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ABSTRACT

Pre-Bötzinger complex (pre-BötC) network activity within the mammalian brainstem controls the inspiratory phase of the respiratory
rhythm. While bursting in pre-BötC neurons during the postnatal period has been extensively studied, less is known regarding inspira-
tory pacemaker neuron behavior at embryonic stages. Recent data in mouse embryo brainstem slices have revealed the existence of a variety
of bursting activity patterns depending on distinct combinations of burst-generating INaP and ICAN conductances. In this work, we consider a
model of an isolated embryonic pre-BötC neuron featuring two distinct bursting mechanisms. We use methods of dynamical systems theory,
such as phase plane analysis, fast–slow decomposition, and bifurcation analysis, to uncover mechanisms underlying several different types
of intrinsic bursting dynamics observed experimentally including several forms of plateau bursts, bursts involving depolarization block, and
various combinations of these patterns. Our analysis also yields predictions about how changes in the balance of the two bursting mechanisms
contribute to alterations in an inspiratory pacemaker neuron activity during prenatal development.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5138993

A network of neurons in the mammalian brainstem controls
breathing by sending electrical signals to the muscles involved.
Within this network, certain neurons have pacemaker proper-
ties in the sense that they can drive a rhythmic network activ-
ity without receiving a patterned synaptic input from another
source. Recent data show that the embryonic mouse brainstem
already has respiratory pacemaker neurons, and their bursting
properties are still under development shortly before birth. In
this paper, by applying dynamical system methods to a model
of an isolated embryonic respiratory neuron, we uncover the
intrinsic rhythmogenic mechanisms underlying complex burst-
ing patterns observed at embryonic stages. This analysis involves
the study of the interaction of a variety of bifurcation mechanisms
in the context of multiple timescale decompositions. We also con-
sider how transitions between different bursting solutions that
occur as model parameters vary in order to understand devel-
opmental changes in the patterns and mechanisms of respiratory
pacemaker neuron dynamics.

I. INTRODUCTION

Breathing is a critical rhythmic behavior that continues from
before birth up until death. It is generated by neuronal circuitry,

including the pre-Bötzinger complex (pre-BötC),35 which has been
established to be critical for driving inspiration (reviewed in
Refs. 5, 10, 15, 17, and 36, for example). Certain neurons in the
pre-BötC can produce an intrinsic bursting activity in the absence
of a synaptic input and hence represent natural candidates for per-
forming a pacemaker function. Although this intrinsic bursting may
become masked when the pre-BötC is embedded in the full respira-
tory network, this bursting capability nonetheless contributes to the
network’s rhythm generation properties.31 Experimental recordings
in postnatal rodent medullary slices containing pre-BötC have iden-
tified two bursting mechanisms depending on persistent sodium
current (INaP) and a calcium-activated nonspecific cation current
(ICAN).5,10,15,17

These experimental observations have attracted the attention of
computational researchers interested in using mathematical model-
ing to understand the cellular mechanisms for an intrinsic rhythmic
bursting activity in the postnatal pre-BötC. Butera et al. developed
and analyzed an early and influential computational model of iso-
lated pre-BötC neurons, which produces bursting that depends on
INaP. This bursting is part of a larger class of bursting patterns some-
times called plateau bursting, which feature active phases of sus-
tained spiking riding on top of a voltage depolarization (the plateau).
Later, a computational model of pre-BötC bursting dynamics based
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on synaptic activation of ICAN was developed,30 which produced
burst patterns in which active phases combined spiking periods
together with periods of depolarization block (i.e., elevated voltage
without spikes and associated synaptic transmission). Subsequent
work combined burst mechanisms based on INaP and those based on
ICAN into a two-compartment pre-BötC neuron model (TB model)
that produces three types of plateau bursting: INaP-dependent (N)
bursting, ICAN-dependent (C) bursting, and INaP + ICAN-dependent
(N + C) bursting that depends on both currents.39 Similar burst-
ing dynamics also arises in a reduced single-compartment model8,22

derived from the TB model. Within this model, recent analysis has
explained how the two bursting mechanisms interact to produce
an irregular N + C bursting solution that consists of a sequence of
short bursts separated by long bursts.42 Such a mixed long/short
bursting pattern is also seen in experimental recordings and other
pre-BötC modeling work (e.g., Refs. 11 and 40), but it involves a
rather different mechanism (see the discussion in Ref. 43).

While bursting dynamics in the postnatal pre-BötC has been
extensively studied both experimentally and computationally, lit-
tle is known regarding pre-BötC pacemaker neurons at embryonic
stages and how they develop prior to birth. Chevalier et al. aimed
to bridge this knowledge gap by providing the first description
of intrinsic bursting properties in embryonic pre-BötC neurons,
which depend on INaP and ICAN. Specifically, three different dis-
charge patterns were observed in embryonic pre-BötC pacemaker
neurons: first, a plateau bursting pattern that closely resembles the
discharge patterns expressed by postnatal pre-BötC neurons; sec-
ond, a new bursting pattern involving a sustained depolarization
block (DB); and a third, mixed bursting pattern that appears to
represent a combination of these other two. Such heterogeneity of
bursting patterns was shown to be associated with distinct combina-
tions of the burst-generating NaP and CAN conductances. Indeed,
experiments by Chevalier et al. indicate that DB bursting is sensi-
tive to blockade of ICAN, plateau bursting is affected by modulation
of INaP, and changes in both currents alter properties of mixed
bursting.

This observation raised the question of whether developmental
alterations in the properties of pre-BötC bursting required replace-
ment of ICAN-expressing neurons, through cell death or silencing,
with INaP-dominated neurons, or whether changes in burst pat-
terns could result from modulation of NaP and CAN conduc-
tances within individual neurons across the prenatal period. To
test the second possibility, Chevalier et al. developed an updated
single-compartment model that encompasses both INaP-dependent
and ICAN-dependent bursting. This model can produce all three
types of bursting solutions observed in embryonic pre-BötC neu-
rons, depending on parameter tuning. Simulation results show that
changing the proportion of NaP and CAN conductances within
individual model pre-BötC neurons based on the actual changes
of conductance proportions measured during embryonic develop-
ment reproduces the progression of embryonic pre-BötC dynamics
observed experimentally. This finding suggests that the develop-
mental process underlying different pacemaker types at different
embryonic stages could be a direct result of a switch in the relative
proportions of INaP and ICAN within individual neurons.

In this paper, we link past analysis of INaP-dependent,
ICAN-dependent, and INaP + ICAN-dependent bursting dynamics in

pre-BötC neurons22,39,42,43 with a new analysis of DB and mixed
plateau/DB bursting observed in embryonic stages to understand the
full range of dynamics encoded within the embryonic pre-BötC neu-
ron model from a mechanistic, dynamical systems perspective. This
approach allows us to elucidate which model components conspire
to produce which dynamic features, and how multiple timescales
in the model contribute to the emergent dynamics. We also con-
sider how the transitions between different activity patterns occur
as parameters (NaP and CAN conductances) are varied, in order
to gain a more precise understanding of the developmental changes
needed to induce an effective transition in pre-BötC dynamics dur-
ing the prenatal period. From a mathematical perspective, the key
novel feature of this paper is a thorough analysis of mixed burst-
ing dynamics that includes repeatedly alternating N, DB, and N + C
bursts. Although this pattern arises on a relatively limited parame-
ter region, it is the critical form of dynamics for understanding what
factors, on each cycle, determine which type of burst emerges. Once
we explain this core selection mechanism, we can understand how
parameter changes move the model between regimes with different
types of bursting represented, which is a key point for how pre-BötC
neuron dynamics evolves developmentally.

The remainder of the paper is organized as follows. The single-
compartment embryonic pre-BötC neuron model developed in
Ref. 4 is described in Sec. II. In Sec. III, we discuss a classification of
bursting types in this model that are characterized by different val-
ues of the conductances gNaP and gCAN. Section IV uses a bifurcation
analysis to uncover the mechanisms underlying the three bursting
patterns that were observed in experimental recordings. In Sec. V,
we investigate how variations of the CAN and NaP conductances
induce transitions between different activity patterns in the model.
The paper ends with a discussion in Sec. VI.

II. MODEL

Following past work,39,40 Chevalier et al. proposed an embry-
onic pre-BötC neuron model that includes key experimentally
identified voltage-gated currents as well as intracellular calcium
dynamics. The dynamics of this model is given by the following
equations:

Cm

dV

dt
= −INaP − INa − IK − ICa − ICAN − IL,

dn

dt
= (n∞(V) − n)/τn,

dh

dt
= (h∞(V) − h)/τh,

dCai

dt
=

fi

Vi

(

1

λ
(JPMin − JPMout) + (JERin − JERout)

)

,

dCatot

dt
=

fi

Vi

(

1

λ
(JPMin − JPMout)

)

,

dl

dt
= A(Kd − l(Cai + Kd)),

(1)
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with currents

INaP = gNaPmp∞(V)h(V − VNa),

INa = gNam
3
∞(V)(1 − n)(V − VNa),

IK = gKn4(V − VK),

ICa = gCamp∞(V)(V − VCa),

ICAN = gCANCAN∞(Cai)(V − VNa),

IL = gL(V − VL),

(2)

additional kinetic functions

x∞ =
1

1 + exp((V − Vx)/sx)
, x ∈ {mp, m, n, h},

τy = τ̄y/ cosh((V − Vy)/2sy), y ∈ {n, h},

CAN∞(Cai) =
Cai

Cai + KCAN

,

(3)

and calcium-related terms

JPMin = −αICa,

JPMout = VPMCA

Ca2
i

K2
PMCA + Ca2

i

,

JERin =

(

LIP3 + PIP3

[

[IP3]Cail

([IP3] + KI)(Cai + Ka)

]3
)

(CaER − Cai),

CaER =
Catot − Cai

σ
,

JERout = VSERCA

Ca2
i

K2
SERCA + Ca2

i

.

(4)
The model (1)–(4) describes the evolution of voltage V, the

voltage-dependent gating variables n, h, and calcium-related vari-
ables. For the former group, model dimensionality is reduced using
the standard steps of treating sodium activation as instantaneous
and imposing a linear relation between the inactivating of the fast

(i.e., not persistent) sodium current and the activation of the potas-
sium current, based on the nearly linear path that spiking trajectories
trace out when projected to the space of these two gating variables
in the full Hodgkin–Huxley model.14,27 To reduce the number of
parameters, the activation of ICa was chosen to be the same as the
activation function mp∞ for INaP, as in previous models,4,40 and we
also followed past work22,39,40 in setting the reversal potential of ICAN

equal to VNa, reflecting a dominant sodium contribution to this
current. The calcium-related variables comprise the intracellular cal-
cium concentration Cai, the combined intracellular and endoplas-
mic reticulum (ER) calcium concentration Catot, and the fraction
l of IP3 channels that have not been inactivated, which modulates
the flux of calcium between the ER and cytosol. In addition to IP3,
the calcium dynamics depend on the activity of SERCA and plasma
membrane (PMCA) pumps. In this paper, we call (V, n, h) the volt-
age subsystem and (Cai, Catot, l) the calcium subsystem. Values for
parameters other than gNaP, gCAN are given in Table I; for addi-
tional details on the biology underlying the model, see Refs. 4, 22,
and 39. Note that when [IP3] = 1, Cai in the calcium subsystem
oscillates.

III. SIMULATION RESULTS

Past works22,39,42 have shown that the model (1)–(4) can pro-
duce dynamically different bursting behaviors as values of the con-
ductances gNaP, gCAN are varied. When there are no Ca2+ oscillations
and persistent sodium is in the bursting range, where INaP alternates
between activation and inactivation, we refer to the bursting as INaP-
dependent (N) bursting. However, for parameters given in Table I,
the model (1)–(4) produces Ca2+ oscillations. Hence, in this work,
N bursting only occurs when gCAN = 0 nS so that the system is inde-
pendent of calcium oscillations and gNaP is in the bursting range.
When gCAN 6= 0 nS and gNaP is in the sub-oscillatory range where
INaP is not activated, we refer to the bursting relying only on ICAN

as ICAN-dependent (C) bursting. When gCAN 6= 0 nS and gNaP is in
the oscillatory bursting range, we refer to bursting that features a
jump in Cai as INaP + ICAN-dependent (N + C) bursting. As noted
in Sec. I, all of these burst types are referred to as plateau bursting.

TABLE I. The parameter values for the model (1)–(4).

Parameters related to

INaP Vh =−48 mV; Vmp = −40 mV; smp = −6 mV;
sh = 5 mV; τ̄h = 10 000 ms;

INa gNa = 28 nS; Vm = −34 mV; Vn = −29 mV; sm = −5 mV;
sn =−4 mV; τ̄n = 10 ms; VNa = 50 mV

IK gK = 11.2 nS; VK =−65 mV
ICa gCa = 0.05 nS; VCa = 150 mV; α = 0.055 µM/fC;

VPMCA = 2 µM/ms; KPMCA = 0.3 µM
ICAN KCAN = 0.74 µM
IL gL = 2.7 nS; VL =−60 mV

ER Ca λ = 0.04; fi = 0.0001; Vi = 4; [IP3] = 1 µM; A = 0.0005 µM/ms;
VSERCA = 400 µM/ms; KSERCA = 0.2 µM; σ = 0.185; LIP3 = 0.37/ms;

PIP3 = 31 000 /ms; KI = 1 µM; Kd = 0.4 µM; Ka = 0.4 µM
Other Cm = 21 pF

Chaos 30, 043127 (2020); doi: 10.1063/1.5138993 30, 043127-3

Published under license by AIP Publishing.

https://aip.scitation.org/journal/cha
Yangyang Wang
Highlight



Chaos ARTICLE scitation.org/journal/cha

TABLE II. Example parameter values supporting each burst type.

Bursting type (V, n, h) behavior Coupling from Cai

INaP-dependent gNaP = 2.5 nS gCAN = 0 nS
ICAN-dependent gNaP = 1 nS gCAN = 1 nS
Depolarization block gNaP = 2.5 nS gCAN = 2.5 nS
INaP-dependent/INaP + ICAN-dependent gNaP = 4 nS gCAN = 0.5 nS
INaP-dependent/depolarization block gNaP = 4 nS gCAN = 2 nS
Mixed (INaP-dependent/depolarization block/INaP + ICAN-dependent) gNaP = 2.5 nS gCAN = 1 nS

Alternatively, bursting with a group of rapid spikes followed by a
depolarized silence is referred as depolarization block (DB) bursting.
These bursting behaviors can also occur in various combinations
for fixed parameter values. Examples of these bursting types and
parameter values used to obtain them are given in Table II and
Fig. 1.

When the voltage subsystem decouples from the calcium
dynamics at gCAN = 0 nS, increasing gNaP leads to the transition from
silence to N bursting. When gCAN is relatively small, the increase of
gNaP causes the transition from silence to N + C bursting [Fig. 1(a),
gray shaded area in the lower left corner; e.g., when gNaP = 2 nS,
gCAN = 0.5 nS] to INaP-dependent/INaP + ICAN-dependent (N/N +

(a)

(b) (c)

FIG. 1. The type of bursting activity is determined by parameter values gNaP and gCAN. (a) The range of gNaP and gCAN for different types of activity patterns in the model (1)–(4).
White color represents silence, and other colors are bursting. (b) For gNaP = 2.5 nS, the model neuron generates a DB bursting discharge (gCAN = 2.5 nS, top); a mixed
bursting pattern consisting of INaP-dependent (N), DB, and INaP + ICAN-dependent (N + C) bursting types (gCAN = 1 nS, middle); and an N bursting pattern (gCAN = 0 nS,
bottom). (c) For gNaP = 4 nS, the model neuron generates mixed bursting patterns consisting of N and DB bursting (gCAN = 2 nS, top) and solution patterns consisting of N
and N + C bursting (gCAN = 0.5 nS, middle). When gNaP = gCAN = 1 nS, an ICAN-dependent (C) bursting pattern is produced (bottom); note the elongated time axis in the
bottom panel. All patterns repeat periodically.
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C) bursting consisting of a sequence of N bursts followed by a N + C
burst [Fig. 1(a), red shaded area in the lower right corner; Fig. 1(c)
middle panel]. Starting from the red region with N/N + C bursting
solutions for which the voltage compartment is itself burst-capable
at low Cai and transits to the long (N + C) burst as Cai jumps up,
the increase of gCAN leads to the transition from N/N + C bursting
to INaP-dependent/depolarization block (N/DB) bursting and even-
tually to pure DB bursting. This transition occurs because calcium
oscillations contribute more and more significantly to a sustained
shift in the membrane potential as gCAN increases. Figure 1 also
implies that for any gNaP, a large enough value of gCAN always leads
to a DB bursting solution. Notice that although Fig. 1 does not cover
the regime where gNaP is large, it follows from Ref. 42 that burst-
ing dynamics in the voltage subsystem will eventually give way to
tonic spiking for large enough gNaP. Recall that the model (1)–(4)
always exhibits Ca2+ oscillations. Hence, a transition from N/N + C
[Fig. 1(a), red shaded area] to N + C dynamics for gCAN relatively
small or a transition from N/DB [Fig. 1(a), orange shaded area] to
DB bursting for intermediate gCAN values will occur as gNaP becomes
large enough.

Last, a mixed bursting (MB) pattern that consists of alternat-
ing INaP-dependent, DB, and INaP + ICAN-dependent bursts exists in a
small green region in Fig. 1(a) [see also the middle panel of Fig. 1(b)].
Such mixed bursting solutions have sensitive dependence to gNaP

and gCAN, a small change of which can lead to the transition from
mixed bursting to C, N/N + C, N/DB, or DB bursts in the full
model. Mathematically, this parameter sensitivity is suggestive of an
organizing center of the model dynamics in the parameter space.

IV. BIFURCATION ANALYSIS

Our analysis depends on exploiting the presence of differ-
ent timescales. As a first step, we rescale the variables to explicitly
identify the important timescales. We define new dimensionless
variables (v, c, ctot, τ) and voltage, calcium, and time scales Qv, Qc,
and Qt, respectively, such that

V = Qv · v, Cai = Qc · c, Catot = Qc · ctot, t = Qt · τ .

Note that n, h, and l are already dimensionless in (1).
Details of the nondimensionalization procedure, including the

determination of appropriate values for Qv, Qc, Qt, are given in the
Appendix. From this process, we obtain a dimensionless system of
the form

Rv

dv

dτ
=: f1(v, n, h, c),

Rn

dn

dτ
=: g1(v, n),

Rh

dh

dτ
=: h1(v, h), (5)

Rc

dc

dτ
=: f2(v, c, ctot, l),

Rctot

dctot

dτ
=: g2(v, c),

Rl

dl

dτ
=: h2(c, l),

where R∗ are given in (A3) in the Appendix. Timescales of the
variables in (1) are summarized in Table III.

This nondimensionalization result suggests that V, n evolve on
a fast timescale, Cai evolves on a slow timescale, and h, Catot, l evolve
on a superslow timescale. The voltage subsystem (V, n, h) is, there-
fore, a fast–slow subsystem and the calcium subsystem (Cai, Catot, l)
is a slow–superslow subsystem. To analyze the dynamics of model
(1)–(4), we follow Refs. 42 and 43 to first use fast–slow decomposi-
tion to study the voltage subsystem and then consider the effect of
the calcium subsystem on the resulting bifurcation diagram by using
2-parameter bifurcation diagrams. In order to understand the mixed
bursting solution that consists of three different types of bursting,
we go beyond a traditional fast–slow decomposition by considering
the competition between rates of changes of Cai and h in different
regions of the phase space (see Sec. IV C).

In the following, we use a bifurcation analysis to illustrate
the underlying mechanisms of the INaP-dependent bursting pat-
tern occurring when gNaP = 2.5 nS, gCAN = 0 nS [Fig. 1(b), bottom
panel] in Sec. IV A, the depolarization block bursting pattern when
gNaP = 2.5 nS, gCAN = 2.5 nS [Fig. 1(b), top panel] in Sec. IV B, and
the mixed bursting pattern arising when gNaP = 2.5 nS, gCAN = 1 nS
[Fig. 1(b), middle panel] in Sec. IV C.

A. Bifurcation analysis for the INaP-dependent
bursting solution

Since the (V, n, h) subsystem decouples from the calcium
dynamics when gCAN is 0, we can determine the mechanisms under-
lying INaP-dependent bursting directly from the bifurcation diagram
of the (V, n, h) system as shown in Fig. 2. Fast–slow decomposi-
tion analysis can be performed by treating the slow variable h as
a bifurcation parameter for the fast subsystem encompassing the
dynamics of the remaining variables (V, n). The resulting bifurca-
tion diagram (Fig. 2, right) includes an S-shaped curve of equilibria
(S) and a family of stable periodic orbits (P) for the (V, n) system.
In fact, an unstable family of periodic orbits emanates from S in
an Andronov–Hopf bifurcation (HB), and this family meets P in
a saddle node of periodic orbits bifurcation (SNPO). P exists for
h values below this SNPO, down to a minimal value where P ter-
minates in a homoclinic bifurcation (HC). S itself turns around at
two saddle-node or fold bifurcations. This structure shows that the

TABLE III. Timescales for the model (1).

V n h Cai Catot l

O(1) ms O(0.1) ms O(1000) ms O(10) ms O(1000) ms O(1000) ms
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FIG. 2. The INaP-dependent bursting solution produced by the system (1)–(4) when gCAN = 0 nS, gNaP = 2.5 nS. Left: Voltage time series for one burst cycle. Right: Projection
onto the (h, V)-space of the burst trajectory (black) shown in the left panel and the bifurcation diagram for the fast (V , n) subsystem with respect to h, along with the h-nullcline
shown in cyan. The S-shaped curve (S) (grey; solid where attracting, dashed otherwise) denotes the fixed points of the V , n equations in (1) with h taken as a constant
parameter, and the blue curve shows the maximum and minimum V along two families of periodic orbits, an unstable one born at the subcritical Andronov–Hopf bifurcation
(HB, blue dot) and a stable one (P) that coalesces with the unstable one at a saddle node of periodic orbits (SNPO) bifurcation. HC denotes a homoclinic bifurcation in which
P terminates. The curve S intersects the h-nullcline at three unstable fixed points of the full model (1).

fast subsystem (V, n) has three possible stable states: a low voltage
equilibrium state that extends over a wide range of h values, a high
voltage equilibrium state that exists for large enough h, and an oscil-
latory state that overlaps with the other two. Next, we impose the
slow dynamics on top of this fast subsystem structure to understand
the full system behavior that emerges in this parameter regime.

Consider the position of the h-nullcline in relation to the fast
subsystem bifurcation diagram. The lowest intersection point lies
in the middle branch of S, yet at an h value below the HC bifur-
cation; hence, the INaP-dependent bursting that the system exhibits
is in fact a square-wave bursting solution, consisting of a slow drift
to the right along the lower branch of S, a fast jump to the periodic
orbit branch P at the lower fold of S, fast oscillations along P accom-
panied by a slow drift to the left in h, and a fast jump back down to
the lower branch of S near HC on each cycle.

B. Bifurcation analysis for the depolarization block
(DB) bursting solution

When gNaP = gCAN = 2.5 nS, system (1) features a bidirectional
coupling between V and Cai and produces DB bursting dynamics
[Fig. 3(a)]. We explain the underlying mechanisms from the per-
spective of how the voltage subsystem (V, n, h) is driven by the
calcium subsystem (Cai, Catot, l). The analysis should proceed in
three steps: (1) investigate the INaP-based mechanism underlying
the continuous spiking in black generated by the voltage subsys-
tem through a bifurcation analysis, (2) explore the transition from
spiking to the DB by studying the effect of the calcium subsystem
on the resulting bifurcation structures, and (3) study the calcium
dynamics produced by the calcium subsystem by considering how
it is impacted by voltage. We point to Sec. IV A for the analysis in
step (1) and only illustrate our results for steps (2) and (3).

Note from Eq. (2) that gCAN multiplies an increasing function of
Cai. Hence, although gCAN is now larger than in Sec. IV A, for small
Cai, the bifurcation diagram of the (V, n) fast subsystem with respect

to h is the same as in Fig. 2, right. Due to the coupling effect of Cai

on the voltage subsystem, increasing Cai moves S and P to smaller h
values. Figure 3(c) shows specific examples with Cai at its minimum
(gray) and maximum (blue) observed over a DB burst cycle, while
Fig. 3(d) shows how the key bifurcation points in this diagram vary
with continuous variation of Cai. Note that as Cai increases toward
about Cai = 0.1 µM, the SN curve meets the HC curve, correspond-
ing to a switch in the termination of the stable periodic orbit family
P from a standard HC bifurcation to a saddle node on an invariant
circle (SNIC) bifurcation [although for simplicity, we maintain the
HC label in Fig. 3(d)].

Given these effects, we can now consider the dynamics of the
full system when h and the calcium variables evolve along with V and
n. The four panels of Fig. 3 show different views of a DB burst cycle,
with key points marked by colored symbols that appear in all of the
plots. Starting from the yellow star when Cai is at its minimum, the
trajectory moves on the superslow timescale associated with h along
the stable lower branch of S to the increasing h direction until it
reaches the lower fold (SN) at the green circle. We must also con-
sider the dynamics of the calcium subsystem during this slow drift.
In that subsystem, Cai is the slow variable, but the projection of the
trajectory to (Cai, Catot, l) lies on the Cai-nullsurface [Fig. 3(b)]. This
nullsurface does depend on V, but there is little change in V since V
remains hyperpolarized and is slaved to h, and hence there is little
change in Cai.

The situation changes when the trajectory reaches the fold of
S, where the fast (V, n) dynamics causes the trajectory to jump up to
the stable periodic orbit branch, after which it exhibits voltage spikes
and drifts to the left under the h dynamics since the trajectory stays
above the h-nullcline [Fig. 3(c)]. Such spiking (black) continues for
some time until the trajectory is attracted to a stable segment of the
upper branch of S, causing a switch from voltage spikes to a voltage
DB (red).

We claim that the transition from spiking to DB is induced by
the jump up of Cai. To understand this, we consider the effect of Cai
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FIG. 3. Simulation of one cycle of the DB bursting solution generated by (1), together with the basic structures of voltage and calcium subsystems, for gCAN = gNaP = 2.5 nS
and other parameters at default values. The yellow star denotes the starting point of the solution cycle shown. The green dot and the blue star indicate where the trajectory
intersects the SN bifurcation and the HB bifurcation in the (h, Cai)-space, as shown in (d). The pink dot indicates where the trajectory intersects the transition curve [the
pink curve near the l-nullsurface in (b)]. (a) Temporal evolution of V . (b) Nullsurfaces of Cai (blue) and l (yellow) for the calcium component with V at its minimum in the
(Cai, Catot, l)-space. The increase of V will move the Cai-nullsurface to the lower right but will not affect the l-nullsurface. The colorful curve denotes the trajectory from (a).
When the transition curve is reached at the pink dot, the trajectory intersects the saddle-node curve of the Cai nullsurface [in the full (V , Cai, Catot, l)-space]. (c) The trajectory
from (a) and the effect of Cai on the bifurcation diagram for the (V , n) system, projected onto the (h, V)-space, along with the h-nullcline (cyan). Increasing Cai results in a
shift of the bifurcation diagram to the upper left (gray to blue) and changes the fixed point in the upper branch of S from unstable to stable as Cai increases above 0.2856µM.
(d) The curves of the homoclinic bifurcation (HC, magenta), saddle-node (SN) bifurcations corresponding to the lower fold of S (green), the Hopf bifurcation curve (HB, blue),
the SNPO bifurcation curve (brown), and the trajectory in the (h, Cai) space.

on the voltage subsystem. We return to the 2-parameter bifurcation
diagram in the (h, Cai)-space generated by treating Cai as the second
bifurcation parameter for (V, n) and following in (h, Cai) the criti-
cal bifurcation points including HC, SN, HB, and SNPO from the
1-parameter bifurcation diagram [see Fig. 3(d)]. In the (h, Cai)-space,
the trajectory moves rightward from the yellow star and starts oscil-
lating as it passes the SN curve at the green dot. When Cai jumps
up (the cause of which we consider below), the trajectory in (h, Cai)

crosses the SNPO curve and reaches its maximum Cai value. As a
result, the trajectory lies on the right side of the SNPO when viewed
in the (h, V)-space [see Fig. 3(c)] and, therefore, spirals into the
attracting part of the upper branch of S and transitions to the DB
phase. During this DB, a slow decrease of Cai occurs as the trajec-
tory in the (Cai, Catot, l)-space evolves along the right branch of the
Cai-nullsurface [see Fig. 3(b)]. This slow drift will bring the trajec-
tory in the (h, Cai)-space back across the HB curve at the blue star

in Fig. 3(d). This crossing results from a rightward shift of the fast
subsystem structures in the bifurcation diagram in the (h, V)-space
[see Fig. 3(c)] such that the trajectory that travels to the left crosses
the HB bifurcation at the blue star and reaches the unstable portion
of the upper branch of equilibria on S. As a result, the trajectory spi-
rals away from this branch and jumps back to the lower branch of
S, where it returns to the yellow star. It follows that the timing of
the exit from the DB phase should correspond to a way-in/way-out
phenomenon,6,7,18,19 rather than being immediate upon a crossing of
the HC bifurcation curve.

Finally, we investigate how the jump up of Cai occurs. To do
so, we compute a bifurcation curve corresponding to the fold of the
equilibrium solution of the Cai equation by treating V and (Catot, l)
as fixed parameters. Specifically, we vary the latter two simultane-
ously along a one-dimensional curve (the solution curve of the full
system) in a two-dimensional space. When the trajectory projected
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FIG. 4. Parameters are as in Fig. 3 except Cai is ten times faster, and h, Catot , l are half as fast as before. (a) Temporal evolution of V . (b) Projection of the bursting solution
from the left panel onto the 2-parameter bifurcation diagram in the (h, Cai)-space. Symbols all have the same meaning as in Fig. 3. The delay in time between the jump up
of Cai and the jump up of V and the delay between the jump up of Cai and the beginning of DB are both shorter than the delays in Fig. 3.

to the (Cai, Catot, l)-space crosses this transition curve [Fig. 3(b),
pink curve] at the pink dot, the trajectory reaches the fold of the Cai-
nullsurface, which will initiate a slow jump of the trajectory to larger
Cai if the timescale separation between Cai and Catot, l is big enough.
However, note that Cai is ten times slower than V (see Table III). As
a result, multiple additional voltage spikes occur after the crossing
of the pink dot before the Cai value becomes large enough to initiate
the DB.

1. Timescale analysis

Past work1,30 has shown that DB bursting can be produced by
two timescale dynamical systems. To identify how many timescales
are needed for DB bursting in model (1), we speed up Cai so
that V, n, Cai evolve on the fast timescale. As a result, model (1)
reduces to a two timescale system. Figure 4 shows that exaggerat-
ing the timescale separation between the new fast classes (V, n, Cai)
and the superslow classes (h, Catot, l) still preserves the DB burst-
ing dynamics. This suggests that DB bursting in this paper is also
a two timescale phenomenon. Since Cai is now evolving on a fast
timescale, the time difference between the green dot and the pink
dot and the number of spikes before the depolarization block phase
are significantly reduced.

Note that there is a small gap between the SN and HC
curves in the (h, Cai)-space [see Fig. 3(d)]. As discussed in Refs. 42
and 43 and illustrated in Fig. 5, if Catot and l are made slower than h,
then the trajectory in (h, Cai) is able to cross the gap multiple times,
with each crossing taking long enough to allow for a brief N (square-
wave) burst so that there are multiple N bursts before the DB burst.
This adjustment hence leads to the transition from the regime of
DB bursting solutions, with one episode of rapid V spikes between
each depolarization block event, to the regime of N/DB bursting
solutions, which feature multiple full N bursts between DB bursts.
Although the example in Fig. 5 is exaggerated, this type of pattern
is seen experimentally.4 Later, we will discuss another mechanism
that can produce related mixtures of N and DB bursting when gNaP

is increased.

C. Bifurcation analysis for the mixed bursting (MB)
solution

In this section, we consider the mixed bursting dynamics
[Fig. 6(a)] produced by (1) for gCAN = 1 nS, gNaP = 2.5 nS with all
the other parameters at their default values (Table I). While the
model can generate a variety of mixed bursting solutions across
different parameter sets, for the case that we consider, one cycle
of the mixed bursting solution consists of one INaP-dependent (N)
burst (shown in red), one depolarization block (DB) burst (shown
in yellow), and one INaP + ICAN-dependent (N + C) burst (shown
in black). That is, we consider a mixed bursting pattern that is at
the core of the model dynamic repertoire, in that it features regular
alternations of the three primary model behaviors. The mechanisms
underlying the pure N bursting and pure DB bursting solutions
have been explained in detail in Secs. IV A and IV B. The N + C
bursting solution depending on both INaP and ICAN has been well
studied across multiple past works.22,39,42,43 In order to understand
how the mixed bursting solution arises in (1), we, therefore, only
need to understand how the transitions between the three different
bursts within each mixed bursting cycle occur. We note that sim-
ilar mixed bursting solution patterns have also been observed and
studied in other respiratory neuron models. By applying bifurcation
analysis and fast–slow decomposition, Refs. 42 and 43 explained the
mechanisms underlying a mixed N/N + C bursting solution that
consists of N + C bursts separated by sequences of N bursts. It was
shown that the transition from the N burst to the N + C burst in
the mixed N/N + C bursting solution is associated with the calcium
dynamics.

In the following, we uncover the mechanisms underlying the
mixed bursting solution produced by (1) [see Fig. 6(a)] in two steps:
First, we demonstrate directly that the transitions between N, DB,

and N + C bursting solutions in the mixed bursting solution are
also related to the calcium dynamics. Specifically, the N burst (red
burst) results because it has the slowest evolution of Cai relative
to h; faster changes in Cai relative to h lead to the transition from
the N burst to the DB burst (yellow burst), whereas a moderate
rate of change of Cai relative to h after the DB bursting solution
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FIG. 5. Simulation of one cycle of the
N/DB bursting solution, produced by (1)
for the same parameter values as in
Fig. 3 except we make Catot and l ten
times slower than h. Left: Temporal evo-
lution of V . Right: Projection of the N/DB
bursting solution onto the 2-parameter
bifurcation diagram in the (h, Cai)-space,
the same as shown in Fig. 3(d). The
cyan curve denotes the fixed points
of the (V , n, h) subsystem with stable
(unstable) branches drawn as solid/thick
(dashed/thin) curves.

results in the transition to the N + C bursting solution (black burst).
Second, we explain the factors that result in these modulations of
the relative rate of change of Cai across the course of the burst
cycle.

1. Different evolving rates of Cai relative to h lead to
different types of bursts in the mixed bursting
solution

Among the three bursts of the mixed bursting solution shown
in Fig. 6(a), the red burst has the slowest movement of Cai rela-
tive to h. As a result, the red trajectory projected to the (h, Cai)

parameter space can cross the SN and HC bifurcation curves to form
an N burst without any jump up in Cai [see Fig. 6(b)]. In contrast,
the trajectories of the subsequent two bursts in the (h, Cai)-space

[Fig. 6(b), yellow/cyan and black curves] jump to larger Cai values
before traversing from the SN to the HC curve because they have
faster changes in Cai relative to h compared with the N bursting
case. Hence, both bursts occur along with a jump up of Cai, result-
ing in either DB or N + C solutions. Figure 6(b) shows that both
the yellow and black trajectories cross the SNPO bifurcation curve
in the (h, Cai)-space. As discussed in the pure DB burst case, such
a crossing naturally leads to DB bursting solutions (e.g., the yellow
DB burst solution) because after it occurs, the only fast subsystem

(a) (b)

(c) (d)

FIG. 6. Simulation of one cycle of
the mixed bursting solution generated
by (1), together with the basic struc-
tures of subsystems (V , n, h), for gCAN
= 1 nS, gNaP = 2.5 nS, and other
parameters as default. (a) Temporal
evolution of V . (b) Projection of the
trajectory from (a) and 2-parameter
bifurcation curves of HC, SN, HB, and
SNPO onto the (h, Cai)-space. (c) The
DB burst solution trajectory (yellow)
and the effect of Cai on the bifurcation
diagram for the (V , n) system, projected
onto the (h, V)-space. (d) The N + C
burst solution trajectory (black) and the
effect of Cai on the bifurcation diagram
for the (V , n) system, projected onto the
(h, V)-space. Color coding and symbols
have the same meaning as in Fig. 3.
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attractor is the equilibrium state at elevated voltage. However, the
crossing between the black trajectory and the SNPO curve gives
a N + C burst rather than a DB burst. To understand the differ-
ence between the two crossings, we make use of the 1-parameter
bifurcation diagram of the (V, n) fast subsystem with h treated as
a parameter [see Figs. 6(c) and 6(d)]: the gray (respectively blue)
curve denotes the bifurcation diagram of the voltage subsystem that
is obtained for Cai at 0.014 µM (respectively 0.8 µM). We can see
that as Cai increases, the bifurcation diagram will shift to the left.

Since the yellow burst has the fastest changes in Cai relative
to h among the three bursts, the moving periodic orbit family, as
it evolves from the gray position to the blue due to the increase of
Cai, completely overtakes the yellow trajectory [see Fig. 6(c)]. After
that, the trajectory jumps down to the attracting part of the upper
branch of S (blue) to form a DB, as shown in dark cyan. As explained
in the pure DB bursting case in Sec. IV B, the DB will then be ter-
minated after passage through the HB bifurcation as Cai decreases
again. On the other hand, the black burst is accompanied by a mod-
erate rate of change of Cai relative to h so that although the trajectory
still crosses the SNPO bifurcation as in the yellow burst, it is not
fully overtaken by the leftward moving periodic orbit to form a DB
[see Fig. 6(d)]. Instead, the black burst trajectory in the (h, V)-space
tracks along with the leftward moving periodic orbit family during
the increase of Cai, resulting in a decrease in the spike amplitude,
and then tracks along with the rightward moving periodic orbit as
Cai later decreases, resulting in a ramping up of spike amplitude. As
the trajectory eventually passes the HC bifurcation curve, it jumps
back to the lower branch of S.

2. Why Cai changes at a different rate relative to h at
the start of the different burst types

It remains to explain why Cai evolves at different rates at the
onsets of the three bursts. To this end, we plot the projection of
the mixed bursting solution onto the (Cai, Catot, l)-space and the
(Catot, l)-space in Fig. 7. From Fig. 7(b), we can see that Catot and
l are smallest at the beginning of the N burst (red star), largest at the
beginning of the DB burst (yellow star), and moderate at the begin-
ning of the N + C burst (black star). In the following, we use Fig. 7(a)
to understand the changes of Catot and l values across the burst cycle.
We end the section by showing that these changes are the key fac-
tors that lead to different relative evolving rates of Cai in different
bursts.

Before explaining the changes of Catot and l values across the
burst cycle, we need to have a better understanding of the way-
in/way-out effect in the DB burst as the voltage is pinned along the
upper branch of S [see Fig. 6(c), dark cyan curve]. In Fig. 7(a), as the
trajectory of the yellow burst reaches the fold of the Cai-nullsurface,
the trajectory jumps to the right branch of the Cai-nullsurface [this is
difficult to see in Fig. 7(a) due to the overlap of the yellow and black
curves, but it can be seen as the switch in (Catot, l) from increas-
ing to decreasing in Fig. 7(b)]. After the jump, the DB trajectory
(cyan) travels along the right branch of the V-dependent family of
Cai-nullsurfaces until passing the curve of lower folds and jumping
back to the left branch. This jump will bring the trajectory across
the HB bifurcation of the (V, n) subsystem [see Fig. 6(c)]. Due to a
way-in/way-out phenomenon as mentioned in Sec. IV B, after the

crossing, there is a delay before V jumps down to the lower branch
of the equilibria S to end the DB. Hence, in Fig. 7(a), because V is
pinned along the upper branch of the equilibria S after the jumping
down of Cai, the cyan trajectory reaches and travels along the left
branch of a Cai nullsurface that corresponds to V much larger than
−60 mV and thus lies to the right of the one plotted in Fig. 7(a).
That is, both V and Cai after the jumping down of Cai in the DB
solution are larger than at the red star (the landing point of the black
trajectory at the left branch of the Cai nullsurface at V = −60 mV).
Moreover, the extended delay time in the DB burst allows the cyan
trajectory to travel in the increasing Catot and l direction before
switching to the subsequent N + C burst at the black star.

We now explain why the Catot and l values at the red star are
smaller than that at the black star, which are smaller than those at
the yellow star [see Fig. 7(b)]. As discussed above, while the DB burst
(yellow + cyan) and N + C burst (black) trajectories jump down to
the left branch of Cai-nullsurfaces at similar values of Catot and l
[see Fig. 7(a)], Catot and l are able to increase after they reach the
minimum in the DB burst solution until the trajectory jumps to the
black star. This leads to larger Catot and l values at the black star
than at the red star. Next, we explain why Catot and l values at the
black star are smaller than that at the yellow star. This is related to
the different evolution rates of Catot and l as well as the associated
duration of time over which they evolve. Since V evolves along the
upper branch of S during the DB, ICa in JPMin stays on [see Eq. (1)]
and hence will speed up the increase of Catot in the cyan trajectory.
Now, Cai is also larger during the DB than during the N burst, but
this is a minor difference and it tends to slow down the growth not
only of Catot but also of l. Thus, the net effect of the DB is that, as
shown in Fig. 7(b), the cyan trajectory near the red star moves to
the increasing Catot direction at a faster rate, whereas the increase of
l is slower than at the red trajectory. Note that the extended delay
time in the DB burst solution (due to the way-in/way-out effect)
during which the cyan trajectory moves to the right in the (Catot, l)-
space is shorter than the duration of the full red trajectory (i.e.,
the entire N burst). That is, after reaching the minimum of Catot

and l values, there is more time for the red trajectory to travel in
the increasing Catot and l directions than the cyan trajectory. As a
result, we obtain a slightly larger Catot value and a much larger l
value at the yellow star than at the black star. These considerations,
therefore, explain the variations of Catot and l values across different
bursts.

Note that the larger the Catot and l are, the faster the Cai evolves.
Cai, therefore, evolves slowest at the red star, fastest at the yellow
star, and moderately at the black star. On the other hand, while the
h values at the black and red stars are similar, they are both smaller
than the h value at the yellow star [see Fig. 6(b)]. Hence, h at the
yellow star evolves slower than at the other two stars. Therefore,
the evolving rate of Cai relative to h is slowest at the red star, fastest
at the yellow star, and moderate at the black star, as claimed.

V. TRANSITIONS BETWEEN DIFFERENT ACTIVITY
PATTERNS

We have used bifurcation analysis to study how INaP and ICAN

interact within a single model pre-BötC neuron to generate various
activity patterns such as plateau bursting, including N, C, and N + C
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FIG. 7. gCAN = 1 nS, gNaP = 2.5 nS.
(a) Nullsurfaces for Cai and l for the cal-
cium component with V = −60mV. The
colorful curve denotes the trajectory from
Fig. 6(a). (b) Projection of the solution
from Fig. 6(a) onto the (Catot, l)-space.
Color codings and symbols are the same
as in Fig. 6.

bursting patterns, DB bursting, and mixed bursting. In this section,
we consider how the transitions between these different bursting
patterns occur as the values of the parameters gNaP and gCAN are
varied. Recall that model activity patterns over the two-parameter
(gNaP, gCAN) space are summarized in Fig. 1(a).

A. From N/N+C-bursting to N/DB bursting to pure DB
bursting with high gNaP

We fix gNaP at a high value and consider how activity patterns
change as gCAN varies. As an example, we set gNaP = 4 nS. Figure 1(a)
shows that the increase of gCAN leads to a transition from N/N + C
to N/DB to pure DB bursting dynamics. Time series of the three
solutions are shown in the left panel of Fig. 8. The right panel shows
the corresponding bifurcation diagrams in the (h, Cai) parameter
space, together with the projections of the trajectories. Increasing
gCAN causes two qualitative changes in the solution patterns: (1)
The N + C burst at the end of the N/N + C bursting solution will
be replaced by a DB burst. (2) The number of N bursts will even-
tually decrease to 0, resulting in a DB on every burst and hence
a loss of mixed bursting. Below, we use the bifurcation diagrams
shown in Figs. 8(b), 8(d), and 8(f) to explain how the two changes
occur. We have already seen in the analysis of the DB burst solution
that a DB can occur when Cai shifts the voltage subsystem bifur-
cation structure sufficiently that the trajectory crosses the SNPO
curve. As gCAN increases, less of an increase in Cai is needed to
achieve this crossing because gCAN multiplies the increasing func-
tion CAN∞(Cai) in Eq. (2). Indeed, in Figs. 8(b), 8(d), and 8(f),
we see that as gCAN increases, the projection of the SNPO curve
to the (h, Cai) plane shifts to lower Cai levels. As a result, when
gCAN is switched from 0.5 nS to 2 nS or 4 nS, the trajectory can
cross the SNPO curve, resulting in DB bursting events [e.g., see
Figs. 8(c) and 8(e)].

To see why N bursts disappear as gCAN increases, we note that
each N burst is initiated (respectively terminated) by the curve of SN
(respectively HC) bifurcations [see Fig. 8(b)]. The two curves even-
tually meet, corresponding to a curve of SNIC bifurcations.9,34 If Cai

jumps up before the trajectory reaches the HC or SNIC bifurcation
during the active phase, then a DB will occur instead of an N burst.
As gCAN increases, the projections of the HC and SNIC curves shift
to lower Cai levels. Moreover, the trajectory during the active phase
moves to the left at a slower rate since bursting initiates at smaller h

values. Hence, it takes more time for the trajectory to reach the HC
and SNIC curves. That is, a transition to a DB becomes more likely as
gCAN becomes larger. As a result, when gCAN is switched from 0.5 nS
to 2 nS, the trajectory can get above the HC and SNIC curves on
every second burst, resulting in a single N burst per cycle. A further
increase of gCAN to 4 nS allows the trajectory to cross the SNPO curve
on every burst, and hence, a pure DB bursting solution results (see
Fig. 8).

The two effects of increasing gCAN on model activity patterns
can also be used to understand how the transitions between differ-
ent bursting patterns occur for other gNaP values in Fig. 1(a): as gCAN

increases, plateau bursts (including N, C, and N + C bursts) will
eventually be replaced by the pure DB burst. For gNaP values that lie
in the mixed bursting range [Fig. 1(a), green region], the increase of
gCAN will induce more complicated transitions. For example, a tran-
sition from N/N + C to mixed bursting (N/DB/N + C) to N/DB to
DB bursting can occur for gNaP = 3 nS. In this case, in contrast to
the situation when gNaP = 4 nS, before the N + C burst is replaced
by the DB burst, they coexist, along with the N burst, for a small
range of gCAN, where mixed bursting solutions occur.

In summary, the increase of gCAN will switch the model behav-
ior from plateau bursts to DB bursts by altering the position of the
HC, SNIC, and SNPO curves in the (h, Cai) plane. Depending on the
gNaP value, this transition can occur directly or indirectly through
mixed plateau/DB dynamics.

B. From pure DB bursting to N/DB bursting with
intermediate gCAN

In this section, we consider various fixed values of gCAN and
explore the effect of gNaP on activity patterns. As discussed in Sec.
V A, for gCAN sufficiently large, only DB bursts occur, and hence,
variation of gNaP within the range (0, 5) will not introduce any transi-
tion of activity patterns [see Fig. 1(a)]. We hence explore transitions
that occur for gCAN smaller than 3.5 nS. For example, when gCAN =

2 nS, the increase of gNaP leads to the transition from a pure DB burst
to a N/DB burst, as shown in Fig. 9. The pink dots in Fig. 9 have the
same meaning as in Fig. 3: these indicate where the jump up of Cai

occurs. The solid (respectively dotted) cyan curves in the panels in
the right column denote the stable (respectively unstable) equilibria
of the (V, n, h) subsystem.
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FIG. 8. Simulation of one cycle of bursting solution, produced by (1) with parameters gNaP = 4 nS and (a) and (b) gCAN = 0.5 nS, (c) and (d) gCAN = 2 nS, and (e) and (f)
gCAN = 4 nS. Left: Temporal evolution of V . Right: Projection of the solution (black) from the left onto the (h, Cai)-space, together with bifurcation curves of HC, SN, HB, and
SNPO. Color codings and symbols have the same meaning as in Fig. 3.

When gNaP is low, the (V, n, h) subsystem has a stable equi-
librium point for each sufficiently small value of Cai [Fig. 9(b),
solid cyan curve]. Starting from the yellow star, the trajectory trav-
els rightward to the stable SS curve until Cai jumps up to a larger
value at the pink dot. This jump brings the trajectory across the
SNPO curve, resulting in a DB as discussed before. Hence, the model

exhibits pure DB bursting solutions for low gNaP values. In contrast
to the DB bursting solution in Sec. IV B, where the jump up of Cai

follows the elevation of voltage, here jumping up of Cai occurs first,
leading to a voltage increase.

For large gNaP values, the (V, n, h) subsystem lacks a stable equi-
librium point and exhibits bursting dynamics when Cai is small
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FIG. 9. Simulation of one cycle of burst-
ing solution, produced by (1) with param-
eters gCAN = 2 nS and (a) and (b) gNaP
= 0.5 nS, (c) and (d) gNaP = 2 nS, and
(e) and (f) gNaP = 4 nS [same as Figs.
8(c) and 8(d)]. Left: Temporal evolution of
V . Right: Projection of the solution (black)
from the left onto the (h, Cai)-space,
together with bifurcation curves of HC, SN,
HB, and SNPO and the fixed points SS
of the (V , n, h) system (cyan; solid where
attracting, dashed otherwise). Color cod-
ings and symbols have the same meaning
as in Fig. 3.

[see Figs. 9(e) and 9(f)]. As a result, one or more N bursts can occur
before the jump up of Cai yields a depolarization block. Hence, the
N/DB bursting solution results.

For intermediate gNaP values [e.g., gNaP = 2 nS in Figs. 9(c)
and 9(d)], the fixed point of the (V, n, h) voltage system switches
its stability during the silent phase of calcium. Specifically, starting
with low calcium, the voltage system is in a quiescent mode, with low
voltage, while the trajectory advances in the direction of increasing
h. After the trajectory crosses the SN curve, the system switches to
a potential N burst. In this intermediate case, however, before the
trajectory can cross the HC curve and terminate the burst, it jumps
up to the elevated branch of Cai values [Fig. 9(d)]. Hence a pure DB
bursting solution results.

One natural question to ask is why the trajectory in the case of
gNaP = 4 nS is able to cross the gap between the SN and HC curves to
form an N burst, whereas the trajectory when gNaP = 2 nS fails to do
so before Cai jumps up. To answer the question, we note that with
increased gNaP, lower h and Cai are needed to initiate the burst at
the SN curve. Notice that the lower level of h corresponds to a faster
increasing rate of h and hence it takes less time for the trajectory to
reach the SN curve. As a result, less Catot and l can be built up before
bursting occurs at the SN bifurcation. This leads to a slower rate of
change of Cai, as discussed in Sec. IV C. That is, as gNaP increases, Cai

increases slower at the SN curve, and hence, N bursts become more
likely to occur. Note that as gNaP increases, h also decreases slower
after the trajectory crosses the SN curve, as discussed in Sec. V A.
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However, the slower increase of Cai dominates and allows the tra-
jectory to cross the HC curve before it can jump up to the SNPO
curve in the case when gNaP = 4 nS.

To summarize, for gCAN = 2 nS, the N burst will arise as gNaP

becomes large enough. Moreover, in contrast to the sensitivity of
the DB to variations of gCAN, the maintained depolarization in the
solution persists as gNaP increases from 0.5 nS to 4 nS. This is because
while the SNPO curve shifts to lower h levels as gNaP increases, the
trajectory makes the same shift and hence is still able to cross the
SNPO curve as Cai jumps. Hence, INaP is less important for the DB
burst than ICAN, as observed experimentally.4

Alternatively, when gCAN is smaller but not too small (e.g.,
gCAN = 1.0 nS), the model can produce a C burst at a small gNaP value
rather than a DB burst because even a jump in Cai is not strong
enough to bring the trajectory across the SNPO curve. Starting from
the C bursting regime (e.g., gNaP = 0.5 nS, gCAN = 1 nS), an increase
of gNaP that shifts the SNPO curve to lower Cai levels can make the
crossing happen; that is, a transition from a C burst to a DB burst can
occur as gNaP increases (e.g., at gNaP = 1.8 nS, gCAN = 1 nS). A fur-
ther increase of gNaP can lead to N/DB bursting, as discussed before.
Finally, for parameter values in the mixed bursting (N/DB/N + C)
regime [Fig. 1(a), green region], a crossing of the SNPO curve does
not necessarily lead to a DB; an N + C bursting solution can occur,
as seen in Sec. IV C. Hence, as the increase of gNaP takes the param-
eters across the mixed bursting region in the parameter space, some
complicated transitions can arise. For example, the transition from a
DB burst to a mixed burst (N/DB/N + C) to an N/DB burst as well
as the transition from a DB burst to an N + C burst to a mixed burst
to an N/N + C burst to an N/DB burst can happen. When gCAN is
small enough so that there is no DB, a transition from (silence to) an
N + C to N/N + C burst occurs because the increase of gNaP enables
N bursts to occur.

VI. DISCUSSION

In this work, we consider a model for burst-capable respiratory
neurons in the pre-BötC. The model that we study was proposed
by previous authors to encompass both prenatal and postnatal pre-
BötC neural dynamics and represents a suitable setting in which
to investigate changes in the pre-BötC activity across embryonic
development.4 The key results of this paper are explanations of the
dynamic mechanisms underlying multiple forms of bursting that
the model can exhibit individually or in combinations, including
the mapping from persistent sodium and CAN current conduc-
tances to emergent burst patterns. This work establishes that a
balance in these conductances supports complicated mixed burst-
ing solutions that feature repeated cycling through multiple types
of bursts, while imbalances that favor persistent sodium or CAN
currents promote square-wave bursts or bursts featuring intervals
of depolarization blocks, respectively. These results suggest that a
developmental increase in the persistent sodium conductance would
not in itself be enough to eliminate DB bursts; a reduction of the
CAN conductance appears to be essential, and the combination of
these changes at the individual cell level is predicted to be sufficient
to shift the pre-BötC neuron activity from the patterns observed
embryonically to those seen after birth.

After nondimensionalizing the model to expose the timescales
on which its components evolve, we used the methods of fast–slow
decomposition and bifurcation analysis to analyze the mechanisms
underlying various patterns of model dynamics. The model pro-
duces three main types of bursting, INaP-dependent (N), INaP + ICAN-
dependent (N + C), and depolarization block (DB) bursting, the
first of which is a form of square-wave bursting.28 Mixed bursting
(MB) solutions featuring combinations of all three burst types can
occur in certain parameter regimes, and the MB state acts as an
organizing center for model dynamics: starting from MB activity,
variations of specific parameters favor corresponding burst types
over others, and from our analysis of the mechanisms promoting
each form of bursting within the MB regime, we can understand
these parameter-dependent effects. Specifically, we showed that in
solutions with repeating burst cycles, the type of burst that emerges
on a particular cycle is determined by the levels of two slowly
evolving quantities, the combined intracellular and ER calcium con-
centration (Catot) and the fraction of non-inactivated IP3 channels
(l; Fig. 7), at the start of the cycle, and we explained the mapping
from these variables to the emergent burst types. Once we estab-
lished that relationship, we could explain why the CAN current
promotes DB bursting, via its effects on the locations of the HB
and SNPO bifurcation curves of the fast subsystem (Fig. 8), consis-
tent with previous results on CAN-based bursting.30 Similarly, we
could explain why the NaP current promotes square-wave N burst-
ing, via its effects on the SN and SNIC or HC bifurcation curves of
the fast subsystem (Fig. 9); the onset of bursting for larger persis-
tent sodium conductances occurred at lower levels of the persistent
sodium current inactivation variable h as well as with smaller values
of all of the calcium-related variables (Cai, Catot, l), allowing for the
completion of a burst without a jump up of the intracellular calcium
concentration (Cai).

Past computational work on the dynamics of individual pre-
BötC neurons has included two streams. One has focused on
the development of models that take into account successively
more biological detail. After initial models focused on single burst
mechanisms,3,30,33 subsequent models either combined mechanisms
based on persistent sodium and calcium dynamics, presenting
more complete representations,8,11,39 or honed in on specific issues
such as sigh generation40 or effects of extracellular potassium
concentration.1 Another path of study emphasizes the mathemat-
ical mechanisms underlying model dynamics, although Refs. 1, 8,
and 30 include such considerations as well. While the original model
of bursting based on the persistent sodium current3 exhibits stan-
dard square-wave bursting with a single slow variable—and indeed
represents a prime example of this form of dynamics—subsequent
models have involved two slow variables30 or else several slow vari-
ables and a third timescale. Past mathematical analysis has taken on
these issues8,22 and, in some cases, has elucidated which forms of
pre-BötC dynamics, in which models, require three timescales.42,43

The current paper advances this research direction by (1) analyz-
ing MB patterns that combine three burst types and serve as an
organizing center for many of the bursting patterns observed across
the previous models and (2) providing the first analysis of depo-
larization block (DB) bursting in a pre-BötC neuron model that
includes both INaP-dependent (persistent sodium current) and ICAN-
dependent (calcium dynamics and CAN current) burst-generating
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mechanisms. The DB solutions in this case are related to those ana-
lyzed previously in a model that included the CAN current30 but not
persistent sodium. In the earlier work, the passage of a trajectory
across a fast subsystem SNIC bifurcation curve induced burst onset,
as in parabolic bursting. The depolarization block emerged when the
trajectory passed through a fast subsystem Andronov–Hopf (AH)
bifurcation curve and ended when a second crossing of the AH curve
occurred, which resulted in additional spikes being fired before the
active phase finally terminated via a second crossing of the SNIC
curve. In our analysis, the onset of DB bursting occurs at a fast sub-
system fold bifurcation, as in square-wave bursting. The approach to
the depolarization block occurs via passage through a SNPO bifur-
cation, which is followed by a passage through an AH bifurcation
(Fig. 3). In this case, a delayed bifurcation effect prevents a return to
spiking after the AH bifurcation is crossed; when the delay wears off,
the only fast subsystem attractor available corresponds to the hyper-
polarized rest state, and thus burst termination occurs, although the
way-in/way-out analysis of the timing of this transition is beyond
the scope of this work.

In other neural settings,20,37,38,41 authors have studied a burst-
ing pattern that they called pseudo-plateau bursting, in which the
jump to the active phase is followed by damped oscillations as the
trajectory approaches a stable branch of fast subsystem high-voltage
equilibria. The DB bursting that arises here can feature an extended
spiking period before passage through an SNPO bifurcation, but
the part of the solution corresponding to the actual depolarization
block is again associated with passage along a stable equilibrium
branch. Interestingly, although we sometimes observe a bifurcation
delay effect before the transition from oscillations to depolarization
blocks, the transition is quite abrupt when it happens; explaining
this abruptness remains as an open research direction.

We do not need to distinguish three timescales to obtain the
mixed bursting solutions in this paper, a result that is consistent
with our past analysis showing that even in a three-timescale ver-
sion of the pre-BötC neuron model, variables do not need to be
grouped into three separate timescale classes to produce mixed
bursting patterns.42 Importantly, to explain the pre-BötC model
dynamics as thoroughly as we do, we go beyond a straightforward
fast–slow decomposition. Indeed, the timescale of the intracellu-
lar calcium concentration falls between the fast timescales of the
membrane potential and the potassium activation/sodium inacti-
vation [(V, n)] and the common slower timescale of the persistent
sodium inactivation, total calcium concentration, and IP3 activa-
tion variables (h, Catot, l). Nonetheless, it turns out to be useful
to consider intracellular calcium together with persistent sodium
inactivation in some instances and together with total calcium and
IP3 activation in others. The latter view has a biological underpin-
ning, in that intracellular calcium, total calcium, and IP3 activation
all represent calcium-related variables and appear in a structurally
different way than the voltage and gating variables in the model.
These observations contribute to recent trends in the literature to
explore issues that lie outside of traditional fast–slow decomposi-
tion analysis, such as what happens when individual variables evolve
on different timescales in different regions of the phase space.16 In
our analysis, competition between rates of change of different vari-
ables determines which bifurcation curves are crossed, and hence
some key aspects of dynamics arise in periods when separation

of timescales is in flux. The development of rigorous approaches
to such scenarios represents an interesting challenge for future
consideration.

In the broader context of respiratory neurodynamics, a final
important point is that, within the intact neural circuit for respi-
ration, the role of the intrinsic bursting capabilities of pre-BötC
neurons has still not been determined. Recent results strongly sup-
port the importance of the CAN current for generating adequate
motor outputs to achieve breathing.13,23,25 Experimental results on
persistent sodium current are less definitive, with different find-
ings arising in different experimental conditions.12,21,24 It is possible
that synaptic interactions among pre-BötC neurons critically impact
their contributions to respiration;5,10,26,30 these interactions are out-
side of the scope of this paper, and studying synaptic coupling
among pre-BötC neurons with complicated burst patterns could
represent an interesting future research direction, building on past
work on this topic.2,29,32 It is also possible that the inputs to pre-BötC
neurons in the intact respiratory circuit push these neurons out of
the regime in which they would be able to generate intrinsic bursts;
interestingly, even if this is the case, the currents that support intrin-
sic bursting at other input levels may still contribute to the network
dynamics in subtle but important ways.24,31
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APPENDIX: NONDIMENSIONALIZATION

From numerical simulations of system (1), we find that the
membrane potential V typically lies between −60 mV and 20 mV.
Correspondingly, we define Tx = max(1/τx(V)) over the range V ∈

[−60, 10] mV and then define tx(V), a rescaled version of τx(V),
by tx(V) = Txτx(V), where x ∈ {n, h}. We also define gmax to be the
maximum of the six gating conductances gNaP, gNa, gK, gCa, gCAN, gleak.

To nondimensionalize Cai and Catot, we let G(Cai)

=
[IP3]Cai

([IP3]+KI)(Cai+Ka)
, GSERCA(Cai) =

VSERCACai

K2
SERCA+Ca2

i
, and GPMCA(Cai)

=
VPMCACai

K2
PMCA+Ca2

i
. From numerical simulations, Cai and Catot typically lie

between 0 µM and 1 µM. Therefore, we define Gc = max(G3(Cai)),
Gs = max(GSERCA(Cai)), and Gp = max(GPMCA(Cai)) over the range
Cai ∈ [0, 1] µM, and let Pmax = max{LIP3 , PIP3Gc, Gs}. We then
define the rescaled versions of JERin, JERout, JPMin, JPMout from Eq. (4)
by J̄ERin =

JERinσ

PmaxQc
, J̄ERout =

JERoutσ

PmaxQc
, J̄PMin =

JPMin
αgcaQv

, and J̄PMout =
JPMout
GpQc

.

We can, therefore, rewrite the calcium dynamics as

dCai

dt
=

fi

Viλ
(αgcaQv J̄PMin − GpQc J̄PMout) +

fiPmaxQc

Viσ
(J̄ERin − J̄ERout),

dCatot

dt
=

fi

Viλ
(αgcaQv J̄PMin − GpQc J̄PMout). (A1)
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From (1), we obtain the following equivalent system:

Cm

Qtgmax

dv

dτ
= −ĪNaP − ĪNa − ĪK − ĪCa − ĪCAN − Īleak,

1

QtTn

dn

dτ
= (n∞(v) − n)/tn,

1

QtTh

dh

dτ
= (h∞(v) − h)/th,

Viσ

QtfiPmax

dcai

dτ
=

(

σαgcaQv

PmaxλQc

J̄PMin −
σGp

Pmaxλ
J̄PMout

)

+ (J̄ERin − J̄ERout),

Viλ

QtfiGp

dctot

dτ
=

(

αgcaQv

GpQc

J̄PMin − J̄PMout

)

,

(A2)
1

QtQcA

dl

dτ
= K̄d(1 − l) − cail,

with dimensionless currents Īy = Iy/(gmaxQv).
Since we expect V ∈ [−60, 10] mV and Cai, Catot ∈ [0, 1] µM,

suitable choices for the voltage and calcium scales are Qv = 100 mV
and Qc = 1 µM. For the choice of parameters specified in Table I,
we have gmax = gNa = 28 nS given that gNaP, gCAN are smaller than
gNa. The numerical evaluation of 1/τn(V) and 1/τh(V) over V ∈

[−60, 10] shows that Tn ≈ 6.5 ms−1 and Th ≈ 0.001–0.0165 /ms.
We also compute Gc ≈ 0.0456, Gs ≈ 1, 000 /ms, and Gp ≈ 3.3 /ms;
therefore, we have Pmax ≈ 1412 /ms.

Direct calculations show that all terms on the right-hand side
of (A2) are bounded by 1. The coefficients of the derivatives on the
left-hand sides, therefore, reveal the relative rates of evolution of the
variables. We find that Cm/gmax = 0.75 ms, 1/Tn ≈ 0.15 ms, 1/Th

≈ 60.5–1000 ms, Viσ/(fiPmax) ≈ 5.24 ms, Viλ/(fiGp) ≈ 485 ms, and
1/(QcA) = 2000 ms. We choose our reference time to be Qt = 1 ms
and set

Rv =:
Cm

Qtgmax

∼ O(1), Rn =:
1

QtTn

∼ O(0.1),

Rh =:
1

QtTh

∼ O(1000), Rc =:
Viσ

QtfiPmax

∼ O(10),

Rctot =:
Viλ

QtfiGp

∼ O(1000), Rl =:
1

QtQcA
∼ O(1000).

(A3)

As a result, the dimensionless system (A2) becomes the system
(5) given in Sec. II, namely,

Rv

dv

dτ
= −ĪNaP − ĪNa − ĪK − ĪCa − ĪCAN − Īleak =: f1(v, n, h, c),

Rn

dn

dτ
= (n∞(v) − n)/tn(v) =: g1(v, n),

Rh

dh

dτ
= (h∞(v) − h)/th(v) =: h1(v, h), (A4)

Rc

dcai

dτ
=

(

σαgcaQv

PmaxλQc

J̄PMin −
σGp

Pmaxλ
J̄PMout

)

+ (J̄ERin − J̄ERout)]

=: f2(v, c, ctot, l),

Rctot

dctot

dτ
=

(

αgcaQv

GpQc

J̄PMin − J̄PMout

)

=: g2(v, c),

Rl

dl

dτ
= K̄d(1 − l) − cail =: h2(c, l).
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