differential equations describe the slow motions along the critical manifold.

To obtain a complete description of the slow dynamics in the full atlas of overlapping coordinate charts, we
differentiate the algebraic constraints in and solve for u; and w9, which gives

det D, F [Zl] = —adjD,F - D,F - [Gl] ’
2

Go
1.11 o Gl
o |Gal’
where D¢ F denotes the Jacobian of F' = (Fy, F5)T with respect to & = (£1,&2)7 for € € {u,v}, adj denotes
the classical adjoint, and all functions and derivatives are evaluated along S. In this formulation, we see
that the reduced flow is singular along the fold set Sp, where det D, F' = 0. To remove the finite-time

blow-up of the vector field, we desingularize the system via the phase-space-dependent time transformation
dtq = (det D, F) dr, which gives the desingularized reduced system

(9)

{1.”] = —adjD,F - D, F - {Gl} ,
U2

N - e (10)
o] canmur ],

G

where the overdot now denotes derivatives with respect to t4. On the attracting sheets S, where det D, F' > 0,
the desingularized system is topologically equivalent to the reduced system . On the saddle sheets
Ss where det D, I' < 0, the flows of the reduced and desingularized systems have opposite orientation.

Ordinary singularities of the desingularized system,
E = {(u1,u3,v1,v2) € S: Gy =0 and Gy =0},

are isolated points in the phase space that correspond to equilibria of both the reduced and desingularized
flows, @D and . Moreover, they are the leading-order estimates of equilibria of the full system .
(In systems where the functions F' and G are independent of ¢, the ordinary singularities are precisely the
equilibria of the full system.) We distinguish between symmetric ordinary singularities, Egym = ENL,, and
asymmetric ordinary singularities, Eagym = E \ Egym.

Fenichel’s second theorem [I6] 2I] guarantees that the slow flow on the invariant slow manifolds are O(e)
perturbations of the reduced flow on the critical manifold. That is, the singular limit € — 0 of the slow flow
on S, . and S, . will converge to the flow produced by system @[) A consequence of this is that if F is a
hyperbolic ordinary singularity of @[), then it will persist as a hyperbolic equilibrium of the full system for
¢ sufficiently small.

2.2.3 Symmetric folded singularities of coupled oscillator systems

The desingularized system possesses another important class of singularities. Folded singularities, M, are
points along the fold set Sy, where the right-hand-side of vanishes, i.e.,

M = {(ul,ug,vlvg) €S:detD,F =0 and adjD,F -D,F - [gl] = 0}.
2



Note that since det D, F = 0 at a folded singularity, the rows of D, F are linearly dependent and the vector
equation in M can be reduced to a single scalar equation. Hence, the set of folded singularities consists
of isolated points in the phase space along which singular points of the reduced flow may become regular
(since there is possibly a cancellation of a simple zero in the u-equations of @D) We distinguish between
symmetric folded singularities, Msym 1= M N L, and asymmetric folded singularities, Magym := M \ Mgym.

Substituting the expressions for F' and G from and recalling that along S, we have v; = v1g(u1,us) and
vy = vag(u1,us), the desingularized reduced system is

i = 2220y + 2220 4+ Goud + Egoud + Enrurus + O ((ur +us)?) |

dp = 25220y + 252205 4 Lopuf + Eooul + Errurug + O ((ug + u2)?),
where the coeflicients &5, g2 and &1 are given by

€0 =1 (—4a> +2p+a(Xa — Ay — 14) + (2+ X\) (A1 + Ao — 2) +4b)

o2 = 1 (12a + Aa — Xoa — 4b),

i1 =1(8+4a(7T+2a) —4dp — 20 + M (2+ A1 + A2)).

The desingularized system possesses a symmetric folded singularity, M, at the origin. The associated
eigenvalues and eigenvectors are given by

(11)

A=\, wy = m and A= \y, wy = {_11]

That is, the linear subspace associated with the eigenvalue \; is aligned with the axis of symmetry L.
Similarly, the linear subspace associated with the eigenvalue \g is aligned with the anti-symmetry axis L,
which is orthogonal to £ and tangent to Sy at the origin.

Assumption 3: The symmetric folded singularity is a folded node, i.e.,

A1 <0 and X <O.

We distinguish two subcases: (i) the strong symmetric folded node for which A\; < Ay < 0, and (ii) the weak
symmetric folded node for which Ay < Ay < 0.

Strong symmetric folded node (A1 < A2 < 0)

For the desingularized system , the strong stable eigenvalue is A\; and the singular strong canard, -,
is the unique solution of tangent at the origin to the strong stable eigenvector wi, which lies along
the projection of Ls onto the (uy,us)-plane. Thus, 7o coincides with the axis of symmetry. Moreover, the
basin of attraction (also known as the funnel) of the strong symmetric folded node (SFN) is the region of S,
enclosed by 7o and the fold curve Sy,. Due to the symmetry, the funnel of the SFN is (locally) all of S,. The
singular strong canard -y, is also a solution of the reduced system @ that connects the attracting manifold
S, to the saddle manifold S;.

For the desingularized system , the weak stable eigenvalue is Ao and the weak stable eigenvector wsq
is aligned with the anti-symmetry axis, i.e., ws is tangent to the fold curve Sy, at the SFN. (Recall from
@ that the fold curve also has a graph representation us = uar(u1).) Let 7, be a solution of that
approaches the origin along the weak eigendirection ws. Then, 7, and the fold curve Sy have the same
tangent lines at the SFN, i.e.,

du2L -1

’LL1:0

du1

Moreover, for most parameter values, the curvatures (7, ) and x(Sg) of v, and Sz do not coincide at the
SFN. More specifically,

) . dPug . Uplp — Ul 9 9
i 00 = i, | DR 6 1m0 2 20
d2
k(Sp) = WUQL :)\%(6+15a+6a273p+)\1).
1 u1=0




Together, the slope and curvature calculations show that -, has a quadratic tangency with the fold curve Sy,
at the origin. Thus, depending on parameters, the solution -, of the desingularized system corresponding to
the weak stable eigenvector approaches the origin either from the attracting sheet or from the saddle sheet,
and it touches the fold curve at the origin tangentially. Thus, 7, is a solution of the reduced problem @D
that stays strictly on S, or stays strictly on S;. Hence, 7,, is not a canard solution.

The phase plane of the strong SFN is shown in Fig. a).

(a) (b)

Uz U2

Fig. 3: Reduced flow @D of the SFN in a neighbourhood of the origin. The diagonal and anti-diagonal (dashed lines)
correspond to the symmetry and anti-symmetry axes, £ and Lqs, respectively, onto the (u1,u2) plane. The region
below (resp., above) the fold curve S corresponds to the attracting (resp., saddle) sheet of the critical manifold.
There is only one singular canard solution, which coincides with £s. (a) For the strong SFN, the singular canard is
the strong canard 7o. (b) For the weak SFN, the singular canard is the weak canard ..

Weak symmetric folded node (A2 < A1 < 0)

For the desingularized system , the strong stable eigenvalue is Ao and the strong stable eigendirection
wo is aligned with the anti-symmetry axis. Moreover, the strong stable direction ws is tangent to the fold
curve. By the same arguments as in the strong SFN case, the solution vy of the desingularized system
corresponding to the strong stable direction stays strictly on one sheet of the critical manifold (either S, or
Ss, depending on parameters). Thus, 79 does not correspond to a canard solution.

For the desingularized system , the weak stable eigenvalue is A; and the weak stable eigendirection
ws is aligned with the axis of symmetry. Consequently, the solution +,, of the desingularized system
corresponding to w; coincides with the axis of symmetry. Moreover, it is a solution of the reduced problem
@D that connects the attracting and saddle sheets of the critical manifold. Hence, 7,, is a canard solution of
the reduced problem @[) The funnel of the SFN in this case is the region of S, enclosed by the fold curve.
That is, the funnel corresponds to the entirety of S,,.

The phase plane of the weak SFN is shown in Fig. [3(b).

Remark 2.3. The symmetric folded node here is precisely the ‘cusped mode singularity’ of [22]. More
specifically, the cusped node singularity studied in [22] is a weak SFN of the coupled FitzHugh-Nagumo
system with linear repulsive coupling. (A strong SFN is also possible in this system, however, the authors
in [22] restricted their parameter space to focus on the weak SFN and the folded saddle-node bifurcation that
occurs when an ordinary singularity passes through it.)

The cusp structure of the critical manifold in the normal form is not immediately obvious in the original
(u1,v1, Uz, v2) coordinates. It becomes evident, however, when the critical manifold is viewed in the (01, V2, u2)
coordinates, where 01 = % (v1 +v2) and Oy = % (v — v9); see Fig. .

By the regular fold condition (Assumption 2), the system has no ordinary singularities F in a neigh-
bourhood of the origin. Violation of the regular fold condition will result in bifurcations of the symmetric
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Fig. 4: Critical manifold, S, of the normal form in the (01, 02, u2) projection. For each fixed v < 0, S is cubic-
shaped with a two-fold structure. These two folds coalesce at 91 = 0 at the cusp point (black marker), corresponding
to the symmetric folded singularity. For each fixed ©1 > 0, S is no longer folded.

folded singularities. We refer forward to Section [5.4] for examples of such bifurcations in a model system.
See also [22] for a detailed study of this scenario (referred to there as the ‘cusped saddle-node singularity’)
in a pair of strongly linearly coupled FitzHugh-Nagumo oscillators, and [33] for additional examples.

2.3 Center Manifold Reduction

To simplify the analysis, we now switch to a coordinate system in which the symmetry and anti-symmetry
axes are aligned with the coordinate axes. Let

’IA)1 . } 1 1 V1

Do T 211 -1 vg |’

BRI

so that the {@; = 0,9, = 0} subspace corresponds to the anti-symmetry axis L,s and the {Gg = 0,02 = 0}
subspace corresponds to the symmetry axis L. Then the system transforms to
diy
dt
du R
= b 2y — HPray0 + ke by + Py,
diq
dt
dvg
dt
de
dt

T SN By - - s . 3
=201 + 01 + 47 + 45 — %J”\luwl + 2+2/\1u1112 + %uwg + ke + P,

=¢ |:1 + >\1~£/\2 ,&1 + 4b+a(i\11+>\2),&% + 4b—d(21+)\2),&1a2 + wﬁg + Q1:| R (12)

L Ab—a(AitAe) 4 A
_. {m;n\qu T a(21+ 2) 141y +Q2} 7
:()7

where we have appended the trivial equation for € to the system, and the higher order terms Py, P5,Q1, and

Q2 are given by

5 _ ba+2a’43p ~3  5a+2a’+3p ~ 2
P = 5Py — S22 aa5 + O (

A A2 ~ o~ ~ o~
U1V7, € ULV, € U2712) )
5 _ _5a42a’—p 2. 5a+2a—p ~3 R RS B N YA
Py =— 7 Llyls + 2 p“z+O(U2U17U1U27U2U2a5U2U175u1U2) )

A 4b+a(A1+A2) ~2 N N P NP PN 2

Q1= 7(4 )U2 +0 (U1U17U201,U102,U2U2,€ ) )

Q2 = O (01, U1 02) .
Proposition 2.2. For the system (12)), there exists an attracting 4D center manifold of the origin given by

We = {(ulvvlau%v%g) U = h(u2,vl,v2,5)},

where the function h is given by

1,2 datl+A;, 2 datAi, 2 | datA 242 4at+4k—\ 24\ 2 3
h = ju3— 5 otv] — vy + S ugvg + 411111)2—&—#26111—%51)24—(9(6,(uz—i-vl—l—vg)).
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Moreover, the reduced dynamics on the center manifold are given by
g = Vg — AUV + ’ylu2v% + ’ygu% +v3ez24+0 (ugUQ, uw%) + £ O (uguy, ugve, vV1032)
U =¢ [1 + ’\IJQF’\Q v1 + oqv? + agugvy + azud + O (ugvg, v3, 52)] , (13)

Vg =€ [()\1 + )\Q)Ug + Bugvy + O (Uﬂ/g,&j)} ,

where the coefficients (a1, aa, as, B,71,72,7v3) can be computed in terms of the coefficients of .

Proof. The fixed point at the origin of the extended system has stable spectrum o5 = {—2} and center
spectrum o, = {0,0,0,0}, with corresponding stable and center subspaces, respectively, given by

1 1|l o] |o 0
0 0 1 0 0
E*(0) =span [0| and E°(0)=span} |2|, |0, |0|, |2
0 0 0 1 0
0 0| (o] [o 1

We align the center directions with the coordinate axes via the change of coordinates

~ ~ 1n 1 ~ 1 1 ~ ~ ~ ~
ulzul—ivl—i—zs, ’U1:§’U1—ZE, U = U2, Vg = V2, and E=35¢.

N

Transforming and dropping tildes, the linear part of the vector field has coefficient matrix

—2.0 0 0 0
0 00 0 1
Df=|0 0 0 1 0
0 0000
0 0000

By the Center Manifold Theorem, there exists a 4D center manifold, W€, of the origin given by
We = {(u1, uz,v1,v2,€) : up = h(ug,v1,v9,€)}

where the function h satisfies the invariance equation

Py + H0y + Py = —2h 4+ h% +u3 — (14 A1 + 4a)v? — (da + M\y)hoy

6ug
+ 2y, (h 4 daf28dh,,, 4 vl) + 4k_(2+kl+z4a+/\l+/\2) e(h+wv1) + H,

2+ A1
and H denotes the higher-order terms. By expanding h as a power series of the form h = Z hi, where hy, is

k
a homogeneous polynomial of degree k in the variables (uq, v1,ve,€), and equating coefficients of like terms,
we obtain the function h given in the statement of the proposition. The reduced dynamics on the center
manifold are then obtained by substituting u; = h into the ODEs and relabelling the coefficients. O

The reduced flow on the center manifold is a slow/fast system in standard form. The critical manifold
in this case is a hyperbolic paraboloid to leading order,

S = {1}2 = A\Uugvy — ’y2u§ + O (uzvf)} .
The Jacobian of the layer problem of is
% = —\1v1 + 372u3 + O(v}).

Hence, to leading order, the critical manifold has attracting and repelling sheets, S, and .S, given by
S, = {(UQ,’Ul,UQ) €S:v < %’“u% + O(u%)},

S, = {(ug,vl,vg) eS:v > %"‘u% +O(u§)}.

12



Moreover, the fold curve is given by
Sp = {(Ug,’Ul,UQ) €S:v = 3)\—"’1211% + O(ug)}
Thus, the fold curve is tangent to the us-axis, which reflects the fact that the fold curve is tangent to the

anti-symmetry axis L4 in the original coordinates ().

The desingularized reduced system of is

Tty = Aot + wuwl +0 ((u2 T v1)3) ’

(14)
U1 = A0 — 3’}/2u§ + MU% +O ((UQ + Ul)s) .

As expected, the origin is a SFN with eigenvalues A; and Ay. The eigenvector associated with the eigenvalue
A1 is tangent to the vi-axis and the eigenvector associated with the eigenvalue Ao is tangent to the us-axis.
The critical manifold and slow flow on it are shown in Fig.

S,

Fig. 5: Critical manifold (blue and red surfaces) and reduced flow (black curves with arrows) for the system restricted
to the center manifold for the (a) strong SFN and (b) weak SFN. The only singular canard solution (the strong
canard 7 in (a) and the weak canard 7, in (b)) is aligned with the v1-axis, which corresponds to the axis of symmetry.
The funnel of the SFN is (locally) the entire attracting manifold S,.

From our analysis of the singular limit, we have established that the SFN has significant differences from the
classical theory of folded nodes (such as the presence of only one singular canard solution). To determine
how these differences in the singular limit translate to the full system dynamics (i.e., for € sufficiently small
and positive), we now turn our attention to the rigorous analysis of the SFN. See also [22].

3 Geometric Blow-Up

To analyse the dynamics around the symmetric folded node, we use the blow-up technique [13, 24], which
inflates the SFN to a topological hemisphere. In so doing, the solution curves that approach the SFN
asymptotically with differing orders of tangency are teased apart, and enough hyperbolicity is restored that
the flow on the hemisphere can be analysed using standard dynamical systems techniques and invariant
manifold theory.

As is usual with the blow-up analysis of folded singularities [36], we consider the extended system
i =c[l+ 23220 + a12” + aszz + az2® + O(yz,y%,€7%)]
y=c¢ [()\1 + o)z + Bxz + O(ay, 52)] ,

=y — Mrz+ 2’z + 02’ + ez + Oy y°2) + O (az,yz,2y)
£=0,

(15)

in which ¢ is included as a dynamic variable, and the mapping between systems and is

(z,y,2) = (v1,v2, u2).
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The SFN at the origin of is a nilpotent equilibrium with quadruple zero eigenvalue. To analyse the
dynamics near this equilibrium, we introduce the blow-up transformation

r=7r%, y=r7, z=r%z and &=r’F, (16)

where (7,7,%,8) € S3, ie., T2+ 7> + 22 + 82 = 1, and r € [0, 7], with o sufficiently small, is a dynamic
variable that measures the distance from the 3-sphere S?.
For the analysis of canard solutions, we focus on the following three overlapping coordinate charts:

e The entry chart, K7 := {Z = —1}, describes solutions entering the neighbourhood of the SEN.

e The central (or rescaling) chart, Ky := {£ = 1}, tracks solutions over the surface of the hemisphere.

e The exit chart, K3 := {Z = 1}, describes solutions leaving the neighbourhood of the SFN.

Following convention, we use [J; to denote the blown-up variable [ in chart K;. Since the analysis of canards
of folded nodes is well-established, we only sketch an outline of the analysis here whilst highlighting the key
differences between SFNs and classical folded nodes. The blown-up hemisphere, together with the leading
order dynamics on it, is shown in Fig. [

Fig. 6: Dynamics of the symmetric folded node S* in the blown-up coordinates (E, +/5% + 22,5) for the (a) strong

case and (b) weak case. There is a special solution I' (Section [3.1)) corresponding to the Z-axis that connects an
equilibrium point p; on the equator of the hemisphere in chart K; (Section [3.2) to another equilibrium point ps on
the equator of the hemisphere in chart K3 (Section|3.3). Solutions (thin black curves) exhibit oscillatory dynamics.

Remark 3.1. In the case of FitzHugh-Nagumo oscillators with linear, repulsive coupling [22], the weights of
the blow-up are different from those used in , This is due to the fact that their system has strong linear
coupling instead of strong nonlinear coupling.

3.1 Dynamics in the central chart

We begin our analysis with the dynamics in the central chart, Ky = {€ = 1}, which corresponds to the top
of the hemisphere in Fig. [f] The blow-up transformation in chart K is

2 2
T =Taka, Y=T3Y2, 2 =129, and &€=r3,

which is an e-dependent rescaling of the vector field. Transforming and desingularizing by a factor of
ro (i.e., setting dta = rodt) gives

jj2 =1+ 7’2F2($273/27Z277°2)7
Yo = (A1 + A2)z2 + roGa(x2, Yo, 22,72), (17)

2o = Yo — M2z + ToHo (22, Y2, 22,72),
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where the overdot now denotes the derivative with respect to ts, and the functions Fy, G5, and Hs are

Fy(xa,y2, 22,72) = %xz + 790123 4+ oxozy + a323) + 120 (y222,72),
Ga(x2,y2, 22,72) = Prazs + 120(22Y2,72),
Hy(z9,Y2, 22,72) = 71T222 + Yozs + Y322 + 120 (2922, Y225, TaToy2, T2Y222).

Thus, in the coordinate chart K5, the blow-up transformation converts the singular perturbation problem
(15) into a regular perturbation problem .

The unperturbed problem, obtained by setting r, = 0 in (17)), is given by

by =1,
U2 = (M1 + A2)22, (18)
Z9 = Y2 — MiT222.

Dividing by the xz2-equation, we obtain a linear non-autonomous system, which can be solved explicitly. (The
general solution is a linear combination of Hermite functions and generalized hypergeometric functions.)
From this, we determine that the system possesses exactly one algebraic solution

Ty = {(z2,y2, 22,72) = (£2,0,0,0)},

which reflects the fact that there is only ever one singular canard. If the SFN is strong, i.e., Ay < Ay < 0,
then I's corresponds to the strong canard. If the SFN is weak, i.e., Ay < A; < 0, then I'; corresponds to the
weak canard.

Remark 3.2. In the classical theory of folded nodes [36, (37, there are two explicit algebraic solutions for the
unperturbed problem in the central chart of the blow-up. These algebraic solutions correspond to the strong
and weak canards of the folded node.

Proposition 3.1. For the normal form , if the symmetric folded node is

(i) Strong (A < A2 < 0): there exists a mazimal canard solution, §, that lies along the azis of symmetry
and corresponds to the singular strong canard. Moreover, the slow manifolds S, . and S, . of can
exhibit up to two twists about g in a neighbourhood of the fold curve.

(ii) Weak (Ao < A1 < 0): there exists a mazimal canard solution, <, that lies along the axis of symmetry
and corresponds to the singular weak canard. Moreover, if n —1 < i—f < n for some integer n > 2,
then the slow manifolds S, . and S, . of twist up to n+ 1 times about 75, in a neighbourhood of
the fold curve.

Proof. The details of this proof are similar to Lemma 4.4 of [36], Section 2.1 of [31], and Section 3 of [22].
As such, we only sketch an outline of the proof here to highlight the key differences between the SFN and
classical folded nodes.

Using x5 as the time variable, the blown-up vector field is equivalent to the non-autonomous system

Yol 10 A4+ A2l |y Ga — (M1 + X\2)2eFy )
|:Zé:| o |:1 _>\1f172 29 + T2 H2 _ (y2 _ )\1I222)F2 + O(Tz),

where the prime denotes the derivative with respect to x5. The variational equation along I's is

yé . 0 A+ X Y2
|:Zé:| o |:1 7)\11'2 Z9 ’ (19)
which is equivalent to the unperturbed problem .

To measure rotation in the (ys,22)-space, we introduce the affine coordinate ws = ;—z The variational

equation then transforms to
w’2 =1— ANzowy — ()\1 + )\Q)wg.
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This Riccati equation can be transformed into a second-order linear Weber equation by first making the
coordinate transformation ,
1 h(a2)

AL+ A2 Pa(zo)’
)\1)71/2 To. The resulting Weber equation is

U)Q(.TQ) =

followed by the rescaling xo = (—%

A
0ol 42 (1 ; A) G =0, (20)

where the primes now denote derivatives with respect to 75. For this Weber equation, there exists a pair of
linearly independent solutions

a1 =1F (—%—%%% 22) and 1#272:7'2'1F1( %%% 2)7 (21)

where 1 F (a; b;€) denotes the confluent hypergeometric function of the first kind with parameters a and b.
The zeros of 1y correspond to poles of 22, which is the tangent of the angle that the solution makes with
the 172 axis. Hence, by counting the number of zeros of 12, we may infer the number of twists that solutions

of exhibit.
For the strong SFN, i.e., for A\; < Ay < 0, the function v ; has the asymptotic behaviour

Po.1(T2) ~ exp(TQQ)TQ_(2+’\2/’\1) as Ty — Foo.
Moreover, the even function 12 ; possesses two zeros for all i—f € (0,1). Similarly, the function 1, 2 has the
asymptotic behaviour

Po.2(T2) ~ eXp(T22)T2_(2+>\2/>\1) as Ty — Foo.

Moreover, the odd function 12 5 possesses three zeros. Together, these results imply that for A; < Ay < 0,
non-trivial solutions of possess up to three zeros (Fig. m(a)). Since two consecutive zeros correspond
to a twist (i.e., a 180°-rotation) in the (ya2, 22) plane, it follows that non-trivial solutions of twist up to
two times about I'y. This completes the proof of part (i).
(a) P2 (b) (c) Y2
A 4 on

72

’¢2,1

V2.2
Fig. 7: Linearly independent solutions 12,1 (blue) and 922 (red) for (a) u € (0,1), (b) u € (1,2), and (c) p € (2, 3).

For the weak SFN, i.e., for Ay < A\; <0, if ;‘—f is an integer, then one of the solutions in simplifies to a

Hermite polynomial. More precisely, for i—f =2k — 1 with k € N\ {1},

kK
(2k)!

where H,,(72) is a Hermite polynomial of degree n. Similarly, for )‘—f = 2k with k € N\ {0},

k!
mH2k+l(T2)

a1 = 1F1(—k, % 7'22):( 1) H2k(7'2)
o2 =72 1 Fi(—k, &,735) = (-1)*
Since a Hermite polynomial of degree k has exactly k zeros, it follows that for n — 1 < §—2 < n where

n € N\ {0, 1}, solutions of the Weber equation possess up to n+2 zeros (Fig.[7(b) and (c)). Hehce, solutions
near I'y possess at most n + 1 twists. This completes the proof of part (ii). O
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Remark 3.3. The rotational behaviour of solutions and of the slow manifolds is encoded in the Weber
equation . For the SFN, equation has an important difference from the Weber equations in the
central charts of classical folded nodes and classical folded saddles. Namely, the Weber equations of classical
folded nodes [306, [37] and folded saddles [31] are given by

A
o — 27ty + 27% = 0.
1

Thus, solutions near a SEN can exhibit a greater number of twists than those near a classical folded node.

3.2 Dynamics in the entry chart K;

To study the unbounded branch of the special solution I's in backward time, we use the directional blow-up
defined by T = —1. The blow-up transformation is

= -7, y:r%yl, z=r12z1, and s:r%sl.
Transforming and desingularizing by a factor of 1 (i.e., setting dt; = r1dt) gives

7= —rier(1+rF),

91 =¢1 (2y1 + (A1 + A2)z1 + 71 (G1 + 2y1F1))
A=y + Mz +erz+r (Hi+e121F1),

g1 =2 (1+nrF).

(22)

Here, the overdot denotes the derivative with respect to ¢;, and the functions Fi, G, and H; are given by

Fi(ri,y1,21,61) = =232 41y (a1 — a2t + a32f) + 770 (yiz1, 1195, 11 €1)
Gi(r1,y1,21,€1) = —Bz1 + 11 O(y1, 77 €7),
H1(7‘1,y1,21751) =717 +’Y2Z% +y3e121 +11 0 (y1Z1,€1 Z1) .

Proposition 3.2. The 4D system possesses a surface S1 = {7"1 >0,y1 ER, 2y = —% +0(r1),e1 = O}

of equilibria with stable eigenvalue given by A\ + O(r1) and triple zero eigenvalue. Moreover, the following
statements hold.

(i) There exists an attracting 3D center manifold, W€(S1), of S1. The center manifold can be expressed
as a graph z1 = ho(y1,71,€1) for a sufficiently small neighbourhood of r1 = 0,61 = 0. The branch of
We(St) in {r1 = 0,e1 > 0} is unique.

(i1) There exists a stable invariant foliation, F*, with base W€¢(S1) and 1D fibers. For any k > A1+ O(r1),

the contraction along F* during a time interval [0,T) is stronger than e*T.

We give details of the proof in Appendix [A]

3.3 Dynamics in the exit chart Kj

To study the unbounded branch of the special solution I's in forward time, we use the directional blow-up
defined by T = 1. The blow-up transformation in this case is

r=r3, y=r3y3, z=r323, and e=r3e3.
Transforming ([15)) and desingularizing by a factor of rs, i.e., setting dt3 = rsdt, we obtain

73 =r3e3 (1 +r3F3),

U3 = €3 (—2y3 + (A1 + A2) 23 + 13(G3 — 2y3F3)) ,
23 =y3 — A\123 — €3 23 +r3H3,

g3 =—2¢e2(1+r3F3).

(23)
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Here, the overdot denotes the derivative with respect to t3, and the functions F3, Gz, and Hj3 are given by

AL+A 2 2 2 2
F3(rs, ys, 23, €3) = 21522 + rg(on + apzs + asz3) + r30(ys2s, r3y3, 3 €3),

Gs(rs,ys, 23,€3) = Bzz +130(y3, 75 €3),

Hj(r3,ys, 23,€3) = Y123 + Y223 + 73 €3 23 + 130(€3 23, Y323, T3Y323)-

Proposition 3.3. The 4D system possesses a surface, S3 = {7’3 >0,y3 €R, 21 = £ +O(r3),e5 = O},

of equilibria with unstable eigenvalue given by —A\1+O(r3) and triple zero eigenvalue. Moreover, the following
statements hold.

(i) There exists a repelling 3D center manifold, W€¢(Ss), of Ss. The center manifold can be expressed as a
graph zs = hs(ys,rs,e3) for a sufficiently small neighbourhood of r3 = 0,e3 = 0. The branch of W¢(Ss3)
in {rs =0,e3 > 0} is unique.

(i) There exists an unstable invariant foliation, F*", with base W€¢(S3) and 1D fibers. For any k <
—A1 + O(r3), the expansion along F* during a time interval [0,T] is stronger than k7.

We give details of the proof in Appendix

3.4 Intersection of the center-stable and center-unstable manifolds

We now track solutions as they move over the topological hemisphere (chart K3) and approach the equator
of the hemisphere (charts K; and K3).
Lemma 3.1. The transition map, k21, from Ko to Ky is given by

—2 —1 -2
ko1 (T2, Y2, 22,72) = (r1, 41, 21,€1) = (—T2@2, 5 Yo, —25 22,25 7),
where xo < 0. The transition map, Koz, from Ko to K3 is given by
—2 1 -2
Koz (T2, Y2, 22,72) = (13, Y3, 23,€3) = (roma, x5 Y2, 05 22,25 7),

where xo > 0.

By Lemma the special solution I'y in the entry chart K; for t5 € (—oo, —T), with T sufficiently large
and positive, is ka1 (I'2) = (0, 0,0, t52). It follows then that

tQE)rBoo K21 (FQ) = (0, 0, 0, 0) =:P1-

Thus, the special solution I's limits on the equilibrium point p; € S in chart K (see Fig. @ Moreover, the
tangent vector of I'; in chart K7 at the equilibrium point p; is given by
ko (Ta) _(0,0,0,—2t5%)
W T (T e =3
ta=oo || g-kgy (D2)]| - t2—20 [|(0,0,0,—2¢57) ||

= (0,0,0,1).

Hence, the solution I'y approaches the point p; tangent W¢(S7) in the entry chart Ky (see Appendix [A|for
the generalized eigenspaces of S7). That is, the part of I's(¢2) corresponding to t2 € (—oo, —T') is part of the
unique branch of the center manifold W¢(S1) in the subspace {ry = 0,e; > 0} in chart Kj.

Similarly, using Lemma we find that the special solution I's in the exit chart K3 for to € (T, 00), with
T sufficiently large and positive, is ko3 (I') = (0, 0,0, t§2). It follows then that

tglgnoo K23 (F) = (0, O7 0, 0) =:Ps3.

Thus, the special solution I'y limits on the equilibrium point p3 € S3 in chart K3 (see Fig. @ Moreover, the
tangent vector of I's in chart K3 at the equilibrium point p3 € S3 is given by

e L (0,0,0,-265)
t200 [| 7l kigg (Ta)]|  t2=> [(0,0,0, =265 °)

= (0,0,0,1).
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Hence, the solution I'y approaches the point p3 tangent to W¢(S3) in the exit chart K5 (see Appendix for
the generalized eigenspaces of S3). That is, the part of T'y(t2) corresponding to to € (T, 00) is part of the
unique branch of the center manifold W¢(S3) in the subspace {rs = 0,e3 > 0} in chart Kj.

By the above, the center manifolds W¢(S7) and W€(Ss3) intersect along the special solution I'y on the sphere
S?. Hence, as in the classical folded node, we have established the persistence of the maximal canard solution
vo (for the strong SFN) or v,, (for the weak SFN). We refer the reader to [31] [36] [37] for further details.

Remark 3.4. The intersection between W<(S1) and W¢(S3) can be shown to be transverse provided the
eigenvalue ratio i—f is not an integer. Conversely, when i—f is an integer, the tangent spaces of W¢(S1) and
We(S3) coincide and these manifolds form a single twisted band. This tangency of W(S1) and W*°(Ss)
at integral values may then break under perturbations in 22, which can lead to the creation of additional

A1
intersections, i.e., secondary canards.

4 Twisted slow manifolds, ribbons, & symmetry-breaking

Having established the properties of the strong and weak SFNs, we now examine their effect on symmetry-
breaking in the 4D symmetrically coupled oscillator system. Recall by Fenichel theory that the normally
hyperbolic segments, S, and S, of the critical manifold persist for sufficiently small ¢ as invariant slow
manifolds, S, and S, ., respectively. The invariant slow manifolds near fold and cusp singularities (where
normal hyperbolicity breaks down) can become complicated [0, 22, B6], often exhibiting localized twisting
behaviour. Our analysis shows that these slow manifolds are guaranteed to twist in the neighbourhood of
an SFN around the persistent primary maximal canard (which is aligned with the axis of symmetry).

4.1 The strong symmetric folded node has two types of rotation

We now compute the attracting slow manifold, S, ., of the strong SFN in the 4D coupled oscillator normal
form . To do this, we implement the two-point boundary value problem setup developed in [I1] [19]
and outlined in Appendix [C] A representative example is shown in Fig. 8] The main differences here from
classical folded node theory are (i) there is no weak canard, (ii) the strong canard plays the role of the axis
of rotation, and (iii) the funnel region is (locally) the entire attracting manifold S, ., so that every solution
on S, . exhibits at least one twist.

Fig. 8: Attracting slow manifold near a strong SFN (black marker) in the 4D coupled oscillator normal form
for A1 = —2,A2 = —0.5,a = 0.1,b = —0.2, and € = 0.025 with all other parameters set to zero. (a) The transition
past the strong SFN causes the two halves of the slow manifold, §a75 and ga,g, to reverse their ‘polarities’ relative to
the strong canard ~5. (b) Zoom of §a,g near the SFN. (¢) Zoom of S, near the SEN. After the primary rotation
about ~§, there is additional twisting of the slow manifolds about a secondary axis of rotation, approximated here
by the dashed curves in (b) and (c).

Now, since there is a reflection symmetry R in the system, we distinguish the two halves of the slow manifold
Sa,e as follows. Let S, be the subset of S for which @ < 0 (corresponding to us < uq in the original
coordinates of ) These are the points on the slow manifold that, in the absence of coupling, encounter
the fold curve of oscillator 1 before that of oscillator 2. Hence, the points on §a,a are those that favour a
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fast jump in oscillator 1. By the reflection symmetry, the manifold §a,5 = R:S'\aﬁ is the subset of S, ¢ for
which @y > 0 (corresponding to ug > w; in the original (u1, v, ug,v2) coordinates). These are the points
on the slow manifold that, in the absence of coupling, encounter the fold curve of oscillator 2 before that of
oscillator 1 and hence favour fast jumps in oscillator 2.

The overall structure of S, . = :S'\af U ga’a is shown in Fig. (a). Since the strong canard ~§ lies along the
axis of symmetry, the solutions on S, . (which start with 4, < 0) twist around ~§ and end in a region of

phase space where iy > 0. Similarly, the solutions on ga’a (which start with 4y > 0) twist around 7§ and
end in a region of phase space where @y < 0. That is, the local passage past the strong SFN causes solutions
that initially favour a fast jump in oscillator i for s = 1,2 to switch to a region that favours a fast jump in
the other oscillator.

The two halves of S, . are shown in greater detail in Figs. b) and (c¢). In panel (b) we see that, in addition
to the twist (i.e., half-rotation) about ~§, the lower half of the attracting slow manifold, S, ., winds around

a secondary axis of rotation (dashed blue curve). Similarly, S, . winds around a secondary axis of rotation
(Fig. (c); dashed light blue curve). We conjecture that this secondary axis of rotation corresponds to the
solution -, which is tangent in the singular limit to the weak eigendirection of the strong SFN. The rigorous
analysis of this secondary rotation is technical and challenging, and we leave it to future work.

Remark 4.1. Here, we sketch an outline of the approach needed to rigorously determine the properties of the
secondary rotations, i.e., of solutions that escape the neighbourhood of the SE'N along its weak eigendirection
rather than its strong eigendirection. In the first step, we require information from the other coordinate
charts in the blow-up analysis. In the coordinate chart defined by Ky := {Z =1} for instance, the vector
field, after transformation and desingularization by a factor of ry, is given by

Ty = €424 (Yo — Mxg +14Re) + a4 Xy,

Ua = (A1 + A2) €4 —2y4 (ya — Mizg + 14 Ry) +rae4 Yy,
Ta =74 (Ya — A4 +1raRy4),

€4 =264 (Ys — Mg +14Ry),

where the overdot denotes derivatives with respect to tq, and the functions Ry, X4, and Yy are

Ry=ya] + 72 + 7384 +¢rays + O (rac4 24)
X, = 7’\1;’\2 zg + 14 (12 + avzy + a3) + O (riys)

Yy = By + 140 (T4ys,74€3) .
The system possesses a 2D manifold of fized points,
Sy(za,7a) = {24 € Rys — Miwg +14Ry = 0,74 € R, g4 = 0},

which corresponds to the critical manifold. For most points in Sy, the spectrum consists of a single hyperbolic
eigenvalue (which can take either sign depending on x4 and r4) and a triple zero eigenvalue. Moreover, there
is a 1D curve, x4 = $4(r4), along which the spectrum of C4(r4) := S4(Za(r4),r4) consists of a quadruple zero
eigenvalue. To study the dynamics around this 1D nilpotent curve, we would need to perform a cylindrical
blow-up in which Cy is transformed to a topological cylinder. A suitable atlas of overlapping coordinate charts
would then be needed to analyse the dynamics. Since, as best as we can determine, there is no special algebraic
solution to follow, the analysis of the behaviour around C4 is substantially different from the analysis of the
behaviour around the special solution I's in chart Ko, and is beyond the scope of the current work.

4.2 Ribbons of the weak symmetric folded node and symmetry-breaking

As in the previous subsection, we compute the attracting slow manifold in the case of the weak SFN. A
representative example is shown in Fig. @ Since the structure of S, . is much more intricate here compared

to the strong SFN, we only show §a75 and recall that the other half §a75 can be obtained by applying the
reflection symmetry R.
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Fig. 9: Attracting slow manifold, S,. = U;T}, of the normal form near the weak SFN. Here, T; denotes the
subset of S, that exhibits ¢ twists about ~;,. The bold curves that separate the twist regions are the maximal
canards, and were computed using the methods in Appendix |g The parameters are Ay = —0.275, A2 = —2, and

€ = 0.001 with all other parameters set to zero. Since p = ;—2 ~ 7.273 € (7,8), there are 9 twist sectors. Magnified

views of (b) T4, (c) Tz, (d) T3, (e) T4, (f) Ts, (g) Ts, (h) T+, (1) Ts, and (j) To.

For the attracting slow manifold shown in Fig. [0} A\; = —0.275 and X\ = —2, so that the eigenvalue ratio is
uw= 527273 € (7,8). By Proposition and as confirmed numerically in Fig. @ we have that solutions
of exhibit up to 9 twists about the weak canard (which is aligned with the 4 axis in these coordinates).
The key differences here from the classical folded node theory are (i) there is no strong canard, and (ii) the
funnel region is (locally) the entire attracting manifold S¢, so that every solution on S, . exhibits at least
one twist about v;,.

As is usual with slow manifolds near folded singularities, the twist number changes at the intersections of
Sa,e and Sg.. These 1D intersection curves are solutions known as secondary maximal canards, ~§, for
i=1,2,...,n+ 1. The numerical method for computing the maximal canards is given in Appendix [C] The
maximal canards are ordered in the sense that solutions in the subsets of S, . enclosed by v;_; and ~y; make
k twists about 75 in an O(y/) neighbourhood of the weak SFN. We label the sector consisting of orbits
with ¢ twists by T;.
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The sectors of §a’5 with odd parity (i.e., T1,T5,...) leave the neighbourhood of the weak SFN with @y > 0,
i.e., they escape in directions that favour fast jumps in oscillator 2. Conversely, the sectors of §a,5 with even
parity (i.e., T5, Ty, . ..) leave the neighbourhood of the weak SFN with @iy < 0, i.e., they escape in directions
that favour fast jumps in oscillator 1. Thus, the parity of the sector T; (also called a ribbon in [19]) is a key
diagnostic for the local symmetry-breaking.

5 Application to a model of the Eukaryotic Cell Cycle

In this section we apply our results to a canonical model of cell cycle regulation [12]. We describe the model
in Section Then, we examine the critical manifold and associated reduced flow in Section[5.2] We study
the blfurcatlon structure of the folded singularities in Section [5.3] and demonstrate that both strong and
weak SFNs occur robustly. We then discuss in Section [5.4] the geometrlc mechanisms by which bifurcations
of the symmetric folded singularities may occur.

5.1 Coupled oscillator model of the eukaryotic cell cycle

The eukaryotic cell cycle is a sequence of complex processes through which a cell grows, replicates its DNA,
and divides into two daughter cells. Tt consists of four phases [9, [32):

(i) G1 (gap 1): the cell grows and synthesizes proteins necessary for DNA replication.
(ii) S (DNA synthesis): DNA replication occurs.
(iii) G2 (gap 2): proteins are synthesized in preparation for mitosis.
(iv) M (mitosis and cell division): the replicated chromosomes are separated, followed by cell division into

two daughter cells.

One model that has been proposed to understand how the events of the cell cycle are controlled treats the
cell cycle as a pair of arrestable and mutually-inhibiting, doubly amplified, negative feedback oscillators that
control chromosome replication and segregation [12].

The construction of the model is as follows. The basic oscillator, €2, consists of an activator, A, and an
inhibitor, I, locked in a doubly amplified negative feedback loop. The governing equations are

dA A3

o et (1+rI)+A3_5A_'f(A’I)’

dl B (25)
i (A_H{E—i—l?’ pI> =eg(A,I),

where 0 < € < 1 measures the timescale separation, and the parameters «, 3,7, d, k, p, 7 and £ are all positive.
Typical values for the parameter are provided in Table [Il Both activactor and inhibitor components have
autocatalytic synthesis as described by the third-order Hill functions. However, the autocatalytic synthesis
of A is inhibited by I via increases in the effective binding-constant term (1 4+ rI). Also, both activator
and inhibitor components have constant degradation rates, § and p.

a|0015|5]016 | ~]001]6|02 |1|0.07
Kk | 1.95 p|3 r |25 €001 ]|c|O05b

Table 1: Standard parameter values taken from [12], except for € and ¢, which have been modified from their original
values of € = 0.05 and ¢ = 0.25.

The full cell cycle model is constructed by taking two copies, 27 and €25, of the basic oscillator and coupling
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them by mutual inhibition. The model equations then are

Ay = fi1(A1, ) — cA1As,
I =egi(A1, ),
Ay = fo(Ag, Ip) — cAy As,
jz = £ g2(Aa, I2),

(26)

which is of the form . Here, (Ag, Ii,) denotes the activator-inhibitor pair of oscillator Q, and fx(Ag, Ix) =
f(Ax, It) and gi(Ag, I.) = g(Ag, I1) for k = 1,2. The coupling can be viewed as each activator promoting the
other’s degradation. We take a (the constitutive synthesis rate of 4;) to be the main bifurcation parameter,
whilst keeping the other parameters fixed at the values listed in Table [T}

5.2 Critical manifold, reduced flow, and singularities

We now apply geometric singular perturbation theory to the cell cycle model . Since these methods have
already been detailed in Section we will simply quote the results of their application to here.

The critical manifold, S, of the layer problem is the 2D surface given by
S = {(A1,117A2712) Iy = I5(A1,A2) and I = IQS(A17A2)}7
where the function I g is given by

A%(a + 56— 5A1) — 7((5A1 — a) — 01A1A2(’Y + A?)
Ty (5A1 —OL+ClA1A2) ’

Lig(Ar, As) =

and Irg(Ay, As) = I15(Az, Ay). For the range of parameters we consider, the layer problem possesses
fold curves, L, that partition S into attracting and saddle sheets, S, and S, respectively. In order to track
physically relevant solutions, some care must be taken to avoid poles of the vector field and poles of the critical
manifold. By imposing this restriction, the attracting sheet S, splits into 4 subsheets, S, = S*USIUS‘UST,
where the superscripts indicate the sheet is up along, down along, left of, or right of the axis of symmetry L,
(Fig.[10(a)), relative to the origin. Similarly, the restriction of L to the physically relevant domain partitions
the fold set into 4 disjoint curves, L = L* U LY UL U L".

The desingularized reduced flow on the critical manifold is given by

Al =R (Al,Az) = (CAl - gﬁi) %91 - C%Alg%

(27)

Ay = F3(A1, Ay) = (CA2 - 38,14(2) %92 - C%AZQh
where all functions and derivatives are evaluated along S. Recall that the desingularized reduced system
is topologically equivalent to the reduced flow on S,, but has opposite orientation to the reduced flow
on Ss. The projection of the reduced flow into the (A;, A3) plane is shown in Fig. b).

The desingularized system possesses 3 symmetric ordinary singularities and 2 asymmetric ordinary
singularities. Of these, only one of the symmetric ordinary singularities lies in the physically relevant part
of phase space (Fig. blue marker FE). For the parameters we consider, F is a saddle equilibrium on Sj
with stable manifold along £s and unstable manifold orthogonal to L.

The desingularized system possesses 2 symmetric folded singularities and 4 asymmetric folded singu-
larities. In Fig. only the symmetric folded singularities lie in the physically relevant part of phase space.
The symmetric folded singularity (black marker, M2 ) at the cusp of L? is a weak SFN. (Recall that if the

sym
strong/weak eigendirection of the SFN is aligned with L, then it is strong/weak type.) Thus, M  has a

sym
single weak canard solution (7, black arrows), which is contained in £s. The weak canard intersects the

stable manifold of £ and forms a heteroclinic connection between M and E. The solution of (27)) tangent
to the strong eigendirection at M, stays entirely on Ss and is not a canard (green curve in Fig. 10).
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I

Fig. 10: Geometric structure of the cell cycle model for the standard parameters with o = 0.0592. (a) Projection
of S (red and blue surfaces) into the positive (A1, As, ;) orthant. The fold curves (L%, L% L°, L") separate the
attracting sheets (S¥, 5%, 5%, S7) from the saddle sheet S;. There is a weak SFN (black marker, M) on L, a
symmetric saddle equilibrium (blue marker, E) on Ss, and a symmetric folded saddle (red marker, Mg,.,,) on L.
Note: L* and L? are orthogonal to L at Mg, and Mg,,,, respectively. The lower thin black boundary of S is the
curve along which there is a pole in Iss. (b) Projection of the reduced flow (grey arrows) onto the (A1, A2) plane. The
blue and red shaded regions are the physically relevant parts of S in which I1s and I2s are both finite and positive
(corresponding to the blue and red surfaces in (a)). The weak canard v, of Mg, is a heteroclinic from Mg, to
E. Similarly, the true canard ~: of Mg, is a heteroclinic from Mg, to E. Also shown are the ordinary and folded
saddle singularities that lie outside the physically meaningful region (unlabelled blue and red markers, respectively).

The symmetric folded singularity (red marker, Mg, ) at the cusp of L* is a symmetric folded saddle (SF'S). It
has a single true canard solution 7, which lies along £4 and connects S¥ to Ss. Moreover, 7; is a heteroclinic
orbit that joins F to Mg,,. The solution of tangent to the unstable eigendirection at MZ = stays

A sym
entirely on Sy and is not a faux canard (red curve orthogonal to L at Mg, in Fig. [10).

By Fenichel’s theorems, we have that the attracting sheets of S persist as attracting invariant slow manifolds
Sa U Sis U Sf;’s U Sy, . for € sufficiently small and positive. Similarly, the saddle sheet persists as an invariant
saddle slow manifold S, .. Moreover, the local stable and unstable manifolds of S perturb to nearby local
stable and unstable manifolds of S.. The ordinary singularity F persists as a saddle equilibrium of the full
4D cell cycle model, and the slow flow on the invariant slow manifolds is an O(e) perturbation of the reduced
flow on S. The dynamics in the non-hyperbolic region containing the SFN are described by canard theory

(Section (3| and [22, 36, [37]).

5.3 Strong and weak symmetric folded nodes

We now study the bifurcations of the folded singularities. To this end, we construct a bifurcation diagram
in which the eigenvalue ratios, u, of the folded singularities are used as the main diagnostic (Fig. . More
precisely, let A; and Az denote the eigenvalues of a folded singularity M of (27), where [A;| > |Az]. Then, we
define p := i—f, so that M is a folded node for u € (0, 1], folded saddle for u < 0, and folded focus for u € C.
For completeness, we show all folded singularities including those that may not be physically relevant.

In Fig. the symmetric folded singularities are shown as the green, black, and blue curves (denoted
Mgyr), whereas the asymmetric folded singularities are shown as the yellow, steel, and red curves (denoted
Masym). The green, black, and blue Myy,, branches form a single continuously connected curve that exists
for 0 < a < 0.22333. That is, all of the symmetric folded singularities belong to a single self-intersecting
branch, and the green, black, and blue colour coding has been introduced to make the discussion easier to
follow. The symmetric folded singularities are SFSs for &« = 0 up to a =~ 0.0155 where there is a folded
saddle-node (FSN) bifurcation of type II [25] (Fig. [[I{b), SFSNy point). This FSN II bifurcation has Z,
symmetry. Note: here, and for other FSN bifurcations, we include segments of the symmetric equilibrium
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0.0141 0.0154 0.0167 0.045 0.055 0.065

Fig. 11: Classification of the folded singularities of . (a) Eigenvalue ratio, u, of the symmetric and asymmetric
folded singularities as functions of a. Where appropriate, segments of the branches of symmetric ordinary singularities
(purple curves) have been included to show the transcritical and pitchfork structures of the folded saddle-node 11
and IIT bifurcations, respectively. The symmetric folded singularities (green, black, and blue curves) are SFNs for
u € (0,1), and have resonances at p = 1 (star markers) in which they change from strong SFNs (Mgym,s) to weak
SFNs (Mgym,w). The asymmetric folded singularities (yellow, steel, and red curves) may be folded nodes, folded
saddles, or folded foci. (To indicate folded foci, we use horizontal line segments along p = 1 with the understanding
that p is actually complex.) Solid curves indicate that the eigenvalues have negative real parts and dashed curves
indicate that at least one eigenvalue has positive real part. The remaining panels show the neighbourhoods of the
(b) leftmost green SFN branch; (c) rightmost green SFN branch; (d) leftmost black SFN branch; (e) rightmost black
SFN branch. Note: the thin black vertical lines along o = 0.0592 in panels (a) and (c) indicate the « value used in

Figs. b), and

branches to demonstrate the transcritical and pitchfork natures of the FSN bifurcations. (See also Fig.
in Appendix IE)

The symmetric folded singularities are SFNs for

e « € (0.01550,0.01641), i.e., the green branch between the Zs-symmetric FSN II and FSN IIT bifurca-
tions in Fig. [[1[b). (See Section [5.4] for detailed discussion of these FSN bifurcations.) The SFNs are
weak for @ € (0.01550,0.01595) and strong for o € (0.01595,0.01641). The transition between weak
and strong SFN occurs at o & 0.01595 (Fig. b)7 green star) where p = 1 and the SFN is degen-
erate. A segment of the (purple) symmetric equilibrium branch has been included to show that the
Zo-symmetric FSN II is a transcritical bifurcation of a symmetric ordinary singularity and symmetric
folded singularity. The FSN III in this case is a pitchfork bifurcation in which a pair of asymmetric
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folded saddles (steel Msym branch) bifurcate from a SFNIH

e a € (0.05523,0.06303), i.e., the green branch between the FSN IIT and Zs-symmetric FSN II bifur-
cations in Fig. [L1fc). They are strong for « € (0.05523,0.05837), weak for o € (0.05837,0.06303),
and degenerate (green star) at a & 0.05837. The FSN III in this case is a pitchfork bifurcation in
which a pair of asymmetric folded nodes (red Magym branch) bifurcate from a SF'S. The Zy-symmetric
FSN II is again a transcritical bifurcation in which a symmetric ordinary singularity and a symmetric
folded singularity pass through each other and exchange types (Fig.[I1](c), inset). Note: the thin black
vertical line in Fig. [L1fc) indicates the a value used in Fig. At this value, the system exhibits a
SFN on L% (green branch) and a SFS on L* (blue branch; outside the plot range of Fig. (c))

e a € (0.07904,0.09341), i.e., the black branch between the black Za-symmetric FSN II and red FSN III
bifurcations in Fig.[T1]d). These are weak for o € (0.07904,0.08680), strong for @ € (0.08680,0.09341),
and degenerate (black star) at « ~ 0.08680. Moreover, on the sub-interval a € (0.08228,0.09341), i.e.,
between the blue FSN IIT and red FSN III bifurcations, the system possesses two SFNs (black and
blue branches), one on L? and the other on L*. The blue branch consists of strong SFNs. The black
Zo-symmetric FSN II in this case is a transcritical bifurcation in which a symmetric node equilibrium
(purple Egyy branch) and a SFS pass through each other and swap types. The red FSN III is a
pitchfork bifurcation in which a pair of asymmetric folded saddles (red M,sym branch) emerge from a
SEN.

e « € (0.08228,0.21641), i.e., the blue branch between the FSN III bifurcation in Fig. d) and the blue
Zo-symmetric FSN II bifurcation in Fig. e). As « is increased, the blue SFNs switch from strong
to weak at o &~ 0.11180 (Fig. [L1j(a), leftmost blue star), weak to strong at « ~ 0.14473 (Fig. [11{a),
middle blue star), and then strong to weak again at a ~ 0.19677 (Fig. [11|(a), rightmost blue star).
The blue FSN III in Fig. d) is a pitchfork bifurcation in which a pair of asymmetric folded saddles
(yellow M,gym branch) bifurcate from a SEN. The blue Zs-symmetric FSN II bifurcation in Fig. (e) is
another transcritical bifurcation involving a purple branch of symmetric equilibria and the blue branch
of symmetric folded singularities.

e a € (0.21335,0.22334), i.e., the black branch between the red FSN IIT bifurcation and the blue Zs-
symmetric FSN T bifurcation in Fig. [L1{e). These are strong for o € (0.21335,0.21952), weak for o €
(0.21952,0.22334), and degenerate at o = 0.21952. Moreover, on the sub-interval (0.21333,0.21645)
enclosed by the red FSN III and blue Z,-symmetric FSN II points, the system has two SFNs (black
and blue branches). The blue branch consists of weak SENs. The red FSN III in this case is a pitchfork
bifurcation in which a pair of asymmetric folded nodes (red M,sym branch) emerge from a SFS. The
Zo-symmetric FSN I is a saddle-node bifurcation in which a SFN and a SFS collide and annihilate each
other.

For all other o shown in Fig. the symmetric folded singularities are SFSs.

The asymmetric folded singularities (yellow, steel, and red curves) may be folded nodes, folded saddles, or
folded foci depending on the value of a. These asymmetric folded singularities change types at classical FSN
I [39], FSN II [25], and FSN III [34] B5] bifurcations. There is direct interaction between the symmetric and
asymmetric folded singularities at the various FSN III bifurcations shown in Fig.

Remark 5.1. The full bifurcation structure of the desingularized system 18 extremely rich and intricate.
For completeness, a more detailed discussion of this bifurcation structure is provided in Appendiz[D}

5.4 The Zy-symmetric folded saddle-node bifurcations

As demonstrated in Fig. the symmetric folded singularities undergo three main types of Zs-symmetric
bifurcations: FSN I, FSN II, and FSN III. Here, we examine the geometric mechanisms by which these
bifurcations occur. To do this, we identify the singularities of the desingularized system in the (A1, A3)
plane, and track how these objects (and the nullclines that determine them) change with parameters (Fig. .

LOnly one asymmetric branch can be seen emanating from the FSN III. This is because the pair of asymmetric folded singularities
that emerge from the FSN III have the same eigenvalues and hence produce identical curves in the (o, i) plane.
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Recall that a folded singularity is a point on the (black) fold curve L along which the right-hand-sides, F} and
F5, of the A;- and As-equations in vanish (red and green curves, respectively). An ordinary singularity
is a point at which the (red) A;-, (green) As-, (cyan) I;-, and (magenta) Io-nullclines intersect.
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Fig. 12: Local geometry of for the Zo-symmetric FSN bifurcations. The blue and red regions correspond
to S, and Ss, respectively. Folded singularities (black markers) lie in the intersections of the black fold curve L,
dashed red {F1 = 0} contour, and dashed green {F> = 0} contour. Ordinary singularities (blue squares) lie in
{FA =0}n{F =0} n{G: =0} N {G2 = 0}, where Gk := gi(Ak, Ixs) for k = 1,2, and {G1 = 0} and {G2 = 0}
are shown as cyan and magenta curves, respectively. Left column: transition through the Zs-symmetric FSN I from
Fig. [L1fe). (ai) Before the FSN I (a = 0.22), L is a closed curve with a SFN and SFS (Msym points). (ai;) After
the FSN I (o = 0.2233), L and Msym cease to exist. Middle column: transition through the rightmost Zz-symmetric
FSN II from Fig. [11{c). (bi) Before the FSN II (o = 0.0626), Fsym is a saddle and Mgym is a SFN. (bi;) After the
FSNII (o« = 0.0632), Esym is a node and Msym a SFS. Right column: transition through the FSN III from Fig. [L11j(d)
shown in the (21342 A1242) plane. (c;) Before the FSN III (o = 0.082), the Ai- and Az-nullclines intersect L once
at Msym. (cii) After the FSN IIT (« = 0.0831), there is an extra pair of intersections away from Ls at Masym.

The Zo-symmetric FSN I bifurcation occurs when a SFN and a SFS collide and annihilate each other.
Geometrically, for a close to the Zs-symmetric FSN I value, the fold L is an oval-shaped curve that encloses
Ss (Fig. [12fa;)). A SFN lies at one extreme of L and a SFS lies at the other. As a approaches the Zs-
symmetric FSN I, the fold set (and Sy) shrinks and the symmetric folded singularities converge to a common
point. Then, at the Zs-symmetric FSN I, the fold set and the two symmetric folded singularities coincide at
a single point on L;. For «a values beyond the Zs-symmetric FSN I, the fold set and the symmetric folded
singularities cease to exist (Fig. [12f(as;)).

Remark 5.2. The Zy-symmetric FSN I is more complicated than the classical FSN I because a sheet of S
is created/destroyed at the bifurcation. Whilst examples of the Zo-symmetric FSN I have been reported in
other case studies (e.g., Fig. 7(b) and (c) of [4)]), rigorous analysis of this bifurcation has yet to be done.

The Zj-symmetric FSN 1I bifurcation occurs when a symmetric folded singularity Mgy, and a symmetric
ordinary singularity Egym coalesce and change types in a hybrid transcritical bifurcation. On one side of the
bifurcation, Egym is a node or saddle on S, (blue region), whilst My, is a SF'S or SFN. At the Zy-symmetric
FSNII, Esyn and Mgym coincide. Then, on the other side of the bifurcation, Egym lies on S (red region) and
switches type from node to saddle (or vice versa), whilst Msym changes type from SFS to SFN (or vice versa).
For the example shown in Fig. bi), Esym is a saddle on S, and Mgy, is a SEN before the bifurcation.
Then, as « is increased through the bifurcation, Egyn is a node on Sy and Mgy, is a SFS (Fig. bii)).

Remark 5.3. Rigorous analysis of the Zo-symmetric FSN IT was carefully performed using blow-up methods
in [22] in a pair of linearly coupled FitzHugh-Nagumo oscillators. These results were then extended in [33)]
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to the class of coupled oscillators with any type of mutually inhibitory coupling.

The FSN III bifurcations we find in Fig. are pitchfork bifurcations involving branches of symmetric
folded singularities and asymmetric folded singularities. More precisely, they possess a persistent branch of
symmetric folded singularities Mgy, from which a pair of asymmetric folded singularities bifurcate. There
are 2 basic sub-types:

(i) Supercritical: Mgym changes from SFN to SFS, and a pair of asymmetric folded nodes bifurcates from
Mgym. These asymmetric folded nodes exist for the a values where Mgy, is a SFS.

(ii) Subcritical: Mgy, changes from SFN to SF'S, and a pair of asymmetric folded saddles bifurcates from
Mgym. These asymmetric folded saddles exist for the o values where Mgy, is a SEN.

The green and red FSN III bifurcations in Fig. c) and (e) are both supercritical. The green, blue, and
red FSN III bifurcations in Fig. [[T{b) and (d) are subcritical. Rigorous blow-up analysis of this class of FSN
IIT bifurcations, in which asymmetric folded singularities bifurcate from a symmetric folded singularity, has
yet to be done.

Remark 5.4. Other types of FSN III bifurcations exist. The first instance was in a model of synaptically
coupled respiratory neurons in the pre-Bétzinger complex [5, [3])]. There, the FSN III was a pitchfork bi-
furcation in which a pair of asymmetric folded singularities bifurcated from a persistent symmetric ordinary
singularity Egyrm. In the

(1) Supercritical case: Egym changes from stable node to saddle, and a pair of asymmetric folded nodes
bifurcates from Egyr,. The asymmetric folded nodes exist for parameters where Egym is a saddle.

(i1) Subcritical case: Egym changes from stable node to saddle, and a pair of asymmetric folded saddles
bifurcates from Egym. The asymmetric folded saddles exist for parameters where Egyr, 15 a stable node.

Further subdivisions of these FSN III bifurcations are made based on whether Egym is a stable node on S,
or Ss, see [34],135)]. Blow-up analysis of these FSN III bifurcations was done in [35].

6 Symmetry-Breaking Rhythms in the Cell Cycle Model

With the results of Section [5| in hand, we now examine how the SFNs induce symmetry-breaking in the
cell cycle model . We describe the dynamics in Section with particular emphasis on the symmetry-
breaking attractors. Then, we combine our analysis of SFNs with the theory of canard-induced mixed-mode
oscillations [7] to demonstrate the origin and properties of the symmetry-breaking in Sections and

6.1 Broken-symmetry mixed-mode oscillations

The bifurcation structure of with respect to a is shown in Fig. There are 3 main types of attractors:
symmetric equilibria, Egym, anti-phase (AP) limit cycles in which the two oscillators 21 and {2y generate
identical rhythms in phase space but half a period out of phase with each other, and broken-symmetry
rhythms in which Q1 and 9 exhibit qualitatively different oscillatory dynamics. The « interval shown has
been restricted to focus on the broken-symmetry rhythms. A more complete account of the bifurcation
structure of the cell cycle model is provided in Appendix [E]

Starting at the right edge of Fig.[I3] there is a pair of symmetric equilibria, one stable and the other unstable.
As « is decreased, the symmetric equilibria collide and annihilate each other at a saddle-node on invariant
circle (SNIC) bifurcation at agnic & 0.06235. (The family of periodic orbits that terminate at this SNIC
bifurcation exist over an extremely thin « interval and are not shown.) Moreover, there is a subcritical Hopf
bifurcation (HB) at a ~ 0.06282 along the lower Ejy,, branch.

Emanating from the subcritical HB is a family of AP limit cycles, which are unstable between the HB and
the torus (TR) bifurcation at arr ~ 0.05598. For a < argr, the AP branch consists of AP relaxation
oscillations with segments of slow variation interspersed by fast transitions (see Appendix .
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Fig. 13: Dynamics of system . (a) Bifurcation diagram with respect to . The symmetric equilibria, Esym
(black curves), exist to the right of the SNIC bifurcation. The lower Esym branch undergoes a subcritical HB, from
which a (green) branch of AP limit cycles emerges. The AP branch is unstable between the HB and TR bifurcations,
and stable to the left of the TR bifurcation. Between the TR and SNIC points, the attractor is a periodic AP
MMO (blue, turquoise, and cyan), periodic SSB MMO (red, maroon, purple, and pink), or a quasi-periodic SSB
MMO (not shown). Each MMO attractor exists on an isola, the width of which becomes increasingly narrow as «
approaches the SNIC bifurcation. Inset: zoom on a neighbourhood of the thin a-interval between the stable plateaus
of the red (11'5, 21'5) and turquoise (1222, 2222) branches, where the attractor is quasi-periodic. The remaining panels
show representative time series (middle row) and (A, I) projections (bottom row) of (b) a periodic AP MMO with
a = 0.05946 (turquoise diamond in (a) inset); (c) a periodic SSB MMO with a = 0.0592 (red diamond in (a) inset);
and (d) a quasi-periodic SSB MMO with a = 0.05937 (a value indicated by the vertical black line in (a) inset). Blue
curves correspond to oscillator €2; and dashed red curves correspond to oscillator 22.

For the « values in the interval I, = (aTgr,asnic) = (0.05598,0.06235) enclosed by the TR and SNIC
bifurcations, the attractor of the system is a mixed-mode oscillation (MMO). There are three main types: (i)
periodic anti-phase (Fig. [I3|b)), (ii) periodic strong-symmetry breaking (Fig. [I3|c)), and (iii) quasi-periodic
strong-symmetry breaking (Fig. d)) We will show in Section that these MMOs are canard-induced.

The first type of MMO in I, is the periodic AP MMO, which is a periodic solution of in which the
oscillator €2 has two MMO events per period with signatureﬂ 125 and the oscillator 2 has MMO signature
251%. A representative is shown for s = 2 in Fig. b), corresponding to the turquoise diamond in the inset
of Fig. a). The time series shows that when Q; exhibits its 1° MMO, Q9 exhibits its 2° MMO, and vice
versa. Since 2; and 5 are in anti-phase, they trace out the same paths in the (A, I) phase plane.

Remark 6.1. The number of twists that the MMOs exhibit is difficult to discern from the time series. The
geometric deconstruction (Section will provide a systematic method for determining the twist number.

In the interval I, and for each s € {1,2,...}, the family of AP (1°2°,2°1%) MMOs forms an isola. The isola
has a stable plateau delimited by a period-doubling (PD) bifurcation on its left edge and a saddle-node of

2The Farey notation L° denotes an MMO with L large-amplitude oscillations followed by s small-amplitude oscillations;
(L3, L3?) denotes a periodic orbit in which € exhibits an Lj* MMO and Qg exhibits an L3> MMO. Half-integer values of s
indicate the MMO has an odd number of twists, i.e., s = k + % indicates the MMO exhibits 2k + 1 twists.
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periodics (SNPO) bifurcation on its right edge. Outside of the stable plateau, the rest of the isola is unstable.
The s = 1,2, and 3 isolas are shown in Fig. a) in blue, turquoise, and cyan, respectively. Additional AP
MMO isolas with s > 3 exist in I, to the right of the cyan s = 3 isola (not shown). The AP MMOs are
the most robust of the three MMO types. That is, the stable plateaus of the AP MMO isolas occupy the
greatest fraction of I,. The widths of these AP MMO isolas shrink as a approaches agnic.

The second type of MMO in I, is the periodic strong-symmetry breaking (SSB) MMO, which is a periodic
solution of in which the oscillator Q; exhibits a 1571/2 MMO whereas 5 exhibits a 2571/2 MMO in
each period. A representative is shown for s = 1 in Fig. b), corresponding to the red diamond in the
inset of Fig. [L3{(a). The projection of this SSB MMO into the (A, I) plane shows that the MMOs of ©; and
Qy are structurally different since they trace out distinct paths in the (A, I) plane. As « is increased, the
value of s increases as does the duration of the interspike interval. In the limit as «a approaches the SNIC
bifurcation, the interspike interval becomes arbitrarily long and the state values of 27 and €25 converge to a
symmetric equilibrium.

In the interval I, and for each s € {1,2,...}, the family of (1°+1/2,25+1/2) SSB MMOs forms an isola. These
isolas have a stable segment and an unstable segment, with the stable segment delimited by a PD bifurcation
on its left edge and by a SNPO bifurcation on its right edge. The s = 1,2,3, and 4 isolas are shown in
Fig. a) in red, maroon, purple, and pink, respectively. Additional SSB MMO isolas with s > 4 exist in
I, to the right of the pink s = 4 isola (not shown). The widths of these isolas become increasingly small
as « is increased towards agnic. Like the AP MMOs, the SSB MMOs occur robustly in I, as their stable
plateaus also occupy a substantial fraction of I,,.

Whilst the stable plateaus of the periodic AP MMOs and periodic SSB MMOs occupy most of I,,, we observe
that there are thin subsets of I, in which neither is stable. For instance, in the thin a-interval enclosed by
the right SNPO point of the (112!,2!1!) branch and the left PD point of the (1!°,2:5) branch, the attractor
is a quasi-periodic SSB MMO in which the MMOs can have 2 or 3 twists, i.e., {21 and 3 exhibit a mixture
of 11,21, 115 and 21> MMOs. More generally, for each « interval delimited by the SNPO of the (152%,251%)
branch and the PD of the (15+1/ 2 gs+1/ 2) branch, the attractor of the system is quasi-periodic and features
a mixture of 1°,2° 15t1/2 and 2511/2 MMOs in its time series.

For each « interval enclosed by the SNPO of the (1°T1/2 25%1/2) SSB MMO branch and the PD of the
(15+1gstL 9sl1s+1y AP MMO branch, the attractor of the system is quasi-periodic and features a mixture
of 1511/2 25+1/2 1541 and 251 MMOs in its time series. For example, in the o interval enclosed by the
SNPO of the (11%,21%) SSB MMO branch and the PD of the (1222,2212) AP MMO branch, the attractor
is quasi-periodic (Fig. ¢)) and its MMOs vary between exhibiting 3 or 4 twists, i.e., ; and 5 exhibit a
mixture of 114,215 12 and 22 MMOs in their time series.

Hence, as « is increased, the quasi-periodic MMOs mediate the transitions from one stable periodic AP MMO
branch to the next stable periodic SSB MMO branch by increasing the twist number by one. Similarly, the
transition from one stable periodic SSB MMO branch to the next stable AP MMO branch is mediated by a
family of quasi-periodic MMOs that increment the twist number by one.

6.2 Geometric deconstruction of a representative periodic SSB MMO

We now perform a detailed geometric deconstruction of the representative periodic SSB MMO from Fig.[13{c).
Recall from Fig. [10| that the critical manifold restricted to the physically meaningful domain partitions as

S=S,ULUS,=StuLfusStuLfUS*UL*USTUL" US,.

Moreover, there are only three physically relevant singularities: a symmetric saddle equilibrium on Sy, a
SFN on L%, and a SFS on L*. For the parameter values in Fig. ¢), the SFN is weak with eigenvalues
A1 = —0.0053 and Ay &= —0.0035. Thus, the eigenvalue ratio is pu =~ 1.52. By Proposition solutions
passing near the weak SFN can exhibit up to three twists, where a twist corresponds to half a rotation.

We demonstrate the local twisting behaviour in Fig. for the half of SJ_ below the axis of symmetry
L. First, by Proposition the weak canard persists as a maximal canard v;, C L£,. In addition to ¢,
there are two secondary maximal canards 7§ and +5 (green and orange curves, respectively). Solutions in the
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Fig. 14: Local twisting of solutions about v;, for o = 0.0592. Since the SFN (black marker) is weak with p ~ 1.52,
there are up to 3 twists. The secondary canards i (green) and +5 (orange) separate the subsets of S(’f’s with different
numbers of twists. The star, triangle, and square markers correspond to initial conditions in the different twist
ribbons. (a) Projection into the (A1, A2) plane. (b) Projection into the (%, %) plane. Inset: zoom on a
small tube of size 6.5 x 1075 around ~%,.

funnel of the weak SEN with initial conditions that lie to the right of 7§ exhibit one twist around ~;, (Fig.
solution with initial condition at the green star). Solutions on S’ff’g enclosed by vf and ~5 exhibit two twists

around ~¢, (Fig. solution with initial condition at the orange triangle). Solutions on Sff,s enclosed by 75
and % exhibit three twists around ~, (Fig. solutions with initial conditions at the blue squares). We
observe that most solutions in this maximal twist sector rapidly converge to ¢, and follow ~, closely until
they escape. That is, for most solutions in the maximal twist sector, the twists are not visible. (The vertical
scale in the inset of Fig. [14(b) is [~6.5 x 107°,6.5 x 10~°], which shows that whilst the twists are present,
they occur on a very small scale.)

With the twisting behaviour of St‘f,g near the weak SFN resolved, we proceed now to deconstruct the repre-
sentative SSB MMO. It consists of 9 distinct segments (Fig. .

(i) Starting at the weak SFN (red ducky), there is a slow drift (Fig. [L5|b), upper right inset, single blue
arrow) along <, corresponding to a portion of the interspike interval.

(ii) When the orbit is a sufficient distance from the SFN, it peels off £, and initiates a fast jump at the
green ducky on S, and lands at the dark blue diamond on S% (Fig. [15(b), upper left inset). This fast
jump corresponds to a fast up-jump in oscillator 5.

(iii) Then, the solution slowly drifts along S¢ from the dark blue diamond to the cyan diamond on L.

(iv) Subsequently, there is a fast jump from the cyan diamond to the magenta diamond on S, corresponding
to a fast up-jump in oscillator €; and a fast down-jump in oscillator .

(v) From there, the solution drifts along S? until it reaches the yellow diamond on L".

(vi) Next, the solution has a fast jump to the light blue diamond on S¢ (Fig. (b), upper left inset),
corresponding to a fast down-jump in €; and a fast up-jump in Qs.

(vii) Then, the solution slowly drifts along S% until it reaches the fold curve L* at the green diamond.

(viii) The solution then executes a fast jump (corresponding to a fast down-jump in €2s) that lands at a point
in the funnel of the weak SFN on S¢ (Fig. [15(b), lower left inset, blue ducky). In fact, the solution
lands inside the maximal twist sector, i.e., below the maximal canard ~5. Since the solution is in the
portion of the funnel that belongs to the lower half of S¢ and the twist number is 3 (i.e., is odd), the
solution must eventually escape 7, in the direction of S¢ (which we have already confirmed in segment
(ii) at the green ducky).
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Fig. 15: Geometric deconstruction of the periodic SSB (1'%,2"%) MMO for a = 0.0592. (a) Time series showing
two full periods together with markers corresponding to key points in the geometric deconstruction. (b) Projection of
the dynamics, restricted to the physically meaningful domain, into the (A1, A2) plane together with the SSB MMO
attractor (blue trajectory). The geometry of the critical manifold and the reduced flow are the same here as in
Fig. Upper right inset: zoom on a small neighbourhood of the weak SFN (red ducky). Upper left inset: zoom
on the neighbourhood of S¢ where the solution is projected to (diamond markers) after its fast jump from either the
yellow diamond on L" or from the green duck on S,. Lower left inset: zoom on the neighbourhood of S¢ where the
solution is projected to after its fast jump from the green diamond on L.

(ix) The solution converges to 75, (Fig. b), upper right inset, single blue arrow) and closely follows it,
corresponding to the initiation of the interspike interval. The solution closely tracks «:, until it returns
to the SEN (red ducky), which completes the cycle.

Thus, we have shown that the SSB MMO consists of a local mechanism (the weak SFN) which is responsible
for the (very) small-amplitude oscillations around ~Z, and interspike intervals, combined with a global return
mechanism which is responsible for re-injecting orbits into the funnel of the weak SFN. Thus, the SSB MMO
is canard-induced [7]. Moreover, the symmetry breaking is due to the local twisting of the slow manifolds in
the neighbourhood of the weak SFN. Whether the fast jump away from ~Z, is in the direction of S¢ or ST
(i.e., which of ©; and Q9 will execute the fast jump) is determined by the parity of the twist number and
by whether the solution is in the portion of the funnel above or below the axis of symmetry L.

6.3 Deconstructions for the other MMO types

Having carefully presented the geometric deconstruction of the periodic SSB (11°,21%) MMO, we now
examine the deconstructions for the other MMOs in the interval I, = (aTr,asnic) = (0.05598,0.06235).
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We first recall from Section that SFNs exist for all @ € (0.05523,0.06303) D I,. Thus, since an SFN
exists for all a € I, the three classes of MMOs in I, can all be shown to be canard-induced.

For each s € {2,3,...}, the deconstruction of the periodic SSB (15+1/2,25+1/2) MMO is similar to the one
presented for the s = 1 case in Section That is, each of the periodic SSB (15+1/2,25+1/2) MMOs is
canard-induced with a SFN that provides the local twisting and symmetry-breaking mechanism. The main
difference between the different families of periodic SSB MMOs is that as « is increased, the eigenvalue ratio
of the SFN decreases (recall Fig.[11{(c)) and the maximal number of twists increases. Since the global return
injects solutions into the maximal twist sector, the magnitudes of the small-amplitude oscillations around
the weak canard are usually too small to be observed. However, the impact of having more and more twists
around ~Z, is that the solution spends longer and longer times closely following 5, on L£s. Consequently, we
observe longer interspike intervals in the time series of the solution as « is increased.

For each s € {1,2,...}, the deconstruction of the periodic AP (1%2%,2°1%) MMO also consists of a local
symmetry-breaking twisting mechanism (the SEFN on L?) together with a global return mechanism. For the
AP MMO attractor, the global return alternately projects obits to a point p on the lower half of S¢ (below
L) in the funnel of the SEN or to its reflection Rp (above L), which is also in the funnel of the SFN. We
show the projection of the periodic AP (1%222,2212) MMO in the (A, As) plane in Fig. [16(a) but refrain
from listing out the segments of the deconstruction, since the details are very similar to the deconstruction
of the periodic SSB MMO from Section [6.2]

% (A] + Az)

Fig. 16: Deconstructions of a representative periodic AP MMO (left column) for o = 0.05946 and a representative
quasi-periodic SSB MMO for a = 0.05937 (right column). Top row: projections into the (Ai, A2) plane. Bottom
row: projections into the (w, %) plane in a small neighbourhood of 7. (a) The global return alternately
projects orbits to a point p (resp., Rp) in the funnel in the lower (resp., upper) half of S¢. (b) The global return
projects solutions to points in the funnel that are very close to, and straddle, a maximal canard. Because of the
exponential sensitivity of solutions near maximal canards, the escape of solutions may be in either the direction of
S¢ (red orbit segment) or in the direction of S% (green orbit segment). This also implies that solutions that escape
in different directions have different numbers of twists, since they land on different sides of a maximal canard.

Remark 6.2. From Fig. the AP (1121,211Y) MMO family exists for 0.05505 < o < 0.05810. We also
observe that the SEN on L% is strong type for apsnt S o < apsen (Section , where arsn 11 = 0.05523
denotes a FSN III bifurcation of the desingularized system and apspn = 0.05837 denotes a degenerate SFN,
where the SEN changes type from strong to weak. Thus, the family of AP (1*2%,211Y) MMOs are examples
of rhythms with strong SFNs that exhibit two twists around the strong canard. Moreover, the rightmost

33



boundary of the (1121,21') MMO isola occurs at a =~ 0.05810 = apspnx + O(c?). Similarly, the leftmost
boundary of the (1121,211Y) MMO isola occurs at o =~ 0.05505 = apsn1r + O(g?).

The deconstruction of the quasi-periodic SSB MMO is similar to that of the periodic SSB MMO and of
the periodic AP MMO. The main difference to the other MMO types is that the global return reinjects
solutions into the funnel at points that are very close to, and straddle, a maximal canard v5. Consequently,
the solution can exhibit MMOs with either n or n + 1 twists, depending on which side of +¢ the global
return projects the solution to. An example is shown in Fig. (b) The green orbit segment corresponds
to a portion of the quasi-periodic solution that lands close to, but just to the right of, the maximal canard
75 (not shown) and hence exhibits 3 twists. Since the orbit approaches ~Z, from the upper half of S? (i.e.,
above L) and the parity of the twist is odd, the subsequent fast jump is in the direction of S7. The red orbit
segment corresponds to a portion of the solution that lands close to, but just left of, the maximal canard ~§
and hence exhibits 4 twists. Since the orbit approaches ¢, from the upper half of S¢ and the parity of the
twist is even, the subsequent fast jump is in the direction of SZ.

Finally, we observe that the SNIC bifurcation at agnic ~ 0.06235 where the MMO families terminate occurs
at the same « value as a saddle-node bifurcation of ordinary singularities of the desingularized system .
That is, for a < agnic the desingularized system has no ordinary singularities near the SFN (Fig. [L7[a)).
At a = agnic, the slow nullclines {G; = 0} and {G2 = 0} touch at a single symmetric equilibrium point
on the axis of symmetry within S,. Then, for @ > agnic the intersection {G; = 0} N {G2 = 0} perturbs to
a pair of symmetric ordinary singularities on S, near the SEN (Fig. [I7(b)). One of these is a saddle (red
diamond) and the other is a stable node (blue square). The stable (red arrows) and unstable manifolds of
the saddle are orthogonal and parallel to L, respectively. The strong stable (blue, double arrows) and weak
stable (blue, single arrows) manifolds of the stable node are orthogonal and parallel to L, respectively.
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Fig. 17: Dynamics near the SFN for a ~ agnic. (a) For a = 0.062 < agnic, the slow nullclines (cyan and
magenta curves) have no intersections. As such, there is nothing to prevent solutions from tunnelling through the
SEFN along the weak canard 5, C Ls. The attractor (thick black curve) is a quasi-periodic SSB MMO with small-
amplitude oscillations and interspike intervals generated by the canard dynamics around the weak SEN. (b) For
a = 0.0625 > asnic, there is a symmetric saddle (red diamond) and symmetric stable node (blue square) on S,. The
funnel of the SFN is enclosed by the fold curve L and by the (red) stable manifold of the saddle. Most solutions are
projected into the basin of attraction of the stable node and hence the attractor is a symmetric equilibrium.

Thus, the mechanism by which the SNIC bifurcation occurs is as follows. Since there are no ordinary
singularities near the SFN for a < agnic, solutions can tunnel through the weak SFN region and the
geometric deconstructions discussed above continue to hold. As such, the attractor of the coupled system for
a < agnic is a quasi-periodic SSB MMO. Then, for a@ > agnic, the stable manifold of the saddle equilibrium
creates a boundary that severely limits the width of the funnel of the SFN. Thus, any solution that lands on
S4 to the left of the stable manifold of the saddle lies in the basin of attraction of the stable node equilibrium.
Due to this geometry, solutions may only transiently exhibit symmetry-breaking MMOs if they are initialized
in the funnel of the SFN. Otherwise, the global return mechanism eventually projects solutions directly into
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the basin of attraction of the stable node and solutions converge to the symmetric stable node equilibrium.

7 Discussion

In this article, we combined techniques from geometric singular perturbation theory and blow-up methods to
analyse a novel symmetry-breaking mechanism —the Zs-symmetric folded node— in coupled identical slow/fast
oscillator networks with strong nonlinear mutually inhibitory coupling. We showed that the SFN is a folded
node singularity that occurs at a cusp bifurcation of the layer problem, cf. cusped node singularities in [22].
We established that at the SFN, the fold curve of the critical manifold is orthogonal to the axis of symmetry
L. We also showed that the SEN has two types: strong and weak. In both cases, the eigenvectors (of
the desingularized system) at the SFN are parallel and orthogonal to £;. The SFN is strong if the strong
eigendirection is the one aligned with £, and it is weak if the weak eigendirection is the one aligned with L.
These distinctions are important since only the solution corresponding to the eigendirection aligned with £
is a canard solution.

For the strong SEFN, the only singular canard is the strong canard 7. The strong canard persists as a
maximal canard 7§ and, in contrast to classical folded nodes, it serves as the axis of rotation for the twisting
of solutions. Moreover, we established that all solutions on the subset of the attracting sheet S, of the
critical manifold bounded by the fold curve L belong to the funnel of the SFN. As such, every solution on S,
bounded by L exhibits at least one twist about 5. We also demonstrated numerically that, in addition to the
twisting about 7§, there is a secondary twisting of solutions about an as yet undetermined secondary axis of
rotation. We conjecture that this secondary axis of rotation is the solution that corresponds in the singular
limit to the solution that is tangent at the SFN to the weak eigendirection (and hence is orthogonal to L;).
We provided preliminary blow-up analysis that indicates that there is a distinguished curve of nilpotent fixed
points in the blown-up vector field. We postulate that a cylindrical blow-up of this distinguished nilpotent
curve will allow us to study the dynamics of the secondary rotations.

For the weak SFN, we showed that the only singular canard is the weak canard +,,. The weak canard persists
as a maximal canard 75, and it serves as the axis of rotation for the twisting of solutions. We showed that all
solutions on the subset of S, enclosed by L are part of the funnel of the weak SFN. As such, every solution
on S, bounded by L exhibits at least one twist about 7. In addition to the primary weak canard, there
exist n secondary maximal canards v; that partition the slow manifolds into ribbons, where solutions in
the ribbon enclosed by v and ~;, ; exhibit i twists about ~;,. The parity of the ribbon, i.e., the number of
twists that it exhibits, determines the direction of the subsequent fast jump, and plays an important role in
symmetry-breaking.

We then demonstrated our theoretical results in a model of the eukaryotic cell cycle . The model consists
of two identical oscillators, each with slow/fast dynamics, coupled by strong nonlinear mutual inhibition.
The attractors of may be symmetric equilibrium states, anti-phase limit cycles, or symmetry-breaking
mixed-mode oscillations. By applying the theory of canard-induced mixed mode oscillations together with
our theory for SFNs, we showed that the MMOs can be decomposed into a local mechanism and a global
return mechanism. The local mechanism consists of the SFN on the fold curve L¢, which induces local
twisting and ribboning of the slow manifolds. The parity of the twists/ribbons determines the direction of
the subsequent fast jump and plays a key role in the symmetry-breaking. The global return mechanism
consists of the fast jumps from the fold curves L¢ and L” that project orbits into the funnel of the SFN on
S4. Tf the global return projects orbits to points in the funnel far from a maximal canard, then the attractor
is a periodic AP MMO or a periodic SSB MMO. However, if the global return projects points into the funnel
very close to a maximal canard, then the exponential sensitivity of maximal canards alters the landing point
of the global return in each MMO event and the resulting attractor is quasi-periodic. Hence, the crossing
of the solution of over a maximal canard is the mechanism by which the system may transition from a
periodic AP MMO attractor to a periodic SSB MMO attractor, via a quasi-periodic MMO attractor.

In the course of our analysis of the coupled cell model, we showed that the symmetric folded singularities
may be symmetric folded nodes, symmetric folded saddles, or symmetric folded saddle-nodes, depending
on parameters. In particular, the symmetric folded saddle-nodes were the Zs-symmetric analogues of the
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classical FSN I, FSN II, and FSN III bifurcations. Whilst the Zs-symmetric FSNs bear many similarities to
their classical counterparts, they do possess distinct features worth examining in future work. For instance,
in the Zo-symmetric FSN I bifurcation, an entire sheet of the critical manifold vanishes at the same time as
the symmetric folded singularities. The Zg-symmetirc FSN II bifurcation was carefully analysed in [22] in the
context of linearly coupled FitzHugh-Nagumo oscillators. Additionally, the class of FSN III bifurcations that
we reported on here involve pitchfork bifurcations of the desingularized system in which pairs of asymmetric
folded singularities bifurcated from a symmetric folded singularity. To the best of our knowledge, this class
of FSN III bifurcations has not been reported before and their rigorous analysis has yet to be performed.

Symmetrically coupled identical oscillators were also used in [I7] to investigate SSB dynamics in the context
of eukaryotic cell cycle regulation. In that work, SSB was shown to be governed by a homoclinic bifurcation
associated with a symmetric equilibrium. A key difference is that the uncoupled oscillator in [I7] is intrinsi-
cally excitable, whereas the oscillators considered here are intrinsically oscillatory. Whether this distinction
is responsible for the two mathematically different SSB mechanisms remains an interesting direction for
future work. Whilst we have provided analysis of the symmetrically coupled model , many studies of
the eukaryotic cell cycle induce symmetry-breaking by introducing asymmetry into the vector field itself.
For instance, the bifurcation analyses in [12] examine the states that may arise by varying a parameter in
oscillator 1 but not s, or by allowing the coupling strengths between the two oscillators to be different.
How the geometric structures and mechanisms that we have identified here would persist and change with
these symmetry-breaking changes to the vector field is left to future work.

A Dynamics in the entry chart K,

In this Appendix, we outline the proof of Proposition The system possesses invariant hyper-
planes {r; = 0} and {e; = 0}. To study the full dynamics in K7, we examine the dynamics in these lower-
dimensional invariant subspaces, and systematically build up to the full 4D phase space.

In the invariant subspace {r; = 0,e; = 0}, the dynamics are given by

=0,
" (28)
Z1=y1 + A\iz1.

This system possesses a line, ¢; = {rl =0,y1 €R,z; = f%, €1 = 0}, of equilibria. The eigenvalues at any

point in ¢; are A; and 0. The corresponding stable and center subspaces are
E®(¢1) = span [ﬂ and [E°(¢;) = span [_f\l} .

Thus, the system has a 1D center manifold in the invariant hyperplane {r; = 0,7 = 0}, with transverse
stable fibers.
In the invariant subspace {r; = 0}, the dynamics are given by
1 =¢12y1+ (M +A2) 1),
21 =y1+ Mz +er 2, (29)
& =267,

Once again, the line ¢; is a set of equilibria. The stable spectrum consists of the eigenvalue A\; and the center
spectrum consists of two zero eigenvalues. The corresponding linear subspaces are

0 A1 0
E°(¢1) =span |1|, and E°(¢;)=span 1 |, =Xy ,
0 0 A3

where the second vector in E¢(¢1) is a generalized eigenvector. Thus, by the center manifold theorem, there
exists a 2D center manifold in the invariant subspace {r; = 0}, with transverse stable fibers.
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Next, the dynamics in the invariant subspace {e; = 0} are governed by

r1 =0,
71 =0, (30)
Z1=y1+ Mz +1r1H;.

This system possesses a 2D surface of equilibria, S; = {rl >0, €R, 2y = —% +O(r1),e1 = 0}, which

contains the line ¢; of equilibria. The stable spectrum of S is 05(S1) = {A\ + O(r1)}, and the center
spectrum of Sy is 0.(S1) = {0,0}. The corresponding (generalized) eigenspaces are

0 —>\1+O(T1) —1+O(7"1)
E®(S;) =span |[0| and E°(S;) =span 0 |3y + O(r, yi)
1 — Xy +O(r1,47) 0

Thus, there is a 2D center manifold of the surface of equilibria, which emanates from /5.

For the full 4D system , the surface S; is a manifold of equilibria with negative eigenvalue Ay + O(r1)
and triple zero eigenvalue. The stable and center subspaces are given by

0 -\ +0(r) —14+0(r) 0
s _ 0 c _ 0 — Ly + O(r1,47) Aoy1 + O(11)
E®(S1) = span 1 and E°(S7) = span Ryt ORIE 1 0 7 0
0 0 0 A+ 0(r)

B Dynamics in the exit chart K3

In this Appendix, we outline the proof of Proposition As with the entry chart, we examine the dynamics
of the blown-up system in a sequence of lower-dimensional invariant subspaces and systematically build
up to the dynamics of the full 4D system.

In the invariant subspace {rs = 0,3 = 0}, the dynamics of reduce to

y3:03

31
Z3 = y3 — A123. (B

This system possesses a line, {3 = {7"3 =0,y3 € R, 23 = %’ €3 = 0}7 of equilibria with eigenvalues given by
A= —X; and A = 0. Recall that A\; < 0, so that ¢3 has a 1D unstable subspace and 1D center subspace.

These subspaces are given by

E* (¢3) = span [(3] and E°(¢3) = span [/\11] .
Thus, there exists a 1D center manifold of the line of equilibria ¢3 in the subspace {rs = 0,3 = 0}.
In the invariant subspace {r3 = 0}, the dynamics of simplify to

U3 =e3(—2ys + (A1 + A2) 23) ,
23 =y3 — A123 — €3 23, (32)
é3 = —2{:‘%.

The equilibria of this system are given by the line ¢3. For a point in /3, the eigenvalues are —\1,0, and 0,
and the corresponding subspaces are

0 A1 0
E* (¢3) = span |1 and [E°€({3) = span 10, | Aays]| ¢,
0 0] |[-a
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where the second vector in E¢({3) is a generalized eigenvector. By center manifold theory, we have that there
exists a 2D center manifold of the line ¢5 in the hyperplane {r; = 0}.

Next, we examine the invariant subspace {e3 = 0}. The dynamics are given by
7;3 = 07

293 = 07 (33)
i3 = y3 — Ai1z3 + r3H3.

This system possesses a surface, S = {7‘3 >0,y3 € R, 2z3 = é’\—j’ + O(r3),es = 0}, of equilibria. It has a

positive eigenvalue —\; + O(r3) and a double zero eigenvalue. The associated subspaces are

0 A1+ O(r3) -1+ 0(r3)
E*(S3) = span |0 and [E°(S3) = span 0 | Xys + O(r3,y3)
1 Fys +O(r3,3) 0

Hence, for each point of S3, there exists a 2D center manifold which emanates from the line /3.

For the full 4D system , the surface S3 is a manifold of equilibria with positive eigenvalue —\; + O(r1)
and triple zero eigenvalue. The unstable and center subspaces are given by

0 A1 +O(T3) —1+O(7’3) 0
e 0 o 0 Tys+O(rs,y3) | | Aaya + O(r3)
BH(Sa) =span |y} and EXSa) =spanq w0y | o N,
0 0 0 AT +O(r3)

C Numerical computation of maximal canards

In this appendix, we briefly outline the set-up of the two-point boundary value problem used to compute
maximal canard solutions of the normal form (5)). The method here closely follows that of [I9]. Note that
the computation of the slow manifolds follows a very similar procedure.

As is usual in the numerical computation of slow manifolds and canard orbits, we first rescale time to the
unit interval so that the total integration time appears as an explicit control parameter:

u=TFf(u), (34)
where w = (uy,u2,v1,v2)7, f = (f1, f2,€91,£92)T is the right-hand-side of , T is the total integration
time, and the overdot denotes the derivative with respect to the rescaled time. We compute canard orbits
as solutions of that satisfy boundary conditions of the form

u(0) €Xy and wu(l) € Xy,

where Y is a 1D curve on S, and X7 is a 1D curve chosen to be transverse to the unstable manifold of the
saddle slow manifold S, .. For the normal form , we choose the left endpoint data to satisfy

EO :Sam{UQ—Ul :03},
which is a 1D curve on S, parallel to £, and sufficiently far from the SFN. For the right endpoint, we choose
S1={fi=0}n{fa=0()} N{ugy =0 : 0 = constant}.

The first two conditions in 3; select a particular slow manifold S, . from the exponentially close family of
saddle slow manifolds, and the third condition is chosen with ¢ sufficiently far from the SFN.
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D Bifurcations of the desingularized system

As demonstrated in Section the desingularized system has a rich bifurcation structure. It consists
of branches of symmetric ordinary singularities, Fgsym, asymmetric ordinary singularities, Eagym, symmetric
folded singularities, Mgym, and asymmetric folded singularities, M,sym. These branches connect, interact, and
create/annihilate each other in myriad ways. In this appendix, we give a detailed account of the bifurcation
structure that incorporates information about both the ordinary and folded singularities (Fig. .
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Fig. 18: Bifurcations of the ordinary and folded singularities of the desingularized system . The thin black vertical
line along a = 0.0592 indicates the a value used in Figs. b), and There are branches of symmetric and
asymmetric ordinary singularities, Esym and Fasym, respectively, as well as branches of symmetric and asymmetric
folded singularities, Msym and Masym, respectively. These branches undergo saddle-node, transcritical, and pitchfork
bifurcations (in the case of ordinary singularities), and FSN bifurcations of types I, II, and III (in the case of folded
singularities). We denote the Za-symmetric FSN bifurcations of types I and II by SFSN; and SFSNi1, respectively.

At a = 0, there is a degenerate bifurcation in which numerous distinct branches of ordinary and folded
singularities appear to emerge from the origin (Fig. a), inset). There are also 6 non-trivial singularities.
In order of increasing A;, the non-trivial singularities consist of (i) an asymmetric equilibrium E,sym (orange),
(ii) a symmetric folded singularity Mgy, (blue), (iii)-(iv) a pair of asymmetric equilibria (olive and orange)
which almost coincide, and (v)-(vi) a pair of asymmetric folded singularities (steel and yellow) which also
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almost coincide.

As the parameter « is increased, the steel blue curve of asymmetric folded singularities Masym crosses
the orange curve of asymmetric equilibria Eysym in a FSN II bifurcation (Fig. [1§(b)). The steel branch
transitions from folded saddles to faux folded nodes, and the orange branch transitions from saddles to
stable nodes. Moreover, the orange branch of asymmetric equilibria eventually collides with an unstable
branch of asymmetric equilibria at a saddle-node bifurcation (Fig. b)7 LP), after which the orange branch
(locally) ceases to exist.

For larger values of «, there are 9 branches of singularities (6 folded and 3 ordinary). Increases in « cause the
green Mgy branch to pass through the cyan Egyy, branch in a Zs-symmetric FSN II bifurcation (Fig. c),
SFSNip). The symmetric folded singularities transition from SFSs to SFNs, and the symmetric equilibria
transition from stable nodes to saddles.

Next, the steel Mysym and olive E,qym branches undergo a FSN II bifurcation (Fig. d)) The asymmetric
folded singularities are folded saddles/folded nodes to the left/right of the FSN II, respectively. Similarly,
the asymmetric equilibria are stable nodes/saddles to the left /right of the FSN II. Subsequently, with further
increases in «, the orange E,gwm branches terminate on the cyan Fgyy, branch at a pitchfork bifurcation.
(The lower portion of the orange F,sym branch may extend to smaller o, however, our numerical continuation
codes were unable to compute beyond the values shown.)

For even larger «, there are 8 singularities (6 folded and 2 ordinary). The green branch of symmetric folded
singularities and cyan branch of symmetric ordinary singularities undergo a Zs-symmetric FSN II bifurcation
(Fig.|18{(e), SFSN11). There, Mgym changes from a SEN to a SFS as « is increased, whilst Egyy, changes from
a saddle to a stable node. There is also a nearby saddle-node (LP) bifurcation of the symmetric equilibria
where an additional magenta branch is created.

By increasing a further, we encounter a region where the asymmetric folded singularities undergo a FSN
I bifurcation (Fig. (f)) More specifically, the upper steel M,qym branch of folded saddles and the lower
steel M,sym branch of folded nodes collide and annihilate each other in a genuine saddle-node bifurcation.

For larger « still, we find that the green branch of symmetric folded singularities undergoes yet another
Zs-symmetric FSN 1II bifurcation (Fig. [18[g), SFSNi). This time, the green branch of SFSs coalesces with
the magenta branch of stable node equilibria at the SFSN II point. Subsequently, the green branch consists
of SFNs and the magenta branch consists of symmetric saddles.

Further increases in « lead us to a region of the parameter space where several branches of singularities are
created and annihilated (Fig. [I§(h)). First, the blue My, branch undergoes a FSN III bifurcation in which
the symmetric folded singularity changes type from SFS to SFN, and a pair of (yellow) asymmetric folded
saddles bifurcate off the symmetric branch. As « is increased, the dashed yellow Mg, folded saddles collide
with solid yellow Maeym folded nodes at a FSN I bifurcation. In this region, we also find that the cyan Egym
branch undergoes a saddle-node bifurcation.

In the next o interval (Fig. [18]i)), increases in a result in a pair of FSN I bifurcations. Each FSN I gives
rise to a branch of asymmetric folded nodes and asymmetric folded saddles (solid and dashed red branches).
The (dashed red) asymmetric folded saddles terminate at a FSN III bifurcation on the black Mgy, branch.

The outer red Mugym branches of folded nodes terminate at a FSN III bifurcation (Fig. [L8(j)), where they
merge with the black Mgy, branch. The black SFNs that exist to the right of the FSN III collide with the
dashed blue SFSs at a Zs-symmetric FSN I bifurcation. These blue SFSs also undergo a Zs-symmetric FSN
IT bifurcation with the magenta Egyn, branch. For « values to the left/right of the Zs-symmetric FSN 1II,
Mgym is a SFN/SFS and Egyn, is a saddle/stable node. Finally, for all « values beyond the FSN I, there is
only a single stable symmetric equilibrium.

E Dynamics of the symmetrically coupled model

In this appendix, we provide a more global overview of the bifurcation structure of the symmetrically coupled
cell model with respect to « (Fig. (a)). The system possesses four distinct types of states: symmetric
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equilibria, Fgym, asymmetric equilibria, Fasym, anti-phase (AP) limit cycles, and broken-symmetry rhythms.
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Fig. 19: Dynamics of the coupled cell model for the standard parameter set. (a) Partial bifurcation diagram
showing only the biologically relevant states, i.e., those with non-negative values. Stability/instability is indicated
by solid/dashed curves. The symmetric equilibria, Esym (black curves), undergo Hopf bifurcations, which give rise to
anti-phase (AP) limit cycles (green curve), and pitchfork bifurcations, which give rise to asymmetric equilibria, Fasym
(blue curves). The asymmetric equilibria also undergo Hopf bifurcations, which give rise to weak symmetry-breaking
rhythms (red curves). The strong symmetry-breaking MMOs that we study in Sectionexist in the interval between
the TR and LP; bifurcations. Remaining panels: dynamics of 1 (solid blue) and Q2 (dashed red), corresponding to
the diamond markers in (a). (b;) and (bs;): time series and (A, I') projection of the AP relaxation oscillation attractor
for & = 0.035. (c;) and (cii): time series and (A, I) projection of the AP limit cycle attractor for a = 0.095. (d;) and
(dii): time series and (A, I) projection of the weak symmetry-breaking rhythm for a = 0.117424.

Starting at o = 0, the symmetric equilibria, Egym (black curve), are stable. As « is increased, the Egym,
branch undergoes a subcritical Hopf bifurcation (HB;) at a ~ 0.016578 and becomes unstable. The Egym
branch remains unstable until the saddle-node bifurcation (LP3) at a = 0.062352 is reachedﬂ Then, Egyn, is
stable until there is another subcritical Hopf bifurcation (HB3) at a = 0.086496, after which Egym becomes
unstable. As « is further increased, we find that a pair of asymmetric equilibria, Easym (blue curve), emerge
from FEgy, in a pitchfork bifurcation (PF;) at a ~ 0.103796. The asymmetric equilibria cease to exist at
another pitchfork bifurcation (PFs) at a ~ 0.168628. Next, the symmetric equilibrium regains stability at a
supercritical Hopf bifurcation (HB4) at o =~ 0.182313, and remains stable for all « to the right of HB,.

At each of the Hopf bifurcations (black circles) along the Egyy, branches, a family of AP limit cycles (green
curves) emerges. The AP cycles that emerge from the subcritical Hopf bifurcation HB; are unstable. These
become stable in a period-doubling bifurcation (PD;) at a & 0.016554. On this stable segment of the green
AP branch, the AP limit cycles are relaxation oscillations with segments of slow variation interspersed by
fast transitions (Fig. [19(b;)). In the projection into the (A, I) phase plane, the two oscillators trace out
the same paths (Fig. bii)). These AP relaxation oscillations are stable until they encounter the torus
bifurcation (TR) at a &~ 0.05598. For larger «, the AP relaxation oscillations are unstable and terminate at

3This is actually the SNIC bifurcation identified in Fig. The periodic branch that terminates on the SNIC exists over an
extremely thin « interval and is not shown.
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the subcritical Hopf bifurcation (HBs) on the branch of symmetric equilibria at o ~ 0.062821. There is a
very small a-interval between PD; and HBy, i.e., for 0.016554 < a < 0.016578, on which the AP limit cycles
and the symmetric equilibria are bistable (Fig.[19(a), inset (i)).

The AP limit cycles that emerge from the subcritical Hopf bifurcation HB3 are unstable. This unstable
branch collides with a stable branch of AP limit cycles at the saddle-node of periodics bifurcation (LP3) at
a = 0.083927. These stable AP limit cycles are approximately sinusoidal (Fig. ¢i)) and are comparable
to the out-of-phase oscillations of the S- and M-modules of the cell cycle [I2]. As before, the projection
of the AP limit cycle attractor into the (A, I) plane shows that the two oscillators trace out the same
paths (Fig. [19(cii)). We note that there is an interval of bistability between the symmetric equilibria and
the AP limit cycles for a values between LP3 and HBj3 (Fig. [L9(a), inset (ii)). As « is increased, the AP
branch collides with another unstable AP branch at the saddle-node of periodics (LP4) at o ~ 0.118126.
The unstable AP branch then terminates on the symmetric equilibrium branch in a homoclinic bifurcation
(HC1) at a = 0.11766 (Fig. [L9(a), inset (iii)). Consequently, there is a small window of a values where the
asymmetric equilibrium state and an AP limit cycle are both stable (Fig. [19(a), inset (iii)).

The AP limit cycles that emanate from the supercritical Hopf bifurcation HB4 are stable, and they are
qualitatively similar to the AP limit cycles presented in Fig. (ci) and (cj;). This stable AP branch merges
with an unstable AP branch at a saddle-node of periodics bifurcation (LP5) at o &~ 0.152537. This unstable
AP branch terminates at the homoclinic bifurcation (HCsy) at o ~ 0.15374 (Fig. [L9|(a), inset (iv)). We
observe that there is a small a-interval, enclosed by LP5 and HBg for which the asymmetric equilibrium
state (blue curve) is bistable with the almost sinusoidal AP limit cycles (Fig. [19|(a), inset (iv)).

The asymmetric equilibria (blue curve) that emerge from the pitchfork bifurcation PF; at o = 0.103796
are unstable between PF; and the subcritical Hopf bifurcation (HBs) at o ~ 0.114814. The asymmetric
equilibrium branch is then stable up to the subcritical Hopf bifurcation (HBg) at o = 0.158204.

The limit cycles (Fig. a); dashed, red curves) that emerge from the asymmetric subcritical Hopf bifurcation
HB; are unstable weak symmetry-breaking rhythms. (We use weak symmetry-breaking here to refer to
solutions that are small perturbations of a symmetric state.) These weak symmetry-breaking rhythms have
scalloped time series profiles (Fig. [[9(d;)). The projection of the weak symmetry-breaking rhythm into the
(A, I) plane (Fig. [19)(d;;)) shows that it is close to a symmetric AP rhythm. The branch of weak symmetry-
breaking rhythms terminates at the nearby homoclinic bifurcation HC; (Fig.[19(a), inset (iii)). Similarly, the
limit cycles that emerge from the asymmetric subcritical Hopf bifurcation HBg are weak symmetry-breaking
rhythms that terminate at a nearby homoclinic bifurcation (HCs) at « &2 0.15374 (Fig. inset (iv)).

The strong symmetry-breaking MMOs studied in Section [6.1] exist in the a interval between the torus
bifurcation and the SNIC bifurcation (labelled LPs).
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