SUPPLEMENTARY MATERIALS: Shape versus Timing: Linear Responses of a
Limit Cycle with Hard Boundaries under Instantaneous and Static Perturbation*

Yangyang Wang', Jeffrey P. Gill*, Hillel J. Chiel®, and Peter J. Thomas?

In sections SM1-SM3 of this supplement, we prove Lemma 2.3 stated in section 2.2, derive
equation (2.23) stated in section 2.3 and prove the main theorem 3.13. In section SM4, we
present numerical algorithms for implementing all the methods reviewed and developed in
section 2 and section 3. MATLAB code that implements these algorithms for the example
system described in section 4 is available: https://github.com/yangyang-wang/LC_in_square.
Section SM5 provides a table of symbols used in the main document.

Throughout, references to equations, theorems, lemmas and assumptions within the sup-
plement begin with “SM”, while references with just numbers refer to items in the main
document.

SM1. Proof of Lemma 2.3. In this section we prove Lemma 2.3, which we restate for
the reader’s convenience.

Lemma SM1.1. Let y&(t) and vb(t) be two Ty-periodic solutions to the iSRC equation (2.20)
for a smooth vector field Fy with a hyperbolically stable limit cycle yo(t). Then, their difference
satisfies YO (t) — v2(t) = pFo(Y0(t)), where @ is a constant representing a fived phase offset.

Proof. Consider
(SM1.1) x' = Fy(x)

with x(0) = xo € R™. Let ®(¢,0) be the fundamental matrix solution. Then ®(t,0) satisfies
d'(t,0) = DFy(x(t))®(t,0) and ®(0,0) = I, where x = 7y(t) is the unperturbed limit cycle
solution. Suppose the monodromy matrix M = ®(7p,0) is diagonalizable with eigenvalues
{pi,i = 1,--- ,n} associated with linearly independent eigenvectors {v;,i = 1,---,n}. The
eigenvalues p; are often referred to as Floquet multipliers of the periodic orbit solution ()
of (SM1.1) (Meiss, 2007). Since vy (t) is hyperbolically stable, M has a single trivial Floquet
multiplier. Without loss of generality, we assume g1 = 1 and hence vi = Fy(70(0)).
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Let the vector n;(t) be the solution to the variational equation

n; = DFy(vo(t))ns

that starts along the i-th Floquet eigenvector direction 7;(0) = v;. It follows that n;(Tp) =
®(To,0)n;(0) = Mv,; = p;v,. For simplicity, we denote A(t) = DFy(v(t)) hereafter.

Let p; = In(u;) /Ty and let q;(t) = e *Pin;(t) be the rescaled version of the trajectory n;(t),
which is the i-th Floquet coordinate (Meiss, 2007). It follows from direct calculations that
q;(t) is periodic so that q;(t) = q;(t + Tp) and satisfies the initial value problem

(SM1.2) qi(t)" = A(t)ai(t) — piai(t)

with q;(0) = v;. Since p; = 0, the first Floquet coordinate qi(t) satisfies the initial value
problem

(SM1.3) q; = A(t)ar, q1(0) = Fo(yo(t)).

Using the chain rule, upon differentiating Fy(7o(t)), one can show that setting qi(t) =
Fo(7o(t)) for any ¢, solves the initial value problem (SM1.3). Note that (SM1.2) is simi-
lar to the equation satisfied by Z;, the gradient of isostable coordinates that are related to
Floquet coordinates q; (Wilson and Moehlis, 2016; Pérez-Cervera, Seara, and Huguet, 2020).
In fact, direct calculation implies that the relationship between the iPRC and the variational
dynamics (see Remark 2.2) also holds for q; and Z;; that is, ﬂq#?” =0fori=1,---,n.
Note that at each ¢, the vector set {q;(t),i = 1,---,n} spans R™. Therefore we can
write 1(t), the general solution to the iSRC equation (2.20), as a linear combination of

{qi(t),i =1, - ,n} with coefficients a;(t):

n

n(t) = ait)ai(t).

i=1

Let Q(t) be the n x n matrix Q(t) = (qi(t)|---|qn(t)), and let R = diag(p1, - ,pn) be

the diagonal matrix with {p1,---, pn} as the diagonal entries, and a(t) = [a1(t), -+, an(t)]T.
Then

(SM1.4) n(t) = Qt)a(t)

and (SM1.2) can be rewritten as

(SM1.5) Q) = A1)Q(t) — Q)R

Differentiating both sides of (SM1.4) and substituting in (SM1.5) leads to

= (A(H)Q() — QW) R)a(t) + Q(t)a'(t)
= (Q)a'(t) - Q(t)Ra(t)) + A)Q(t)a(t)
= (Q)a'(t) — Q(t)Ra(t)) + At)n(t)
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On the other hand, by (2.20) we have
Nt = At (L) +e(t),

where c(t) = v1 Fo(y0(t)) + % . It follows that

e=0
(SM1.6) Q(t)a'(t) = Q(t)Ra(t) + c(t).

Since {q;(t)}?"_, spans R for each time t € [0,Tp], the matrix Q(t) is invertible at each ¢.
Thus multiplying both sides of (SM1.6) by Q(¢)~! gives

(SML.7) a(t) = Ra(t) + Q(t)"'c(t).

Suppose two different iISRC curves are given by 7§(t) = > ; ai(t)q,(t) = Q(t)a(t) and
() = 321 bi(t)ai(t) = Q(t)b(t). Then

P1
b'(t) — a'(t) = Rb(t) — Ra(t) = (b(t) — a(t)).

Pn

It follows that for i = 1,--- ,n we have b;(t) — a;(t) = C;e”i* for some constant C;. Note that
a(t) and b(t) are both Tp-periodic. Therefore C; = C;efio. So either C; = 0, and hence
a;(t) = bi(t), or else p; = 0. However, recall there is only one trivial multiplier y1 = 1, so that
only p1 =0 and p; # 0 for i = 2,--- ,n. Hence, a;(t) = b;(t) for i = 2,---  n; that is, there
exists some constant ¢ such that b(t) — a(t) = ¢e;.

Thus,

N (8) =21 (t) = Q(t)per = pau(t).
Consequently, the two iSRC curves only differ along the first Floquet coordinate direction
q1(t) = Fo(yo(t)) and hence only differ by a shift in phase along the direction of the limit
cycle vo(t):
() =1 () = dFo(v(1))
where ¢ is the constant phase shift introduced by the initial conditions 72(0) — 7§(0) =
¢Fp(70(0)). u

SM2. Derivation of Equation (2.23). This section establishes equation (2.23), which
specifies the first-order change in the transit time through region I, or T}:

tout

iy Ox® OF.(y(t))
7L — Ly . 2 / 1 .
L= ()] " n (v(t)) 5 |

Recall T1(x) is the time remaining until exiting region I through ¥°"*, under the unperturbed
vector field, starting from location x; n' := V7T1(x) is the local timing response curve (ITRC)
for region I, defined for the component of the trajectory lying within region I, i.e. for times
t € [t",t°%); and xiEn is the coordinate of the perturbed entry point into region I.
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We consider a single region R with entry surface ™ and exit surface £°". We assume
that these two surfaces are fixed, independent of static perturbation with size €. The limit
cycle solution x = ~.(7) satisfies

R
where 7 is the time coordinate of the perturbed trajectory. Moreover, 7.(7) enters R at
xi € ¥ when 7 = I and exits at 2" € %°U when 7 = t2"*. Since the system is autonomous,
we are free to choose the reference time along the limit cycle orbit. For convenience of
calculation, we set U = 0 for all ¢.
Denote the transit time that 7. spends in R by T.%. It follows that t* = —T} where ¢
can be 0. Assuming that the transit time has a well behaved expansion in €, we write

(SM2.1) TR = TR + eTF + O(<%)

where TJ® is the transit time for the unperturbed trajectory and TJ* is the linear shift in the
transit time. In the rest of this section, we drop the superscript R on TER, T gz and T, 171 for
simplicity.

Our goal is to prove that 77 is given by (2.23). We do this in two steps. First, we show
that the transit time 7. can be expressed in terms of the perturbed vector field and perturbed
local timing response curve (see (SM2.3)). Second, we expand the expression for T; to first
order in € to obtain the expression for 77.

Since the time remaining to exit, denoted as 7T;, decreases at a constant rate along trajec-
tories, for arbitrary € we have

d7Te

(SM2.2) —1=—

= Fe(7:(7)) - 0 (= (7)),

where 7.(x) = V7.(x) is defined as the local timing response curve under perturbation. By
(SM2.2), the transit time T} is therefore given by

(SM2.3) /mzi/e Fu(4e(r)) - 1 (e (7)) .

—¢out
7ta

In this expression, we integrate backwards in time along the limit cycle trajectory, from the
egress point x2" at time 2%, to the ingress point x* at time ¢t

For ¢ = 0, and taking into account (SM2.2), this integral reduces to

" " :
(SM2.4)  Tp = / Fo(v0(7)) - mo(yo(7)) dr = / (—1)dr =t3" — 15 = 0 — (=Tv),
T=tgut T=t3ut
since ti! = —Tp and t2% = 0.

In order to derive an expression for 77, the first order shift in the transit time, we need to
expand (SM2.3) to first order in . To this end, we need to know the Taylor expansions for
all terms in (SM2.3).
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Suppose we can expand F;, T, and 7. as follows:

F.(x) = Fy(x)+eFi(x)+0(?), ase—0,
(SM2.5) Te(x) = To(x)+eTi(x) +O0(e?), ase—0,
n(x) = no(x)+em(x)+0(?), ase—0,

where 19(x) = V7Ty(x) is the unperturbed local timing response curve.

Following the idea of deriving the infinitesimal shape response curve in section 2.2, we
write the portion of the perturbed limit cycle trajectory within region R in terms of the
unperturbed limit cycle, plus a small correction,

(SM2.6) (1) =7 (ver) + 71 (ver) + O(€?)
where —7T <T<0andu€—%

Now we expand (SM2.3) to first order
(SM2.7)

T
- /0 [FO(PYO(VET)) +eDEFy(o(veT)) -y (ver) + 6F1(’70(1/57))]

[m0(0(vr)) + e Dno(0(vr)) - 91 (ver) + m (v0(vr)) | dr + O(e?)

T:
— /:0 Fo(vo(ver)) - no(vo(ver))dr + 5[Fo(fyo(y57)) 1 (Yo (veT)) + Fi(y0(veT)) '770(’70(7/57-)):|d7—+

e[ Fo(ro(ver)) - Dro(ro0(ver)) - 31(ver) + DFy(0(vem)) - 31 (ve7) - mo(r0(ver)) | dr + O(?)
1 [To

= s - Fo(vo(t)) - mo(yo(t))dt + E[Fo(’yo(t)) ‘1 (Y0(t)) + Fi(y0(t)) - UO(VO(t))]dt—i-

e[ Fo(ro(®) - Dio(r0() - 1 () + DEo(0(8)) - 11 () - mo(r0(8)) | di + O(e?)

To order O(1), we recover
—Tp
(SM2.8) 7= [ Fuln(®) - miolt) dt.
t=0
This leads to T, = V%T 0, as required for consistency. We are therefore left with

—To

(M29) 0= [Fo(’Yo( ) -m(o(t)) + Fi(o(t) - 770(70@))} "
+ /tzo 0 [ ) - Dno(yo(t)) - v1(t) + DFo(y0(t)) - y1(2) - 7]0(70(15))] dt + O(e)
To
- /t [FO M (0(t)) + Fi(r()) - Uo(Vo(t))}dt

O

_l’_

[0t Droa0(0) + mor0() DEsr0(8)] - () + O()

t=0
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where the second equality follows from rearranging orders of factors in the second integral.
Note that since Fy - ng = —1 everywhere, we have the identity

_ 0 ii | _ on' i iFi
(SM2.10) O‘%(ZHF)_Z.:@XJ-F +;n %,

(2

where F* and 7' are the i-th components for Fy and no; x; denotes the jth component of x
for j € {1,--- ,n}. Tt follows that Fj (Dno) + nl(DFy) = 0 in (SM2.9), leaving only

—Ty
(SM2.11) 0= /t:O [Fo(’yo(t)) “m (1)) + Fi(1(?)) - Uo(’Yo(t))} dt.

Since Fy(10(t)) = dyo/dt and mi(x) = One(x)/0e|e=0 = OVT:(x)/02|e=o0,

o T () (0
| Fabo®) - mowyde= [ (D) (5 VEGo))|
=0 t=0 \ dt e e=0
—To dvo 0
= /tO <dt> -V (85 [72(70(75))]) . dt
Tog (0
- [ (g monton)|
0 in 0 ou
- <86 [E(XO )]> e=0 - (8 [E(XO t)]> e=0
0 in
= <8z~: [ﬁ:(xo )]) - -0
= Ti(xy)
Therefore
. 0 tout
SM212) T = [ RGo) o)t = [ Fiu0) - mio)t
T, =t
The second equality follows from our convention that t'b“ = —Tp and 2" = 0.
We notice that
(SM2.13) T. = To(x") = Tp + e (Ti(xy") + VTo(x1") - x1")

where we have made use of the Taylor expansion X?‘ = X%)n —|—6xiln +0(e?), as ¢ — 0. Equating
the first order terms in (SM2.1) and (SM2.13) leads to

(SM2.14) Ty = Ti(xI) + no(xi) - xim.
Substituting (SM2.12) into (SM2.14), we finally obtain

(SM2.15) T = o) b+ [ Fuao(t)) - miro(e)dr

t=tin

which is (2.23), as desired.
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SM3. Proof of Theorem 3.13. In this section we present a proof of Theorem 3.13, which
we restate for the reader’s convenience. As discussed before, parts (a) and (b) are already
covered in (Filippov, 1988; Bernardo et al., 2008), whereas parts (c) through (d) are our new
results. For completeness, we still include parts (a) and (b) as well as our versions of proofs.

Theorem SM3.1. Consider a general LCSC described locally by (3.7) in the neighborhood of
a hard boundary %, satisfying Assumption 3.10 and Assumption 3.12. The following properties
hold for the variational dynamics u and the 1PRC z along X:

(a) At the landing point of 3, the saltation matriz is S = I — nnT, where I is the identity

matrix.

(b) At the liftoff point of ¥, the saltation matriz is S = 1I.

(c) Along the sliding region within 3, the component of z normal to ¥ is zero.

(d) The normal component of z is continuous at the landing point.
(e) The tangential components of z are continuous at both landing and liftoff points.

Proof. We choose coordinates x = (w,v) = (wy,ws,...,w,—1,v) so that within a neigh-
borhood containing both the landing and liftoff points, the hard boundary corresponds to
v = 0, the interior of the domain coincides with v > 0, and the unit normal vector for
the hard boundary is n = (0,...,0,1). In these coordinates, the velocity vector is F =
(fi, f2,- -y faz1,9). In addition, we use F*!'4® to denote the vector field for points on the
sliding region, whereas the dynamics of other points is governed by F™. The transver-
sal intersection condition for the trajectory entering the hard boundary is g™ (Xjand, 0) < 0
(cf. eq. (3.3); note that n defined here points in the opposite direction from the outward nor-
mal vector in (3.3)). At points x € £ on the liftoff boundary, Fsid¢ and Fi"* coincide and
we will use whichever notation seems clearer in a given instance. Under the nondegeneracy
condition at the liftoff point (3.6), we can further arrange the coordinates (wi, ..., wy—1) so
that the unit vector normal to the liftoff boundary £ at the liftoff point is £ = (0,...,0,1,0),
and ¢™ = 0 <= w,_1 = 0. With these coordinates, the nondegeneracy condition (3.6) is
Folide(xpp) - £ = folde (x) > 0.

(a) At the landing point, the saltation matrix is S = I — nnT, where I is the identity matrix.
The saltation matrix at a transition from the interior to a sliding motion along a hard boundary
is given in (Bernardo et al. (2008), Example 2.14, p. 111) as

(Fslide _ Fint)n'r
nTFint ’

provided the trajectory approaches the hard boundary transversally.
It follows from the definition of the sliding vector field F9¢ given by (3.4) that

(SM3.1) S=1I+

S=1—nn',

as claimed.

(b) At the liftoff point, the saltation matrix is S = I. We adapt the argument in (Bernardo
et al. (2008), §2.5) to our hard boundary/liftoff construction. The essential difference is that
the trajectory is not transverse to the hard boundary at the liftoff point, indeed nTF = 0 at
Xift, SO eq. (SM3.1) does not give a well defined saltation matrix. However, by replacing the
vector n normal to the hard boundary with the vector ¢ normal to the liftoff boundary, we
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recover an equation analogous to (SM3.1), as we will show. Since Fslide = Fint at the liftoff
point, we conclude that the saltation matrix at the liftoff point reduces to the identity matrix.

Let @1 and ®1; denote the flow operators on the sliding region and in the domain com-
plementary to the sliding region, respectively. That is, ®1(x,t) takes initial point x € Rslide
at time zero to ®r(x,t) at time 0 < ¢ < T(x). So ®r is restricted to act for times up to the
time 7 (x) at which the trajectory starting at x reaches the liftoff point, ®1(x,7(x)) € L.
Such a trajectory necessarily has initial condition x = (w,...,w,—_1,0) satisfying w,—; < 0,
by our coordinatization. Let x, € R4¢ be a point on the periodic limit cycle solution, so
that ®1(xa, 7 (Xa)) = Xug. Write 7 = T (x,) for the time it takes for the trajectory to reach
the liftoff point after passing location x,. We require a first-order accurate estimate of the
effect of the boundary on the displacement between the unperturbed trajectory and a nearby
trajectory. If we make a small (size €) perturbation into the domain interior, away from
the constraint surface, the normal component of the perturbed trajectory will return to zero
within a time interval of O(e) duration, before the two trajectories reach the liftoff boundary.
Therefore we need only consider perturbations tangent to the constraint surface.

Let x/, € R4 denote a point near x,, and suppose it takes time 7(x}) = 7 + d for the
trajectory through x/, to lift off, at some point xj,;, € £. There are two cases to consider: either
0 > 0orelse §d <0. The two cases are handled similarly; we focus on the first for brevity.
In case § > 0, the original trajectory arrives at the liftoff boundary before the perturbed
trajectory, and the point x; = ®1(x},7) € Relide  We write X}, = Xigg + Axy, (see Fig. SM1B)
and expand the flow operator as follows:

. 52 . . .
‘bI(X{), (5) :X{a + 5FShde(X{)) + 5 (vshderhde(X{))> . FShde(X%) + 0(53)

(SM3.2) =xif; + Axp, + I F9 (0 ) + 6 (VSlideFS“de(tht)> - Axy,
52 - : :
+ 5 (vshderhde(X{)D . Fshde (X;J) + 0(3)’
where V*i4¢ is the gradient operator restricted to x = (x1,...,2,_1). The Taylor expansion

in (SM3.2) is justified in a neighborhood of x| contained in the sliding region of the hard
boundary. The transversality of the intersection of the reference trajectory with £ (that is,
F,—1(xif) > 0) means that § and |Axy,| will be of the same order. We write O(n) to denote
terms of order (|Axy[P6"P) for 0 <p < n.

Next we estimate ¢ and the location x}; at which the perturbed trajectory crosses £. To
first order,

(SM3.3) 0T}, = (TFslide(xf ) §

(SM3.4) 07 (xgigs + Axp) = £7 (FSth(ant + Axb)) 5

(SM3.5) (TAxy, = (7 (FSlide(Xlift> + <VSlideF5hde(Xlift)> : AXb) 0
= (TFY9 (x4)0 + O(2)

(SM3.6) O8x, ),

TR ()
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Combining this result with (SM3.2), the perturbed trajectory’s liftoff location is
(SMB?) Xiift = Xjift + AXb + FSlide (Xlift)5 + 0(2)

Meanwhile, as the perturbed trajectory proceeds to £, during a time interval of duration
&, the unperturbed trajectory has reentered the interior and evolves according to @1, the flow
defined for all initial conditions not within the sliding region. At a time ¢§ after reaching L,
the unperturbed trajectory is located, to first order, at a point

(SM3.8) e = Xy + F (xise) 6 + O(2).

Thus, combining (SM3.7) and (SM3.8) the displacement between the two trajectories imme-
diately following liftoff of the perturbed trajectory, Ax. = X, — Xc, is given (to first order)
by

AXe = X — Xe
= xpiy + Axp, + FHC ()6 — (xuee + F™ (it ) )
= Axyp, + (FSHde(tht) - Fint(tht)) J

(Fsh9e (xy ) — I (xe ) ) £TAXy,

i ey

= S Axyp + 0(2)

Therefore, the saltation matrix at the liftoff point is

Fslide Xig) — Fint Xlift VAl
(SM3.9) Sy = I + ( (ETande(tht() ) '

We take the vector field on the sliding region to be the projection of the vector field
defined for the interior onto the boundary surface (cf. (3.4)). Therefore for our construction
Folide (xr ) = FI" (x5 ), and hence Sy, = I, as claimed. We note that equation (SM3.9) will
hold for more general constructions as well. This concludes the proof of part (b).

In parts (c) and (d) of the proof, our goal is to show the normal component of the iPRC
is zero along the sliding region on 3 and is continuous at the landing point. To this end,
we compute the normal component of the iPRC using its definition (2.8), which in (w,v)
coordinates takes the form

¢(x+en) — o(x)

(SM3.10) Zy =2z -n = lim ,
e—0 5

where ¢(x) denotes the asymptotic phase at point x on the limit cycle. That is, we apply
a small instantaneous perturbation to the limit cycle, either while it is sliding along ¥ (part
c) or else just before landing (part d), in the n direction, and estimate the phase difference
between the perturbed and unperturbed trajectories (cf. Fig. SM1).
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(A) L: Wn—1 = 0 (B)

_ Yiv=0 >/
+

Wn—1 Wn—1

(C)

Wp—1

Figure SM1.  Unperturbed trajectory (black curve) and a perturbed trajectory (red curve) near the hard
boundary X (horizontal plane) in the (w,v) phase space. Dashed line: intersection of liftoff boundary L and 3.
(A) Trajectory moves downward towards the sliding region (the area in ¥ where g < 0), hits 3 at the landing
point Xiand, and exits X at the liftoff point xus. (B) Construction for the proof of part (b). An instantaneous
perturbation tangent to ¥ is made to the point X, at t = 0, pushing it to a point x,, € X. The trajectory
starting at X, (resp., X, ) reaches the liftoff point xug, (resp., x;,) after time T, and reaches x. (resp., Xy, ) after
additional time 6. The displacements Ax, = x;, — Xiire and AX. = X{ip, — Xe differ by an amount captured, to
linear order, by the saltation matriz. (C) Construction for the proof of part (c). An instantaneous perturbation
with size € in the positive v-direction (green arrow) is made to the point X € X, pushing it off the boundary to
an interior point x,. After time T, the trajectory starting at X, (resp., Xa) reaches a landing point X|,,q4 (Tesp.,
xp). (D) The same perturbation (green arrow) as in panel (C) is applied to the point X, located at a distance of
h above X, pushing it to a point X,,. The trajectory starting at X, lands on ¥ at Xjana. After the same amount
of time, the perturbed trajectory starting at X, reaches xj,. After additional time T, the two trajectories reach
Xe and X],,q, respectively.

(c) Along the sliding region, the component of z normal to ¥ is zero. By (SM3.10) the normal
component of the iPRC for a point on the sliding component of the trajectory, denoted by
Xa = (wa, 0) is given by

(SM3.11) 2 () = lim 2W2:8) = @2, 0)

e—0 g

By x, = (wa, &) we denote a point that is located at a distance of € above x,. Our goal is to
show z,(x,) = 0.

The perturbed trajectory from x/ is governed by the interior flow ®y; until it reaches the
sliding region at a point x}, ; € X, after some time 7. Meanwhile the unperturbed trajectory
from x, is governed by the sliding flow ®; until it crosses the liftoff point at £ (Fig. SMI,
dotted line).
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To first order in ¢, the time for the perturbed trajectory x'(¢) to return to the constraint
surface is

3 9

&)= gm0 T T i 0) 1 eDygi(wa, 0) 1 0) | O
13
M3.12 . 2 .
(SM3.12) T (wa0) +0(e%), ase — 0

Because X, = (W,,0) is in the sliding region, g™ (w,,0) < 0; we conclude that 7 and € are of

the same order. We use (p) to denote terms of order p in € or 7.
At time 7 following the perturbation, the location of the perturbed trajectory is
(SM313) Xiand = (IJH(X;, 7')
=x/ + 7F(x)) 4+ 0(2)
=X, +en+ 7 (F™(x,) + en’DF™(x,)) + O(2)

m( (), s F (%) g™ (%)) + O(2)

(fi™(xa)s - -5 fut1(xa), 0) + O(2).

=x,+(0,...,0,¢) —
_ &
gint(xa)

Simultaneously, the location of the unperturbed trajectory is

:Xa—

(SM3.14) xXp = P1(Xa, T)

=X, + 7TF(x,) + O(2)
€ int int
= - a)y oy Sn— ; 2 )
Xa glnt(xa)( 1" (%a) 1(xa),0) + O(2)

since for x € ¥, we have f9id¢(x) = fi"(x) by construction. Comparing the difference in
location of the two trajectories at time 7 after the perturbation, we see that

(SM3.15) [[Xlana — %ol = O(€?).

By assumption, the asymptotic phase function ¢(x) is C' with respect to displacements tan-
gent to the constraint surface. Since both xy, and xj, 4 are on this surface, n7(x{,, 4 —xp) = 0,
and ¢(x], 4) = ¢(xp) + O(g?). Therefore z,(x,) = 0 for points x, on the sliding component
of the limit cycle. This completes the proof of part (c).

(d) The normal component of z is continuous at the landing point. In order to show that
the normal component of the iPRC (z,) is continuous at the landing point, we prove that z,
has a well-defined limit at the landing point and moreover, this limit equals 0 which is the
value of z, at the landing point as proved in (c). To this end, consider a point on the limit
cycle shortly ahead of the landing point, x, = (W,, h) with 0 < h < 1 fixed, (cf. Fig. SM1D).
By (SM3.10)

(SM3.16) Zy(%4) = lim._,o ¢>(wa,h+€)*¢>(wa,h)'

£

Our goal is to show limy,_,0 2, (Xe) = 2y (Xjand) = 0.
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We consider the case € > 0; the treatment for ¢ < 0 is similar. For € > 0, when the
unperturbed trajectory arrives at the constraint surface (at landing point Xj,,q), the perturbed
trajectory is at a point xj, that is still in the interior of the domain. Denote the unperturbed
landing time ¢ = 0; denote the time of flight from initial point x, to Xjanga by s. Through an
estimate similar to that in part (c), to first order in h, we have

h

(SM3.17) ) =~

+ O(h?).
Between ¢t = —s and ¢ = 0, the displacement between the perturbed trajectory (x'(t)) and
the unperturbed trajectory (x(t)) satisfies

(SM3.18) d(x’dt—x) = DF™(x(t)) - (x' — x) + O(£?),

with initial condition x’(—s) — x(—s) = en. Because the interior vector field is presumed C*,
for h,s <« 1 we have

X}, — Xland = X, — Xa + S (5DUFmt(X1and) + 0(62)) + O(s?)
DvFint an
—en—h <g.("1d) + 0(52)> +O(h2)

glnt(xland)
he in in in
=(0,---,0,¢) = m( 1% (Ktand)s - - fa 1 o (Klana), 90 (¥1ana)) + O(2)
flnt N int N
- <—hs £ (Xana) hgw> +0(2).
1 (Xand ) 9" (X1and)
Here fi"* = ( ian, ce ;{ELU) where flnt denotes 0fi™ /9v, and O(2) denotes terms of order 2

in € or h as in (c). In the rest of this proof, we drop the dependence of the functions on Xjanqg
for simplicity.

Since Xjanq is in the sliding region, it follows that x} is € — he 9" + O(2) above the sliding

mt
region. Through a similar estimation as in part (c), to first order in € and h, the time for the
perturbed trajectory to arrive at the sliding region is
mt int
1nt £ g,})n
+0(2)=——=+he +0(2).
g™ (g")?

At time 7, the location of the perturbed trajectory is

€ — hed

T(h,e) =

glnt

Xiand = q)H(Xb’ )
Xb+TFmt(Xb)+O( )

(SM3.20) = Xland T+ —he 71Jnt ) hggfm + TFint (Xland) + O( )
fint in 1n
= Xland + _heglrjnta hgg:}nt + < mt + h<€ (glnt) ) (f t t) + 0(2)
= Xland T+ ( he 11jnt7 ) + ( 1nt + hE(gS&) )(fmt7 0) + 0(2)
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Simultaneously, the location of the unperturbed trajectory is

x. = @ (Xlanda T) )
(SM3.21) = Xiand + TF¥% (x13nq) + O(2)

t

Xiand + (e + he iz ) (£7%,0) + O(2).

Comparing the difference between (SM3.20) and (SM3.21), we see that
(SM3.22) || Xlana — %c|| = O(he).

Recall that the asymptotic phase is assumed to be C', with respect to displacements tangent
to 3. Since x|, 4 and x. are on X, it follows that

(Z)(Xiand) - ¢(XC) = O(h&')
Therefore, by (SM3.16),

Z(%a) = lim P(xy) — #(xa)

e—0 IS e—0 £

Consequently,
lim z,(x,) =0
h—0

as required. This completes the proof of part (d).

(e) The tangential components of z are continuous at both landing and liftoff points. We
denote the tangential components of the iPRC by zy,, where w represents vectors in the n — 1
dimensional tangent space of the hard boundary. The n—1 dimensional iPRC vector zy, obeys
a restricted (i.e. reduced dimension) adjoint equation given in terms of fy, the (n—1)x (n—1)
Jacobian derivative of f with respect to the n — 1 tangential coordinates (w), and gw, the
1 x (n — 1) Jacobian derivative of g with respect to the tangential coordinates, and z,, the
(scalar) component of z in the normal direction

(SM3.23) o — — fo(W,0) 2w — gw(W,0) T2,

along the limit cycle in the interior domain. On the other hand, along the sliding component
of the limit cycle that is restricted to {3 : v = 0}, z satisfies

(SM3.24) dzw — _ f(w,0)Tzy.

By part (c), z, goes continuously to zero as the trajectory from the interior approaches the
landing point. Therefore z., is continuous at the landing point.

Next we prove the continuity of zy, at the liftoff point xug = (Wi, 0). Recall that in the
coordinates employed, the unit vector tangent to ¥ and normal to £ at x); is £ = (0,...,0,1,0)
(cf. Fig. SM2). Fix an arbitrary tangential unit vector w oriented away from the sliding region
(such that £Tw > 0). The left and right limits of zy, at xji, are given by

(SM3.25) 22 (xun) = lim ¢(Wiigg — W, 0) — d(Wiige, 0)

e—07T —€
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—>(

Wn—1

Figure SM2. Unperturbed trajectory (black) leaves the hard boundary at the liftoff point xug, in the (w,v)
phase space. An instantaneous perturbation tangent to ¥ is made to the liftoff point at t = T, pushing it to X,
on the sliding region or to X; that is outside the sliding region. The points X. and X{;;, denote the positions of
the unperturbed trajectory and the perturbed trajectory att = 0.

and

(SM326) Z‘Jgr,(xlift) = lim ¢(Wlift +ew, 0) — ¢(w1ift7 0) ]

e—0t+ £

By x, = (Wi, — ew, 0) and xp = (wyigy + €W, 0) we denote the two points that are located at
a distance of ¢ away from xyg along the —w and w directions, respectively (cf. Fig. SM2).
We will show that

(SM3.27) zZg (Xue) = zof (Xiife)-

The equality of these limits will establish that z, is continuous at the liftoff point.

First, we consider zifv(xlift). Given W, there exists a unique point X/, at the liftoff bound-
ary LN X, and a time 7 > 0, such that the trajectory beginning from xj;; at time 0 passes
directly over xj at time 7, in the sense that ®1(x}s,7) = (Wp, h), where @y is the flow oper-
ator in the complement of the sliding region, h > 0 is the “height” of xj above x;, and wy is
the coordinate vector along the tangent space of the hard boundary. Let xyg = (Wyg, 0) and
x{ift = (W{ift, 0). By our construction, w, = wys, + ew. Hence, the location of the perturbed
trajectory at time 7 is

(W, h) = (Wige + €W, h) = Pr(xpg,7)
= (Wi, 0) + (f™™ (Xgige), 0)7 + O(7?)
(Wig, + f™ (i )7 + O(72),0(72)).

Hence

(SM3.28) Wiift, — W{ift = fint(xfift)T —EW + 0(72)7

(SM3.29) h = O(7?),
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and
(SM3.30) Wy, — Wiig, = f ()7 + O(7%)
On the other hand,

EW + (Wl — Wp) = Wit — W

By (SM3.28) and (SM3.30), the above equation becomes
ew — [ ()T = [M (Xl )T — eW + O(77),
That is, .
eW = ()7 + O(%).

Taking the inner product of both sides with the unit vector ¢ (normal to £), and noting that
for sufficiently small e, £T f"(z].. ) > 0 (our nondegeneracy condition), we have

. Tw

0T 10 (Xigy)
and hence 7 = O(e). Therefore, (SM3.29) becomes
(SM3.31) h = O(e?)

+0(7%),

T

and hence the phase difference between xj and x; is
(SM3.32) d(xp) — B(x3) = O(e?)

due to the assumption that ¢ is Lipschitz continuous.

Next we show (SM3.27) holds using (SM3.25) and (SM3.26). Let the unperturbed trajec-
tory pass through xj¢ at time 7, and let x. be the location of the unperturbed trajectory at
time ¢ = 0 (see Fig. SM2). Let Ax, = XJ;s; — X, and Axy = X} — Xjr. Then by part (b),

Axy — Ax. = O(|Axy?);

since the saltation matrix is equal to the identity matrix at the liftoff boundary. Since
Xilift, Xp, X, form a right triangle,

|Axy|? = €2 + h? =2 + O(e*),
which implies that
(SM3.33) Axp — Ax. = O(£%).
Direct computation shows

d(xp) — O(xue) = (d(xp) — P(x})) + (D(x}) — O(ite )
((Xfig) — D(xc)) + O(e?)

»

= Dw¢(xc) WAS S 0(52)
(SM3.34) = Dywo(xc) - Axy + O(£?)

= Dwo(xc) - (3, — xun) + O(c?)

= Dwo(xe) - (xp — Xpi50) + O(€?)

= Dwo(xc) - eWw + O(g?).
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To obtain the second equality, we translate the trajectories backward in time by 7 beginning
from xj and xy, respectively; shifting both trajectories by an equal time interval does not
change their phase relationship. The O(e?) difference arises from (SM3.32). The third equality
follows from the assumption that ¢ is differentiable with respect to displacements tangent to
the sliding region. The fourth equality uses (SM3.33); the fifth and seventh follow from the
definitions; the sixth uses (SM3.31).

Recall that we assume ¢ to have Lipschitz continuous derivatives in the tangential direc-
tions at the boundary surface (except possibly at the landing and liftoff points). Under this
assumption, taking the limit ¢ — 0T leads to x. — X} and hence

zg, (i) = Dw (X ) - W
by (SM3.26). On the other hand,

Xaq) — Xift = wd(Xa) - (Xa — Xiift 2

Taking the limit £ — 0+ results in x, — X, and hence (SM3.25) together with (SM3.35),
implies

zg, (X)) = Dwo(Xyg) - W.
Hence, (SM3.27) holds. |

SM4. Numerical Algorithms. We will now describe how the results presented in section
2 and section 3 can be implemented as numerical algorithms.

Consider a multiple-zone Filippov system generalized from (3.4),
(SM4.1) % = F(x),
that produces a Tp-periodic limit cycle solution (t) C R™. Suppose 7(t) includes k sliding
components confined to boundary surfaces denoted as ¥ ¢ R"! i € {1,...,k}. ~(t) exits
the i-th boundary X' at a unique liftoff point xfift given that the nondegeneracy condition
(3.6) at xfift is satisfied. We denote the normal vector to X at liftoff, landing, or boundary
crossing points by n’. We denote the interior domain by R™eror which can now consist of
multiple subdomains separated by transversal crossing boundaries, and denote the piecewise
smooth vector field in Rinterior by pinterior - By (3 4) the sliding vector field on the sliding
region R3¢ « 37 ig therefore

(SM42) Fslidei (X) — Finterior(x) . (nz . Finterior(x))ni
Using this notation, the vector field (SM4.1) can be written as

interior interior
(SMA4.3) F(x) = { Frx), x €R

Fslidei (X) = Rslidei
Y
and we denote the vector field after a static perturbation by

F;nterlor(x)’ X € Rlnterlor

(SM44) FE(X) = { nglidei (X), x € Rslidei
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where i € {1,...,k}. Here we assume that the regions are independent of static perturbation
with size €.

Notice that the computation of the iSRC requires estimating the rescaling factors, for
which we need to compute the iPRC or the ITRC depending on whether a global uniform
rescaling (2.20) or a piecewise uniform rescaling (2.26) is needed. We hence first present the
numerical algorithms for obtaining the iPRC in section SM4.1 and the ITRC in section SM4.2;
the algorithm for solving the homogeneous variational equation for the linear shape responses
of v(t) to instantaneous perturbations (the variational dynamics u) is presented in section
SM4.3; lastly, in section SM4.4 we illustrate the algorithms for computing the linear shape
responses of y(t) to sustained perturbations (the iSRC 77) with a uniform rescaling factor
computed from the iPRC as well as with piecewise uniform rescaling factors computed from
the ITRC.

For simplicity, we assume the initial time is tg = 0.

SM4.1. Algorithm for Calculating the iPRC z for LCSCs. It follows from Remark 3.15
that the iPRC z for the LCSCs need to be solved backward in time. While there is no
discontinuity of z at a landing point, a time-reversed version of the jump matrix at the liftoff
point on the hard boundary ¢, denoted as Jﬁft, is given by

(SM4.5) T =T —n'n'T,

where [ is the identity matrix. jﬁft updates z local to the liftoff point as
i— i it

(SM4.6) Zige = JiigeZiite

where zf;t and zf;t are the iPRC just before and just after the trajectory crosses the liftoff
point xyg ; in forwards time.
We now describe an algorithm for numerically obtaining the complete iPRC z for ~(t),
a stable limit cycle with sliding components along hard boundaries and transversal crossing
boundaries as described before.
Algorithm for z.
1) Fix an initial condition xg = (0) on the limit cycle, and integrate (SM4.3) to compute
v(t) over [0, Tp).
2) Integrate the adjoint equation backward in time by defining s = Ty —t and numerically
solve for the fundamental matrix ¥(s) over one period 0 < s < Tp, where ¥ satisfies
(a) ¥(0) = I, the identity matrix.
(b) For s such that v(Tp — s) lies in the interior of the domain,

dv
ds
where Ainterior(4) = (D Finterior (4 (4)))T is the transpose of the Jacobian of the

interior vector field Finterior,
(c) For s such that v(Tp — s) lies within a sliding component along boundary ¥,

— Ainterior(TO _ S)\I’

= ATy — 8)¥
7 (To — s)
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where A'(t) = (DF*lide: (v(t)))T is the transpose of the Jacobian of the sliding
vector field Fslid¢ given in (SM4.2).
(d) At any time t, when  transversely crosses a switching surface with a normal
vector ny,
U™ =JUut

where U™ = lim,_, (g ¢ v+ W(s) and ¥ = lim,_,q 4 )~ ¥(s) are the funda-
mental matrices just before and just after crossing the surface in forwards time.
J = ST since JTS = I as discussed in section 3.2, where the saltation matrix
at any transversal crossing point is

+ —\ T
S:I—I—(Fp 7Fp)np
npFy

where F7, F; are the vector fields just before and just after the crossing in
forwards time (see (3.9)).

(e) At aliftoff point on the i-th hard boundary ©¢ (in backwards time, a transition
from the interior to X!), update ¥ as

U~ = 7ot

where J! = I — n'n'T as defined in (SM4.5), and then switch the integration
from the full Jacobian A" to the restricted Jacobian A’
(f) At a landing point on the i-th hard boundary ¥ (in backwards time, a tran-
sition from X? to the interior) switch integration from the restricted Jacobian
A? to the full Jacobian A™*rior: no other change in W is needed.
3) Diagonalize the fundamental matrix at one period ¥(Tp); it should have a single
eigenvector v with unit eigenvalue. The initial value for zpw (represented in backwards
time) at the point (1) = v(0) = x¢ is given by

v

O By o

4) The iPRC in backward time over s € [0,Tp] is given by zpw(s) = ¥(s)zpw(0) and is
To-periodic. Equivalently, one may repeat step (2) by replacing ¥(s) with zgw(s) and
replacing the initial condition ¥(0) = I with zgw(0) to solve for the complete iPRC.

5) The iPRC in forward time is then given by z(t) = zpw(Zp — t) where t € [0, Tp).

6) The linear shift in period in response to the static perturbation can be calculated by
evaluating the integral (see (2.14))

Ty
T = — /0 zT(t)aFEéZ(t)) _dt

Remark SM4.1. An alternative way (in MATLAB) to do backward integration is reversing
the time span in the numerical solver; that is, integrate the adjoint equation over [Tp,0] to
compute z(t).
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SM4.2. Algorithm for Calculating the ITRC for LCSCs. The ITRC satisfies the same
adjoint equation, (2.9), as the iPRC, and hence exhibits the same jump matrix at each liftoff,
landing and boundary crossing point. It follows that the algorithm for the iPRC from section
SM4.1 can mostly carry over to computing the ITRC.

Suppose the domain of (¢) can be divided into m regions R, ..., R™, each distinguished
by its own timing sensitivity properties. We denote the ITRC in R’ by 7/.

Below we describe the algorithm to compute 7’ in region R7 bounded by the two local
timing surfaces ¥ and ¥°". Following the notations in section 2, ™ and t°** denote the
time of entry into and exit out of R7, at locations x™ and x°"*, respectively. The algorithm
for computing 77 is described as follows.

Algorithm for 1)/ .

1) Compute v, the unperturbed limit cycle, and Tp, its period, by integrating (SM4.3).

2) Compute £, ¢ for region j. Evaluate x™ = (), x° = ~(t°") and Ty = tout —¢n,

3) Compute the boundary value for 7/ at the exit point x° (see (2.25))

_ nout

- noutTF(Xout)

P ()
where n°" is a normal vector to :°U*.

4) Integrate the adjoint equation backward in time by defining s = Ty —¢ and numerically
solve for njy(s) (represented in backwards time) over [Ty — t*", Ty — t™]. 1hy(s)
satisfies the initial condition n]BW(To —tout) = 17/ (tout) computed from step (3) as well
as conditions (b) through (f) from step (2) of Algorithm for z in section SM4.1.

5) The ITRC in forward time is then given by 77 (t) = nhy (Io — t) where ¢t € [tin, tout)-

6) Compute 7., the limit cycle under some small static perturbation ¢ < 1, and find x*,
the coordinate of the intersection point where 7.(¢) crosses ™. The linear shift in
time in region j in response to the static perturbation can be calculated by evaluating
the integral (see (2.23))

tout

XX oy R 0)
T — i (xn) . Z€ J(~(t)) - 2 dt.
R O I

Remark SM4.2. All the local linear shifts in time sum up to the global linear shift in period,
that is, Ty = 3 5 _1" T7 .

SM4.3. Algorithm for Solving the Homogeneous Variational Equation for LCSCs. Here
we describe the algorithm for solving the homogeneous variational equation for linear displace-
ment u, the shape response to an instantaneous perturbation. This makes use of Theorem
3.13, which describes different jumping behaviors of u at liftoff, landing, and boundary cross-
ing points. Unlike the iPRC and ITRC which require integration backwards in time, the
variational dynamics can be solved with forward integration. This makes the algorithm com-
paratively simpler by allowing v(¢) and u(t) to be solved simultaneously.

Algorithm for u..

1) Fix an initial condition xg = «(0) on the limit cycle and an initial condition ug = u(0)
for the displacement at v(0) of the limit cycle.
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2) Integrate the original differential equation (SM4.3) and the homogeneous variational
equation (2.7) simultaneously forward in time and numerically solve for u(t) over one
period 0 <t < Tp, where u satisfies

(a) u(0) = uy.

(b) For t such that «(t) lies in the interior of the domain,
du P
=D Flnterlor t
> (4(t))u

(c) For t such that v(t) lies within a sliding component along boundary 3¢,

du :
b DFslldei t
= (1)

where D Fslidei s the Jacobian of the sliding vector field F®14¢i given in (SM4.2).
(d) At any time t, when v transversely crosses a switching surface with a normal
vector ny, separating vector field £, on the incoming side from vector field Flj

on the outgoing side,
ut = Su”

where u™ = lim, - u(t) and ut = lim, ¢ u(t) are the displacements just
before and just after crossing the surface. By the definition for the saltation

matrix at transversal crossing point (3.9), we have

p

(B} = Fy)n}
gy

S=1+

(e) At a landing point on the i-th hard boundary %%, update u as
ut = Sa~

where S = I—n'n'" (recall n’ is the normal vector to ¥¥) and switch integration
from the full Jacobian DF™erior t6 the restricted Jacobian D Fslide:

(f) At a liftoff point on the i-th hard boundary ¥’ switch integration from the
restricted Jacobian DFs19¢ to the full Jacobian DF™erior: ng other change in
u is needed.

Remark SM4.3. The fundamental solution matrix satisfies

dd(t,0)
dt

and takes the initial perturbation u(0) to the perturbation u(t) at time t, that is,

= DF®(t,0), with ®(0,0) = I

u(t) = o(t, 0)u(0).

Computing ® therefore requires applying Algorithm for u n times, once for each dimension
of the state space. Specifically, let ®(t,0) = [¢1(¢,0) ..., pn(t,0)]. The i-th column ¢;(t,0) is
the solution of the variational equation (2.7) with the initial condition ¢;(0,0) = e;, a unit
column vector with zeros everywhere except at the i-th row where the entry equals 1.
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Remark SM4.4. Once ® is obtained, we can obtain the monodromy matriz, M = ®(T,0).
It follows from the periodicity of ~(t) that M has +1 as an eigenvalue with eigenvector v
tangent to the limit cycle at xg; this condition provides a partial consistency check for the
algorithm.

SM4.4. Algorithms for computing iSRC, the response to sustained perturbation. Now
we discuss the calculation of iSRC 1, the linear shape response to a sustained perturbation.
While ~; shares the same saltation matrix as u at each liftoff, landing and boundary crossing
point, v, satisfies the nonhomogeneous version of the variational equation, (2.20) or (2.26),
where one of the nonhomogeneous terms depends on the time scaling factor, 11 or v{. More-
over, the initial condition for +; depends on the given perturbation and hence needs to be
computed in the algorithm whereas the initial value for u is arbitrarily preassigned.

In the following, we first describe the algorithm for computing v; using the global uniform
rescaling and then consider using piecewise uniform rescaling.

Algorithm for ~1 with uniform rescaling.

1) Fix an initial condition xg = 4(0) on the limit cycle.

2) Compute the linear shift in period 77 using Algorithm for z, then evaluate vy =
T,/ Tp.

3) Choose an arbitrary Poincaré section 3 (this can be one of the switching boundaries
for appropriate xg) that is transverse to v at xg. Compute 7., the limit cycle under
some fixed small static perturbation, and find xg,, the coordinate of the intersection
point where 7.(t) crosses ¥. The initial value for 7; at the initial point x is then
given by

7(0) = 2220
4) Integrate the original differential equation (SM4.3) with the initial condition xy and
the nonhomogeneous variational equation (2.20) simultaneously forward in time and
numerically solve for v; over one period 0 <t < Ty, where ; satisfies
(i) 71(0) = (xo. — x0)/.
(ii) For t such that +(t) lies in the interior of the domain,

3

aFSinterior (’)/(t) )
Oe

d . . . .
% — DFmterlor(,y(t)),_yl + VlFlnterlor(,y(t)) +

e=0

(iii) For ¢ such that ~(t) lies within a sliding component along boundary ¢,

anlidei
| 0P (5 (1)
Oe

where DF®14¢i is the Jacobian of the sliding vector field F1¢ given in (SM4.2).
(iv) For transversal crossings, landing points, and liftoff points, apply (d), (e) and
(f), respectively, from step 2) in Algorithm for u in section SM4.3, by re-

placing u with ~;.
Next we consider the case when v(t) exhibits m different uniform timing sensitivities at
regions R', ..., R™, each bounded by two local timing surfaces, as discussed in section SM4.2.
Piecewise uniform rescaling is therefore needed to compute the shape response curve. The

d slide; slide;
=L = DF (y () + 1 P (1))

e=0
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procedure for obtaining 1 in this case is nearly the same as described in Algorithm for ~;
with uniform rescaling, except we now need to compute various rescaling factors using the
ITRC. This hence leads to different variational equations that need to be solved. On the other
hand, the local timing surfaces naturally serve as the Poincaré sections that are required to
compute the initial values for ; in the uniform rescaling case.

Algorithm for v, with piecewise uniform rescaling.

1)

2)

Take the initial condition for v(¢) to be y(0) = x¢ € ¥, where ¥ is one of the local
timing surfaces. Compute 7(t), the unperturbed trajectory, and ~.(t), the trajectory
under some static perturbation 0 < ¢ < 1, by integrating (SM4.3). ‘

For j € {1, ...,m}, compute T}, the time that v(¢) spends in region j and 7Y, the linear
shift in time in region j using Algorithm for 7/, and then evaluate 1/{ = le / Tg .
Compute Xq., the coordinate of the intersection point where ~.(t) crosses . The
initial value for v; at the initial point xq is given by

Xpe — X0
n(0) = ———.
€

Integrate the original differential equation (SM4.3) with the initial condition x¢ and
the piecewise nonhomogeneous variational equation (2.26) simultaneously forward in
time and numerically solve for v, over one period 0 <t < Ty, where ; satisfies

(i) 71(0) = (%0 —%0)/e.

(ii) For t such that () lies in the intersection of the interior of the domain and

region R7,

aFeinteriorj (’Y(t))
Oe e=0

% — DFmtcrlorj ('V(t))’}/l + V{ Fmtcnor]- (’y(t)) +

where DFnterior; js the Jacobian of the interior vector field Finterior; in RJ
(iii) For ¢ such that ~(¢) lies within the intersection of a hard boundary ! and
region R/,

OFEe: (1(1))
Oe e=0

D DFI (o (0 + o (1) +
where DF®¢i is the Jacobian of the sliding vector field F®11d¢i (x) = finterior; (x)
(n® - Finteriors (x))pi given in (SM4.2).

(iv) For transversal crossings, landing points, and liftoff points, apply (d), (e) and
(f), respectively, from step 2) in Algorithm for u in section SM4.3, replacing
u with ~1.
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SM5. Table of Common Symbols.

Symbol Meaning
X state variables
t time
0(t) phase of a limit cycle
(%) asymptotic phase of a stable limit cycle
F(x) unperturbed velocity vector field
v(t) unperturbed limit cycle solution
T period of the unperturbed limit cycle
eP small instantaneous perturbation vector
3(t) trajectory near limit cycle after instantaneous perturbation
u(t) ~4(t) —~(t) displacement from limit cycle after instantaneous perturbation
3 sustained (parametric) perturbation
F.(x) perturbed velocity vector field
Ye(t) perturbed limit cycles solution
1. period of the perturbed limit cycle
F=F zeroth-order term of Taylor expansion of F; around € = 0
Yo =" zeroth-order term of Taylor expansion of v, around € = 0
To=T zeroth-order term of Taylor expansion of T, around € =0

F, = 0F./ 85‘520 first-order term of Taylor expansion of F. around ¢ = 0

= 0/ 85}620 first-order term of Taylor expansion of v, around € = 0,
also called the infinitesimal shape response curve (iISRC)

T, = 0T:/ 85|E:0 first-order term of Taylor expansion of 7T, around € =0

DF; Dy o Jacobian matrix; directional derivative of ¢ in w direction
I identity matrix
S saltation matrix (for variation equation)
J jump matrix (for adjoint equation)
J time-reversed jump matrix (for adjoint equation)

P boundary i
RI region j
Fi(x) velocity vector field in region j
ve =Ty /T: relative frequency of perturbed limit cycle
v =T1 /Ty first-order term of Taylor expansion of v, around € = 0,
also called the relative change in frequency
T time remaining in region j along a trajectory
u(t) variational dynamics governed by (2.7)
z(t) = Vx¢(y(t))  infinitesimal phase response curve (iPRC) governed by (2.9)
~1(t) infinitesimal shape response curve (iISRC) governed by (2.20)

W (t) = VxT?(y(t)) local timing response curve (ITRC) governed by (2.24)
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