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Abstract. Oscillatory activity in auditory cortex is thought to play a central role in auditory and speech processing by
synchronizing neural rhythms to external acoustic features of the speech stream. To support this function, cortical oscillators
must flexibly phase-lock to inputs spanning a wide range of timescales, including rhythms substantially slower than their
intrinsic frequency. Here we identify a general dynamical mechanism by which intrinsic inhibitory currents operating on
multiple timescales enable such flexible phase-locking. Using tools from dynamical systems theory, including geometric singular
perturbation theory and bifurcation analysis, we show that interactions between slow and superslow inhibitory processes generate
prolonged post-input recovery delays through delayed Hopf phenomena, thereby substantially expanding the frequency range
over which entrainment can occur. We demonstrate this mechanisms in a biophysically grounded cortical theta oscillator
model for speech segmentation. Specifically, we show that both a theta-timescale (4-8 Hz) inhibitory current Im and a slower
delta-timescale (1-4 Hz) inhibitory potassium current IKSS

are crucial for entrainment flexibility. Their interaction creates a
three-timescale structure that gives rise to pronounced delay phenomena associated with a delayed Hopf bifurcation (DHB).
Interestingly, the superslow IKSS

and the associated DHB play little role in the unforced oscillatory dynamics, but are recruited
to support phase locking under external forcing. Moreover, the intermediate-timescale current Im, rather than being redundant,
further expands the phase-locking range by prolonging delayed recovery along the superslow manifold. Together, these results
suggest that coordination among intrinsic inhibitory currents operating on multiple timescales may represent a key mechanism
supporting flexible phase locking to rhythmic inputs in the brain.

Key words. Phase Locking, Theta rhythm, Geometric Singular Perturbation Theory, Speech processing, Multiple
timescales
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1. Introduction. Macroscopic neural oscillations are ubiquitous in the brain and span a temporal
scale that ranges from a few to a hundred hertz [7]. Since their discovery by Hans Berger in 1929 [6], neural
rhythms have been extensively studied for their critical roles in neural communication, cognitive function
and brain health [9, 8, 29]. They are commonly classified into the following frequency bands: delta (1-4 Hz),
theta (4-8 Hz), alpha (8-13 Hz), beta (13-30 Hz), and gamma (30-70 Hz). Across these bands, oscillatory
activity is thought to support effective information processing by aligning intrinsic brain rhythms with
external or internally generated temporal structure, simulating the inputs from the external environment or
other oscillating neural groups.

A prominent example of this principle arises in auditory cortex, where theta-band oscillations are believed
to play a central role in auditory and speech processing [38]. In particular, these oscillators can flexibly phase-
lock to regular acoustic features of the speech stream across a wide range of frequencies, thereby facilitating
syllabic segmentation and marking syllable boundaries [28, 26, 27]. Importantly, speech signals exhibit
hierarchical temporal organization, whose variable frequency can dip well below the intrinsic frequency of
cortical theta oscillators (down to ∼ 1 Hz) [25, 44, 31, 14, 17, 49]. This raises a fundamental dynamical
question: how can neural oscillators maintain robust intrinsic rhythmicity while flexibly entraining to much
slower external rhythmic inputs?

We refer to this capability as flexible phase-locking : the ability of an oscillator to flexibly synchronize
its phase to rhythmic input across a broad frequency range, including frequencies substantially lower than
its natural oscillation frequency. Many existing models of theta oscillators are paced by synaptic inhibition
[36, 34]. Such inhibition-based rhythms exhibit rather limited entrainment bandwidth and especially fail to
lock to input frequencies lower than their intrinsic frequency [11, 56, 49]. Recent experimental and modeling
studies suggest that intrinsic membrane currents operating on distinct timescales play an important role in
organizing cortical theta rhythms and substantially extending their phase locking to slower external inputs
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[12, 49]. However, the dynamical mechanisms by which such multiscale inhibitory structure could enable
flexible entrainment have not been systematically characterized.

In this work, we identify a general dynamical mechanism by which intrinsic inhibitory currents operating
on nested timescales enable flexible phase locking to rhythmic inputs well below the intrinsic frequency. The
key insight is that entrainment to slow rhythms require a sufficiently long post-input spiking recovery delay
(the time between an input pulse and the next spontaneous spike) that prevents premature resumption
of intrinsic spiking. If recovery occurs too soon, spontaneous spiking appear before the next input cycle
arrives, breaking 1:1 phase-locking. Using tools from dynamical systems theory including geometric singular
perturbation theory (GSPT) and bifurcation analysis [24, 41], we show that interactions between slow and
superslow inhibitory processes can dynamically regulate this recovery period by generating extended post-
input delays through delayed bifurcation phenomena.

We demonstrate this mechanism using a physiologically realistic biophysical computational model of
cortical theta oscillator originally developed to study speech segmentation [49]. This model incorporates two
intrinsic outward currents operating on distinct timescales that participate in pacing the rhythms: an intrinsic
slow (theta-timescale) hyperpolarizing m-current (Im) with a voltage-dependent time constant of activation
of∼10-45 ms [32, 12, 3], and an intrinsic superslow (delta-timescale) hyperpolarizing potassium current (IKSS)
with calcium-dependent rise and decay times of ∼100 and ∼500 ms [12]. Previous computational work has
showed that oscillators combining these intrinsic inhibitory currents exhibit unusually broad entrainment
ranges under strong rhythmic forcing, including synchronization to inputs substantially slower than the
intrinsic frequency, whereas models relying on synaptic inhibitions do not [54, 35, 49]. To uncover the
dynamical origin of this flexibility, we provide a mechanistic explanation grounded in fast–slow dynamical
structure and its underlying geometric organization. This geometric perspective allows us to identify key
manifolds and delayed bifurcation structures that directly control post-input recovery timing and entrainment
limits, and to characterize the distinct dynamical roles of the slow M-current and the superslow KSS-current.

Our analysis reveals four central findings. First, the superslow potassium current IKSS
establishes the

key timescale necessary for the emergence of a delayed Hopf bifurcation (DHB) [5, 42, 43, 33], which yields
sufficiently long post-input delays to support entrainment to inputs well below the intrinsic theta frequency.
Second, although the slow m-current Im is not required for the bifurcation itself, it plays a critical role
in enabling the DHB mechanism to express its full characteristic delay. Third, removal of either current
substantially shortens post-input delays and diminishes the oscillator’s ability to entrain to slower inputs,
demonstrating a synergistic interaction between inhibitory processes across timescales. Fourth, these delayed
bifurcation effects are largely absent during unforced autonomous oscillations but are selectively recruited
under strong rhythmic input, allowing the system to dynamically adapt its dynamics in response to external
inputs that are significantly slower than its intrinsic frequency. Together, these results suggest that coor-
dination among these intrinsic inhibitory currents operating on distinct timescales may provide a general
mechanism for flexible entrainment in rhythm-generating neural circuits. Rather than relying on a single
mechanism, biological oscillators can exploit multiscale inhibitory structure to decouple intrinsic rhythm
generation from recovery dynamics, enabling flexible entrainment across a broad range of input frequencies.

Phase-locking in neural oscillators to external inputs or to inputs from other oscillating populations
has been extensively studied [23, 20, 37, 1, 10, 47, 51]. The present work differs in that we consider a
physiologically relevant strong forcing regime, in which input pulses are sufficiently strong to elicit spiking
or bursting, rendering traditional phase-reduction approaches inapplicable [55, 45, 58, 22]. We focus in
particular on addressing how oscillators entrain to rhythmic inputs that are much slower than the intrinsic
frequency of the target oscillator, for which general mechanistic understanding remains limited. Moreover,
relatively few studies have examined oscillators that exhibit intrinsic outward currents operating on two
distinct timescales and analyzed how such multiscale structure shapes phase-locking behaviors. Closest
to our work is [67], which employs fast-slow decomposition and bifurcation analysis to characterize the
dynamical mechanisms underlying the role of the M-current in phase-locking. Here, however, we show that
M-current alone is not sufficient; rather, it is the multiscale interaction between the M-current and the
superslow KSS-current that is essential for enabling flexible entrainment to slow incoming rhythmic inputs.

The remainder of the paper is organized as follows. In Section 2, we introduce the full theta oscillator
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model, perform geometric singular perturbation theory analysis, and quantify entrainment behaviors under
strong rhythmic forcing. Sections 3 and 4 analyze reduced models lacking either the superslow or slow
inhibitory components in order to isolate their individual contributions. In Section 5, we characterize the
full multiscale mechanism and demonstrate how the delayed Hopf mechanism emerges from the interaction of
intrinsic currents to support a remarkable phase-locking to slower inputs. The paper ends with a discussion
in Section 6.

2. Cortical theta oscillator model and phase-locking to strong inputs. The dynamics of the
full theta oscillator model [49] is given by the following equations:

(2.1)

C dV
dt = −INa − IKDR − Ileak − Im − INaP − ICa − IKSS + IPP(t)
dn
dt = (n∞(V )− n)/τn(V ),

dmNaP

dt = (m∞(V )−mNaP)/τm,
ds
dt = (1− s)αs − sβs,

dmKDR

dt = τfast((1−mKDR)αm −mKDRβm),
dh
dt = τfast((1− h)αh − hβh),

dCai
dt = −FCaICa(V )− Cai/τCa
dq
dt = (1− q)αq(Cai)− qβq

with

(2.2)

INa = gNamNa(V )3h(V − ENa)
mNa(V ) = αmNa(V )/(αmNa(V ) + βmNa(V ))

IKDR
= gKDR

m4
KDR

(V − EK)
Ileak = gleak(V − Eleak)
Im = gmn(V − EK)

INaP = gNaPmNaP(V − ENaP)
ICa = gCas

2(V − ECa)
IKSS = gKSSq(V − EK)

Table 1
Model Parameters

gNa 125 ENa 40 gKDR 54 EK −80
gleak 0.27 Eleak −65 gm 1.4472 gKSS

0.1512
gNaP 0.4307 ENaP 50 gCa 0.54 ECa 120
Iapp 9.8 IT 2000 d 1/4 C 2.7

The periodic pulse inputs are given by

(2.3) IPP(t) = gPP

m∑
i=1

χ{t−t∗i <=w}(t)

where χS(t) is the function that is 1 on set S and 0 otherwise, t∗i = ton + Tsi for i = 1, 2, ... is the set of
times at which input pulses arrive, ton is the onset time of the first input, Ts = 1000/f is the input period,
f is the input frequency, w = dTs is is the pulse width given the duty cycle d ∈ (0, 1). gPP = IT

m·w where IT
is the total (integrated) input strength and m is the total number of periodic inputs. In our simulations, we
fix d = 1/4. A couple of values of IT will be considered, while other parameters will be fixed at the values
shown in Table 1. Note that in [49] the periodic pulse input is given by

IPP(t) = gPP

∑
i

χ{|t∗i |<=w(s−1)/2s}(t) ∗ exp(−(st/w)2)
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where ∗ is the convolution operator and s = 25 so the input pulse is nearly square. In this paper, to simplify
analysis we assume periodic pulses are perfectly square and hence can be rewritten as in equation (2.3).
Previous work has shown that, under strong forcing, phase-locking flexibility characterized using periodic
inputs extends to entrainment of quasi-rhythmic and speech-derived inputs [49]. Accordingly, we focus here
on periodic forcing, which enables a mechanistic analysis using dynamical systems theory while remaining
relevant to more naturalistic stimuli.

Table 2
Activation variable dynamics

h τfast = 5.6115, αh(V ) = 0.07 exp(−(V + 30)/20) βh(V ) = (exp(−V/10) + 1)−1

mNa αm(V ) = − V+16
10(exp(−(V+16)/10)−1) βm(V ) = 4 exp(−(V + 41)/18)

mKDR
αm(V ) = −0.01 V+20

exp(−(V+20)/10)−1 βm(V ) = 0.125 exp(−(V + 30)/80)

n n∞(V ) = (1 + exp(−(V + 35)/10))−1 τn(V ) = 81.085
exp((V+35/40))+exp(−(V+35)/20)

mNaP m∞(V ) = (1 + exp(−(V + 40)/5))−1 τm = 5
s αs(V ) = 1.6(1 + exp(−0.072(V − 65))) βs(V ) = 0.02 V−51.1

exp(V −51.1
5 )−1

q αq(Cai) = min(0.1Cai, 1) βq = 0.002
Cai FCa = 2.2222 τCa = 100

2.1. Geometric Singular Perturbation Theory. The theta oscillator model (2.1) involves at least
three distinct timescales: fast voltage spiking, slow Im and superslow IKSS

. To analyze its dynamics and
phase-locking properties, we employ the Geometric Singular Perturbation Theory (GSPT) for three-timescale
problems [24, 41]. The extended GSPT has been successfully applied to study mixed mode oscillations
(MMOs) [39, 48] and complex bursting dynamics [59, 60, 61] in three timescale systems.

As the first step of the GSPT approach, we perform a dimensional analysis of (2.1) to reveal the
important timescales. To do so, we introduce a dimensionless time variable t = Qtτ . From (2.1), we obtain
the following equivalent system:

(2.4)

C
gmaxQt

dV
dτ = f1(V, n,mNaP, s,mKDR

, h, q)
dn
dt = QtTn

n∞(V )−n
τ̄n(V ) ,

dmNaP

dt = Qt
1
τm

(m∞(V )−mNaP),
ds
dt = QtTs((1− s)ᾱs − sβ̄s),

dmKDR

dt = QtτfastTKDR
((1−mKDR

)ᾱm −mKDR
β̄m),

dh
dt = QtτfastTh((1− h)ᾱh − hβ̄h),

dCai
dt = QtFCagCaQv(−ĪCa(V )− Cai

τCagCaQv
)

dq
dt = QtTq((1− q)ᾱq(Cai)− qβ̄q)

where gmax = 125 nS is a conductance scale, Tn = max(1/τn(V )) = 15.8456,Ty = max(maxαy,maxβy),
ᾱy = αy/Ty, β̄y = βy/Ty for y ∈ {s,mKDR

, h, q}, C
gmax

= 0.02, Tn = 0.06, Tm = 1/τm = 0.2, Ts =

2.222, τfastTKDR = 3, τfastTh = 5, FCagCaQv = 120, Tq = O(0.01) for cai ∈ (0, 0.1). Note that the IKSS

current exhibits a slow rise time O(100)ms and an even slower decay time O(500)ms, so together the rate
is Tq = O(0.01)ms−1.

We choose the timescale for n as our reference time, i.e., pick Qt = 1/Tn and let Ri denote coefficient of
dx
dt in the above equations. The dimensionless system then becomes
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(2.5)

R1
dV
dτ = C

gmaxQt

dV
dτ = f1(V, n,mNaP, s,mKDR

, h, q)

R2
dmNaP

dτ = τm
Qt

dmNaP

dτ = m∞(V )−mNaP := f2,

R3
ds
dτ = 1

QtTs

ds
dτ = Ts((1− s)ᾱs − sβ̄s) := f3,

R4
dmKDR

dτ = 1
QtτfastTh

dmKDR

dτ = ((1−mKDR
)ᾱm −mKDR

β̄m) := f4,

R5
dh
dτ = 1

QtτfastTh

dh
dτ = ((1− h)ᾱh − hβ̄h) := f5,

R6
dCai
dτ = 1

QtFCagCaQv

dCai
dτ = (−ĪCa(V )− Cai

τCagCaQv
) := f6

dn
dτ = n∞(V )−n

τ̄n(V ) := G(V, n),
dq
dτ = δ((1− q)ᾱq(Cai)− qβ̄q) := δQ(Cai, q)

where R1 = 0.0014, R2 = 0.3155, R3 = 0.0284, R4 = 0.0233, R5 = 0.0118, R6 = 5e−4 and δ = QtTq = 0.1901.
Moreover, functions on the right-hand side (fi, G and Q) are O(1) and hence the timescales are indicated by
Ri and δ. While mNap, s,mKDR

, and h are slower than V and Cai, it is clear that they are all relatively faster
than n, which is 10 times faster than q. Hence we choose to consider n as slow, to classify q as superslow,
and to group all the other variables as evolving on the fast timescale. For simplicity, we let y ∈ R6 denote
all the fast variables and rewrite equation (2.5) as

(2.6)
ε dy
dτ = F (y, n, q)
dn
dτ = G(V, n),
dq
dτ = δQ(Cai, q)

where F = 0 is equivalent to all fi in (2.5) vanish.
Applying GSPT [41] to this three timescale system (2.6) results in a six-dimensional (6D) fast layer

problem (FL) describing the dynamics of all the fast variables y for fixed values of the other variables, a
1D slow reduced layer problem (SRL) that describes the dynamics of the slow variable n for fixed values of
q and all variables restricted to the equilibrium points of the FL problem Ms (defined below in (2.7)), and
a 1D superslow reduced problem (SSR) that describes the dynamics of q with all variables restricted to the
equilibrium points of the SRL problem (defined below in (2.8)). In addition, we also define a 7D fast-slow
subsystem for fast y and slow n variables together for the purpose of our analysis. Based on these singular
limit subsystems, we define the critical manifold to be the set of equilibrium points of the fast layer problem,
i.e.,

(2.7)
Ms := {(y, n, q) : F (y, n, q) = 0}

= {(V,mNap, s,mKDR
, h, Cai, n, q) : f1 = f2 = f3 = f4 = f5 = f6 = 0}

The set of equilibrium points of the slow layer problem is defined as the superslow manifold, i.e.,

(2.8) Mss := {(y, n, q) : F (y, n, q) = G(V, n) = 0} ⊂ Ms

A crucial step of GSPT in determining the nature of the solution is to establish the type of points that occur
at the transitions between fast, slow and superslow segments of the singular orbit [41]. In our model, the
transitions between fast and slow segments happen along the fold curve of Ms. We have identified two types
of transition points: jump points and folded singulariteis [16]. Singular orbits containing only jump points
perturb to relaxation oscillations, whereas singular orbits containing folded singularites may perturb to more
complicated oscillations such as orbits with subthreshold oscillations (i.e., MMOs). On the other hand, the
transitions between fast/slow and superslow segments of the singular orbit in our model occur at Hopf
bifurcation (HB) points on Mss, another mechanism that can lead to MMOs [39, 48]. This HB bifurcation
is also known as delayed Hopf bifurcation (DHB) [42, 43, 5]. In this paper, for the sake of brevity, we do
not provide a detailed description of singular limit systems or the analysis needed to identify singularities on
Ms and Mss, such as folded singularities and DHB points. For a comprehensive GSPT analysis of MMOs
in three timescale systems, we refer readers to [48, 39].
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Fig. 1. FI curves show the function of output frequency as Iapp varies for the (A) full model, (B) K−
SS-system and (C)

M−-system. The red (resp., green) circle indicates the point on the FI curve at which Iapp was fixed, to give a 7 Hz (resp.,
1.4 Hz) firing rate.

2.2. Phase locking under strong forcing. To examine the roles of inhibitory currents on superslow
delta- and slow theta-timescales, we construct reduced models in which either the IKSS or Im current is
moved, and compare their phase locking behaviors with the intact model.

First, we remove the superslow KSS current by setting gKSS
= 0, creating a model we refer to as the K−

SS

system. It follows from (2.6) in §2.1 that the K−
SS-system consists of 6 fast and 1 slow (6F, 1S) variables.

The corresponding K−
SS-system is given by

(2.9)
ε dy
dτ = F (y, n, q)
dn
dτ = G(V, n)

where gKSS = 0 or equivalently q = 0. In order for the K−
SS-system to exhibit the same natural frequency

of 7Hz as in the full model, we decrease its tonic input from Iapp = 9.8 to Iapp = 6.8 to compensate the
increased excitability due to the loss of the inhibitory KSS-current (Figure 1B, red circle).

The voltage traces of the full model (2.1) (resp., the K−
SS-system) without and with rhythmic inputs

are shown in Figure 2A (resp., Figure 2B). From Figure 2A, we can see that the full model is capable of
phase-locking to rhythmic inputs at frequencies significantly lower than the intrinsic frequency (e.g., 2 Hz).
In contrast, the K−

SS-system is much less flexible at phase-locking to inputs slower than its intrinsic frequency
(see Figure 2B). Specifically, the top third row indicates the K−

SS-system fails to phase-lock to 5.5 Hz inputs,
with spontaneous spikes occurring outside the input pulses. This comparison demonstrates a crucial role of
KSS-current in supporting the flexible phase-locking in the full model.

To investigate the role of theta-timescale SAOs in flexible phase-locking, we construct M−-system by
setting gm = 0 (Figure 1C). In order to maintain the spiking activity in the reduced system, we decrease
gleak to 0.16. Based on (2.6), the M−-system consisting of 6 fast and 1 superslow (6F, 1SS) variables is given
by

(2.10)
ε dy
dτ = F (y, n, q)
dq
dτ = δQ(Cai, q)

where gm = 0 (or equivalently n = 0). While choosing Iapp = 9.7 in both systems (see Figure 1A and C,
red circles) ensures that they exhibit the same natural frequency of 7 Hz, the M−-system is highly sensitive
to further increase in Iapp (note the steep slope of its FI curve to the right of the red circle). As a result,
although the two oscillators share the same natural frequency, the induced spiking frequency during input
forcing is much higher in the M−-system than in the intact model, making a direct comparison of their
phase-locking properties problematic. To address this, we instead set Iapp = 8 in both the M−-system and
the intact model (Figure 1A and C, green circles), so that they not only share the same intrinsic frequency
of 1.4Hz but also exhibit comparable sensitivity to increase in Iapp, as reflected in their FI curves.

With this matching in place, we compare the phase-locking properties of the two models to assess the
role of Im in enabling flexible phase locking to slower inputs. A comparison of Figures 3A and 3B shows
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Fig. 2. Time traces of voltage (black) for (A) the full model (2.1) with Iapp = 9.8 and an intrinsic frequency of 7Hz, and

(B) the K−
SS-system with Iapp = 6.8, gKSS=0 and an intrinsic frequency of 6.86Hz. Other unspecified parameters in each model

are given in Table 1. Both models spike at an intrinsic frequency of about 7Hz. The lower three panels show their responses to
3-second slower periodic input pulses (total input current IT = 2000) at different input frequencies f that are lower than the
intrinsic frequency. Traces of inputs whose frequency is indicated on the left are shown in magenta and the perturbed voltage
traces are shown in black. The full model is able to phase lock to inputs with frequency as low as 2 Hz, whereas the K−

SS-system
fails at phase-locking to inputs with frequency 5.5 Hz.
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Fig. 3. Time traces of voltage (black) for (A) the full model (2.1) with Iapp = 8 and (B) the M−-system with Iapp =
8, gm = 0, gleak = 1.6. Other unspecified parameters for each model are given in Table 1. Both models spike at an intrinsic
frequency of about 1.4Hz. The lower three panels show their responses to 8-second periodic input pulses (duty cycle =1/4
cycle, total input current = 2500) at different frequencies that are lower than the intrinsic frequency. Traces of inputs whose
frequencies are indicated on the left are shown in magenta and the perturbed voltage traces are shown in black.

that the full model exhibits a much greater phase-locking flexibility than the M−-system, highlighting the
important role of Im in potentiating flexible phase-locking. In particular, the full model is able to phase-lock
to periodic inputs at frequencies as low as half of its intrinsic frequency (i.e., 0.7 Hz), whereas removal of Im
leads to a substantial loss of phase-locking capability in the M−-system.

2.3. Post-input spiking delay. To investigate the phase-locking characteristics of these systems, we
examine the post-input spiking delay (denoted as D with a unit in s) [49]. This delay represents the time
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until the next spontaneous spike following a single input pulse. Such delays are observed in all three systems
since each input pulse initiates a burst of spiking, which activates the hyperpolarizing currents Im and/or
IKSS

.
If the delay in spiking is long enough, phase-locking can be achieved since the next input pulse which we

assume is strong will always cause spiking. As a result, the phase-locking to input pulses can be determined
by the delay D in that the lower input frequency limit (f∗) of phase-locking satisfies

(2.11) f∗ ≥ 1/D.

It follows that if the spiking delay is small such that D ≤ 1/f0 where f0 is the intrinsic frequency of an
oscillator, then we have f∗ ≥ 1/D ≥ f0. This means this oscillator cannot phase-lock to any inputs slower
than its intrinsic frequency. In other words, phase-locking of an oscillator to inputs slower than its intrinsic
frequency requires the delay to be larger than its intrinsic period, that is,

(2.12) D > 1/f0.

Furthermore, the larger the delay D, the more flexible the phase-locking to slower inputs.
In the rest of this paper, we use methods of fast-slow decomposition and bifurcation analysis to explain

the inflexible phase-locking of the K−
SS-system to slower inputs by examining its post-input spiking delay D

in §3. We carry out a similar analysis for the M−-system in §4. Then in §5, we explain why the presence of
both these two intrinsic currents produces a substantially longer delay D, which in turn leads to a markedly
more flexible phase locking in the full model.

3. K−
SS-system fails to phase-lock to slower inputs. In this section, we explain why the (6F,1S)

K−
SS-system, with IKSS

removed, struggles to phase-lock to input rhythms significantly slower than its intrinsic
frequency. To accomplish the goal, we first employ timescale decomposition and bifurcation analysis to
understand the intrinsic spiking dynamics of this system. We then assess its phase-locking ability by analyzing
how input pulses influence its bifurcation structures and the subsequent post-input spiking delay D. Our
findings reveal that the limited phase-locking ability of the K−

SS-system to slower frequencies arises from
two key factors: (1) the insufficient timescale separation within the K−

SS-system, and (2) the absence of
a delayed-bifurcation governing the onset of spiking. Consequently, although input pulse-triggered spikes
generate a larger M-current than autonomous spikes, the K−

SS-system exhibits a relatively fast recovery to
the next spike, preventing the cell from reliably following rhythms slower than its natural frequency.

The fast-slow decomposition analysis of the K−
SS-system (2.9) can be performed by treating the slow

variable n as a bifurcation parameter for the fast subsystem consisting of all other variables y in the K−
SS-

system. We denote the fast subsystem of the K−
SS-system as the fast K−

SS-subsystem. The resulting bifurcation
(Figure 4) includes an S-shaped curve of equilibria, i.e., the critical manifold Ms given by F (y, n, 0) = 0
(blue), and a family of stable periodic orbits PO (green) for the fast K−

SS-subsystem. The family PO initiates
at a Hopf bifurcation at a low n value (not shown here) and terminates at a homoclinic (HC) bifurcation at
an n value where the fast K−

SS-subsystem has a homoclinic point on the middle branch of Ms as t → ±∞.
The dynamics of n relative to this bifurcation diagram depends on the location of its nullcline (cyan curve).
Here since the n-nullcline intersects Ms on its middle branch (above the lower fold at the blue circle, see
Figure 4 insert), the system should exhibit a square-wave like bursting solution as long as the timescale
separation between the fast and slow variables is large enough [52, 59]. This is illustrated by the yellow
solution trajectory in Figure 4 which is obtained when the timescale separation is exaggerated in the (6F,
1S) scheme.

In the K−
SS-system with default parameters given in Table 1, the timescale separation between the fast

and slow variables is relatively distant from the singular limit. As a result, instead of generating square-
wave bursting solution that closely follows the bifurcation structure (Figure 4), the system produces only a
single spike in each cycle, as illustrated by the black solution trajectory in Figure 6A and C. Specifically,
the solution deviates from the lower stable branch of Ms as it approaches the lower fold at the blue circle
and follows the middle repelling branch before spiking. We demonstrate below that this deviation from the
bifurcation structure plays a critical role in the system’s inflexible phase-locking response to slow inputs.
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Fig. 4. Projection of burst trajectory (dark yellow) of the K−
SS-system (2.9) onto the bifurcation diagram when the timescale

separation between the fast variable y = (V,mNaP, s,mKDR
, h,Cai) and the slow variable n is exaggerated by 10 folds. The

curve Ms (blue) denotes the equilibria of the fast M-subsystem, and the green curve shows the maximum and minimum V
along the family of periodics (PO). Ms and n-nullcline intersects at a fixed point of the K−

SS-system, which lies above the lower
fold of Ms denoted by the blue dot (see the insert for an enlarged view). HC denotes a homoclinic bifurcation in which the PO
terminates.

To investigate the phase-locking behavior of the K−
SS-system, we focus specifically on the 3 Hz periodic

inputs, as the K−
SS-system fails to phase-lock to these inputs, in contrast to the full model (Figure 2). Figure

5 shows the spiking delays D of the full model (top panel) and the K−
SS-system (bottom panel) in response to

single spike-triggered input pluses. These pulses are equivalent to single pulses of a duration matching a 3 Hz
periodic input frequency. Panel (A) shows the voltage dynamics, while panel (B) shows the gating variable
n of the inhibitory current Im. In the full model, the first post-input spontaneous spike (indicated by the
magenta star in the top row) occurs after two spontaneous spikes (dashed curves), leading to phase-locking
to 3 Hz periodic inputs (Figure 2A). In contrast, in the K−

SS-system, the first post-input spike follows shortly
after the first spontaneous spike, preceding the arrival of the next input, which results in a failure to phase-
lock (Figure 2B, bottom panel). It is worth noting that in both systems, n returns to a similar baseline at
a comparable rate following the input pulse (see Figure 5B). However, in contrast to the K−

SS-system, where
spontaneous spiking resumes shortly after n reaches baseline (see Figure 5B, bottom panel), the full system
exhibits a more prolonged delay before spiking resumes, during which n oscillates (Figure 5B, top panel).
We will explain this delay phenomenon in greater detail in Section 5.

Figure 6A and B show the time series of the intrinsic dynamics (V in black and n in blue) of the K−
SS-

system over one period and its response to 3Hz periodic input pulses over one input cycle. The trajectory
within an input pulse, the timing of which is indicated by the horizontal magenta line, is plotted using the
dashed curve, whereas the trajectory outside the input pulse is shown by the solid curve (Figure 6B). The
system resumes spontaneous spiking (magenta star) shortly after the input pulse terminates at the green
circle, highlighting its inability to phase-lock to the 3-Hz periodic inputs. The effect of each input pulse
on the bifurcation diagrams of the K−

SS-system over one cycle is illustrated in Figure 6D. Specifically, as
the input pulse begins at the yellow star, the applied current increases from a baseline of Iapp = 6.8 to
Iapp = 9.4667. Consequently, the bifurcation diagram shifts from the blue curve to the magenta curve. This
shifts causes the trajectory at the yellow star to become further away from the perturbed HC bifurcation,
allowing it to spike four times (dashed black curve in Figure 6D) before being terminated at a higher n
value. This causes the m-current gating variable n to peak at about 0.38, which is higher than it would have
reached without any input. As the input terminates at the green star, the bifurcation diagram reverts from
magenta to blue, and the trajectory moves in the decreasing n direction to reach the unperturbed fold of
Ms at the blue circle. After that, an intrinsic spike occurs (solid black curve and magenta star) before the
arrival of the next input pulse. That is, phase-locking is not achieved as the post-input spiking delay D is
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Fig. 5. Delay of spiking D of (Top Panel) the full model and (Bottom Panel) the K−
SS-system, in response to a single

pulse lasting 1/4 of a cycle from 3 Hz periodic inputs. Magenta bar indicates the timing of the input pulse; magenta star
indicates the first post-input spike. (A) Voltage traces with (solid lines) and without (dotted lines) an input pulse. (B) Buildup
of outward M currents.

insufficient to prevent spiking before the next input pulse.
To explain why the post-input spiking delay D is short, we decompose it into three components:

(3.1) D =
1

4

1

f
+ τ̃D + τ̃R,

where the first term represents the input duty cycle, set at 1/4 of the input period 1/f . The second term,
τ̃D, denotes the duration of the decay phase during which n decreases from its value the end of the input
pulse (green star in Figure 6D) to its baseline at the Ms fold (blue circle). The third term, τ̃R, denotes
the duration of the rising phase where n increases from the baseline (blue circle) to the first-input spike
(magenta star). In parallel, we define τD and τR (without the tilde) as the decay and rising durations in
the unperturbed system. Specifically, τD measures the duration from the black star in Figure 6C to the
blue circle, and τR is the duration from the blue fold point to the spike. Notably, τ̃R ≈ τR because, after
passing the fold, the perturbed and unperturbed trajectories behave almost identically, both following the
same bifurcation diagram.

In contrast, τ̃D ̸= τD as the initial n values at the start of the decay phase differ. Specifically, the input
pulse pushes n to a higher level compared with the unperturbed case. Intuitively, one might expect the
perturbed trajectory, starting at a higher n, to take longer to decay back to the same baseline, implying
that τ̃D should be longer than τD. However, our numerical simulations reveal the opposite: a system that is
farther from the fold of Ms, i.e., the spiking threshold, resume spiking more quickly. This is one of the key
factors underlying the short delay D and hence poor phase-locking ability in the K−

SS-system. It follows from
(2.11) and τ̃D < τD that the lower frequency limit f∗ of phase-locking for the K−

SS-system can be estimated
as

f∗ ≥ 3/4

τ̃D + τR
>

3/4

τD + τR
≈ 5.25Hz

Note that it is difficult to precisely estimate f∗ as τ̃D implicitly depends on the input frequency f . Our
estimate f∗ > 5.25 implies that the K−

SS-system can, at best, phase-lock to inputs as low as 5.25 Hz, which
is consistent with our direct numerical simulation results shown in Figure 2B.

One key factor underlying the short delay D and consequently a poor phase locking in the K−
SS-system

to slow inputs, as discussed above, is the relatively short τ̃D. We now explain why τ̃D remains small despite
the increased n value at the end of each input pulse. As mentioned in the beginning of this section, this
is due to the insufficient timescale separation in the K−

SS-system. The top row of Figure 7 displays the
K−

SS-system trajectories during the decay phase, each starting with different n values (denoted as nIC). The
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Fig. 6. Simulation of the solution of the K−
SS-system and its response to periodic input pulses at 3 Hz, together with

corresponding bifurcation diagrams, for I = 6.8, gKCa = 0 and other parameters as given in Tables 1 and 2. (A) One cycle
of temporal evolution of V (black) and n (blue), as shown in Figure 2B, top panel. (B) One cycle of temporal evolution of V
and n in response to periodic input pulses with input frequency 3 Hz (see Figure 2B, the third panel from the top). Parameter
values for the input pulses are the same as in Figure 2B. The yellow bar on the bottom indicates the timing of the input pulse,
which begins at the yellow star and ends at the green star. The dotted curve indicates the solutions during the input pulse,
whereas the solid lines indicate the post-input spike. (C) Projection onto (n, V )-space of the tonic spiking solution (black)
from (A) and the bifurcation diagram of fast M-subsystem with respect to n, along with the n-nullcline shown in cyan. Color
codings of the bifurcation diagram are the same as in Figure 4. (D) The perturbed solution trajectory from (B) and the effect
of increasing Iapp on the bifurcation diagram for the fast M-subsystem, projected onto (n, V )-space, along with the n-nullcline
(cyan). Increasing Iapp from 6.8 (without any input pulse) to 9.4667 (with the input pulse) results in a shift of the bifurcation
diagram to the upper right (blue to magenta).

black trajectory, beginning with the same n value as the black star in Figure 6C, takes approximately τD
to reach the fold. In contrast, the green trajectory, starting from the n value marked by the green star in
Figure 6D, takes approximately τ̃D to reach the fold. The plot clearly shows that trajectories beginning at
higher levels of inhibition (green, blue and cyan curves) decay to the fold faster than the black trajectory.
Panel (B) suggests that this faster decay for trajectories with higher n values is due to their greater distance
from the n-nullcline, leading to a more rapid decrease in n. As a result, we arrive at the counter-intuitive
finding that trajectories initiated at higher n values take less time to decay to the baseline at the fold and
resume spiking sooner. Thus, despite the greater inhibition accumulated during the input pulse, the system
recovers spontaneous spiking more quickly, leading to a shorter delay D than in the absence of accumulated
inhibition.

To further confirm that the small τ̃D arises from an insufficient fast-slow timescale separation, we exag-
gerate this separation by making n 10 times slower. As anticipated, this adjustment causes trajectories with
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Fig. 7. Solution trajectories of the K−
SS-system with (Top row) default timescales and (Bottom row) exaggerated timescale

separation as in Figure 4. (Left): Time evolution of the trajectories that start at different n values until hitting the fold and
terminate upon reaching the lower fold of Ms. (Middle): Projection of trajectories from the left panel onto (n, V )-space. Stars
with different colors denote the different initial conditions of the trajectories. (Right): The relationship between the difference
between n at the initial condition and n at the fold (i.e., nIC − nfold) and the time for the trajectories to reach the lower fold
of Ms.

higher initial values of n to take longer to decay to the lower fold (compare Figure 7C and F). This occurs
because, with n evolving more slowly and the fast-slow K−

SS-system closer to its singular limit, trajectories
rapidly jump down to the lower stable branch of Ms during which n is nearly constant, and then evolve along
Ms on the slow n timescale (Figure 7E). Since n decays along Ms at similar rate, a higher initial n value
leads to a prolonged time to reach the fold, thereby extending the decay phase τ̃D and hence the delay D. We
note that the K−

SS-system with this exaggerated timescale separation exhibits bursting rather than spiking,
making a direct comparison of its phase-locking capabilities with those of the full model complicated and
beyond the scope of this work. Nonetheless, even under the exaggerated timescale separation, spiking re-
sumes immediately once n returns to baseline, suggesting that the system’s phase-locking capability remains
limited relative to the full model

In summary, the inflexible phase-locking in the K−
SS-system arises primarily from its relatively rapid

recovery of spiking due to insufficient timescale separation between fast and slow variables. Additionally,
unlike the full system, which exhibits a prolonged delay after crossing the fold of Ms (see Figure 5 top panel,
between the end of the input and the magenta star), the K−

SS-system resumes spiking shortly after passing
the fold. We explore the mechanism underlying the prolonged post-fold delay in the full system in Section
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Fig. 8. Delay of spiking D of (Top panel) the full model with Iapp = 8 and (Bottom panel) the M−-system, in response
to a single pulse lasting 1/4 of a cycle from 0.7 Hz periodic inputs. Model parameters are the same as in Figure 3. Magenta
bar indicates the timing of the input pulse; magenta star indicates the first post-input spike. (A) Voltage traces with (solid
lines) and without (dotted lines) an input pulse; (B) Buildup of outward KSS currents.

5.

4. M−-system cannot phase lock to significantly slower inputs. In the M− system (2.10), the
gating variable q for IKSS evolves on a superslow timescale whereas all other variables y evolve on fast
timescales. The timescale decomposition analysis can be performed by treating the superslow variable q
as the bifurcation parameter for the fast M−-subsystem consisting of all other fast variables. As in the
previous section, we consider the effect of input pulses on the bifurcation diagram of the M−-system and
the corresponding post-input spiking delay D to understand why this oscillator is unable to phase-lock to
rhythmic inputs that are significantly slower than its intrinsic frequency.

To investigate the phase-locking behavior of the M− system, we focus on the 0.7 Hz periodic inputs, as
the M− system fails to phase-lock to them, unlike the full system (see Figure 3). Figure 8 compares the
spiking delays D of the full model (top panel) and the M−-system (bottom panel), clearly showing that
the full model exhibits a much longer D than the M−-system. We highlight two major differences: First,
the M−-system recovers spontaneous spiking as q returns to its baseline level, whereas in the full system, q
must decay to levels significantly below baseline before the oscillator can spike again. This extended delay
in the full system arises from a delayed Hopf bifurcation (DHB), which we discuss further in Section 5.
Interestingly, while a Hopf bifurcation is also present and responsible for the onset of spontaneous spiking in
the M−-system, it does not produce a comparable delay. Second, while q accumulates during the input pulse
in both systems, q in the full system continues to rise even after the input ends, whereas in the M−-system,
q begins to decay midway through the pulse. Together, these differences result in a much shorter delay D
and significantly reduce the phase-locking flexibility to slow inputs in the M−-system compared to the full
system.

We first examine the lack of delay associated with the Hopf bifurcation in the M− system. The bifurcation
diagram of the M− system (Figure 9C) includes a curve of equilibria given by F (y, 0, q) = 0 (red curve,
denoted as Mss), and a family of periodic orbit (PO) solutions (green curve) born at a subcritical Hopf
bifurcation (red diamond) for the fast M−-subsystem. Also shown is the projection of the intrinsic spiking
solution from Figure 9A onto (q, V )-space. As the trajectory jumps near the yellow star to fire a spike,
the increased V triggers calcium influx and activates the KSS current. This results in a movement of the
trajectory in the increasing q direction until reaching its maximum. Afterward, q decays superslowly as the
trajectory moves leftward along the attracting branch of Mss. Note that the trajectory does not immediately
jump after crossing the Hopf bifurcation at the red diamond where the stability of Mss changes, but rather
experiences a brief delay traveling along the repelling branch. However, this delay is minimal.
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Fig. 9. Simulation of the solution of the M−-system and its response to periodic input pulses at 0.7 Hz, together with
corresponding bifurcation diagrams, for Iapp = 8, gm = 0, gl = 0.16 and other parameters as given in Table XX. (A) One cycle
of temporal evolution of V (black) and q (green), as shown in Figure 3B, top panel. (B) One cycle of the temporal evolution
of V and q in response to periodic input pulses with input frequency 0.7 Hz (see Figure 3B, the fourth row). (C) Projection
onto (q, V )-space of the spiking solution (black) from panel (A) and the bifurcation diagram of fast KSS-subsystem with q taken
as a constant parameter. The curve Mss (red) denotes the equilibria, the green curve shows the maximum and minimum V
along the family of periodics (PO), and the red diamond denotes the subcritical Hopf bifurcation. (D) The perturbed solution
trajectory from panel (B) and the effect of Iapp on the bifurcation diagram for the fast KSS-subsystem, projected onto (q, V )-
space. Increasing Iapp from 8 to 9.1667 results in a shift of the bifurcation diagram to the upper right (blue to magenta). Other
color coding and symbols have the same meanings as in Figure 6.

To examine solution behavior near the HB more closely, we compare solutions of the M− system initial-
ized at different distances from the HB point, all chosen along the stable portion of the Mss (see Figure 10).
The left panel shows the q-traces over time; the middle panel shows their projections onto the bifurcation
diagram in (q, V )-space, with each star marking an initial condition colored to match its corresponding tra-
jectory; and the right panel shows the time required for each trajectory to travel from its initial condition
qIC to leave Mss, defined as crossing V = −30 from below. As noted before, the trajectories experience
only a very brief delay after passing the HB. In particular, the exit points of trajectories along the repelling
branch of Mss (Figure 10, middle panel, red dashed curve) are nearly independent of their entry locations
on the attracting side (red solid curve). This observation indicates the absence of a classical delayed Hopf
bifurcation (DHB) mechanism, in which exit locations are typically entry-dependent and organized by a
buffer point [5]. Our analysis suggests that this lack of delay is primarily associated with the presence of a
true equilibrium of the full M−1-system (Figure 10, middle panel, black circle), located in close proximity
to the HB point. This equilibrium is a saddle-focus with a two-dimensional unstable spiral manifold while
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all remaining eigenvalues have negative real parts. Shortly after passing the HB, trajectories are drawn
toward the equilibrium along Mss and subsequently escape along its local unstable manifold. As a result,
the classical way-in-way-out analysis, which assumes monotone slow drift past the HB, no longer applies.
Instead, the exit dynamics appear to be mainly governed by the local structure of the full-system equilibrium
rather than by a delayed Hopf mechanism. A corresponding true equilibrium also exists in the full system
when m-current is present. However, in that case it lies much further away from the HB (see Figure 15 in
Appendix A), leaving sufficient separation for the DHB to produce a pronounced delay along the repelling
branch. Additional geometric and spectral features of the superslow manifold near the HB point may also
limit the buildup of delay. These include its near-fold geometry, where the branch becomes nearly vertical
near the HB point (see Figure 10, middle panel), and the extremely narrow interval of complex eigenvalues
beyond the HB. However, due to the nearby true equilibrium strongly shaping the local dynamics, it is
difficult to disentangle the relative contributions of these geometric effects. A detailed characterization of
these extra features is provided in Appendix A.

Since there is almost no delay after the trajectory passes the HB point, the baseline level of inhibition
in the M−-system, which must be fallen below for a spike to occur, can be approximated by the q value at
the HB point. It is worth noting that, due to the sufficient timescale separation between q and other fast
variables in the M−-system, a higher buildup of q at the end of each input pulse (qIC) leads to a longer time
spent along the stable portion of Mss (see Figure 10, right panel), and thus a longer delay D. However,
because q begins to decay before the input ends, as we explain next, its overall accumulation during each
pulse is still limited.

Fig. 10. Local dynamics of the M−-system. (A) Time evolution of trajectories starting at different positions along MSS

which are denoted by stars in (B). (B) Projection of trajectories from panel (A) onto (q, V )-space. The red diamond denotes
the Hopf bifurcation, whereas the black circle denotes the full system equilibrium which is a saddle focus. (C) The relationship
between the difference between q value at the initial condition and q at the HB bifurcation (qIC − qHB) and the time for the
trajectories to reach the HB of Mss (i.e., τ̃D).

Figure 9B shows the time series of the perturbed V (black) and q (green) of the M−-system under
periodic input pulses at frequency 0.7Hz over one cycle. The projection of the perturbed solution onto the
bifurcation diagram in (q, V ) space is shown in Figure 9D. As the input pulse begins at the yellow star, the
bifurcation diagram in panel (D) moves rightward from the red curve to the magenta curve. The trajectory
which is now further away from the perturbed HB bifurcation is able to oscillate three times between the
magenta periodic orbit branch until passing the HB bifurcation and getting attracted by the stable branch
of Mss (solid magenta curve). While the number of spikes during the input is the same as in the full model,
the inter-spike interval within the induced burst are much shorter in the M−-system due to the lack of the
subthreshold resonance generated by the interaction of Im and INaP (see Figure 8A). This leads to a rapid
accumulation of q to its maximum at 0.68 during the early stage of the input perturbation, after which q
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begins to decay even though the input is still on. By the time the input ends at the green star, q has decayed
to about 0.59 and the bifurcation diagram returns to the red curve. Consequently, the trajectory jumps to
the stable branch of the red Mss and travels along it until decaying to the original baseline level near the
red diamond, after which an intrinsic spike occurs before the next input pulse arrives.

(A) (B)

Fig. 11. The relationship between input frequency f that is slower than the oscillator’s intrinsic frequency at 1.4Hz and
(A) τ̃D for the M−-system and (B) τ̃R + τ̃D for the full model with Iapp = 8. Both systems fail to phase-lock to slower inputs
when the black curve drops below the blue curve ( 3

4
1
f
), with the M−-system and the full model failing to phase-lock to inputs

with frequencies below 1.1 Hz and 0.7 Hz, respectively.

In the full system, the post-input delay consists of the input duty cycle (magenta bar), the rising phase
during which q continues to increase after the input pulse ends, and the decay phase during which q decreases:

(4.1) Dfull =
1

4

1

f
+ τ̃ fullR + τ̃ fullD .

In contrast, the delay in the M−-system includes only two components:

(4.2) DM−
=

1

4

1

f
+ τ̃M

−

D .

Due to the absence of a rising phase following input termination and the lack of additional delay after passing
the HB point, the decay phase τ̃D in the M−-system is significantly shorter than the combined delay τ̃D+ τ̃R
in the full system (compare the black curves in Figure 11A and B). Consequently, under the same input, DM−

is much smaller than Dfull, resulting in poorer entrainment to slow inputs in the M−-system. Specifically,
as the input frequency f decreases from the intrinsic frequency of 1.4Hz, the input pulse duration increases,
allowing more time for q in the M−-system to decay to lower value at the end of each pulse. This leads to a
monotonic decline in τ̃D as f decreases, which soon falls below 3

4
1
f (see Figure 11A), causing phase-locking

to fail for frequencies below 1.1Hz (represented by the white region in Figure 11A). In contrast, in the full
system, τ̃D + τ̃R remains large as f decreases and only falls below 3

4
1
f at much lower frequencies (see Figure

11B). This allows the full system to phase-lock to much slower inputs compared with the M−-system.
In summary, despite better timescale separation than the K−

SS-system, the M−-system still faces chal-
lenges in phase-locking to slower inputs, due to insufficient buildup of inhibition q during each input pulse
and a lack of delay in spiking after passing the HB.

5. Full model with both KSS and m currents exhibits the greatest phase-locking flexibility.
In this section, we examine the intrinsic oscillatory dynamics and phase-locking properties of the full model
that includes both the slow m-current and the superslow Kss-current. We demonstrate that a delayed Hopf
bifurcation (DHB) plays a critical role in enabling the flexible phase locking to slow inputs and discuss the
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specific roles played by each current. A key difference between the full system and the previous reduced
models is that the full system exhibits three distinct timescales, giving rise to both a critical manifold Ms and
a superslow manifold Mss, which together enable an synergistic interaction between m- and Kss-currents.
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Fig. 12. Simulation of the full theta oscillator model and its response to periodic input pulses at 2 Hz, for Iapp = 9.8 and
other parameters as given in Table 1. (A) One cycle of temporal evolution of V . (B) One cycle of temporal evolution of V in
response to periodic input pulses with input frequency 2 Hz (see Figure 2, the bottom panel). The input pulse parameters are the
same as in Figure 2A. Color coding and symbols have the same meanings as in Figure 6. (C) Projection onto (n, q, V )-space
of the solution (black) from (A), the critical manifold (Ms, blue surface), the superslow manifold (Mss, red), the curve of the
homoclinic bifurcation (HC, green) and the lower fold curve (LF, blue). (D) Projection of the perturbed solution from (B) onto
(n, qKSS

, V )-space. (E) Projection of all the curves from (A) onto (n, qKCa)- space. (F) Projection of all curves from (D) onto
the (n, qKCa)-space, together with the HC bifurcation cure (green dashed) when Iapp is increased to 12.4667 during an input
pulse.

Figure 12A shows the unperturbed V and q traces over a full cycle of the system. Figure 12C and E
display the corresponding trajectory (black curve) projected onto (V, n, q)- and (n, q)-space. Also shown
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are the projections of the critical manifold Ms (blue surface), the superslow manifold Mss (red curve), the
lower fold (LF) curve of Ms (yellow curve) and the homoclinic (HC) bifurcation curve of the fast layer (FL)
problem (green curve), which terminates the periodic orbit surface that originates at a HB curve on the
upper branch of Ms (not shown). With respect to the fast layer problem, the upper and lower sheets of Ms

are stable while the middle sheet is unstable. On the fold curve, there is a folded node (magenta dot), a
special point that can allow trajectories to cross the fold with nonzero speed from the attracting branch to
the repelling branch [16, 48]. The red diamond on the Mss represents the Hopf bifurcation of the fast-slow
subsystem at which Mss changes its stability. This subsystem HB bifurcation is also known as delayed Hopf
bifurcation (DHB). A full-system true equilibrium exists at q = 0.13385, which is relatively far away from
the HB point and not shown here as it falls outside the displayed parameter range.

The mechanism underlying the full dynamics is similar to that of the K−
SS-system (Figure 6C): spiking

initiates at the lower fold (LF) curve of the critical manifold and terminates after crossing the HC bifurcation
curve (Figure 12C and E). The reason why the trajectory fails to closely follow Ms is due to a lack of sufficient
timescale separation between the fast and slow variables, similar to what was observed in the K−

SS-system
(see Figure 6C). Although the superslow current IKSS

is present, the associated superslow manifold Mss

and the DHB do not appear to influence the intrinsic dynamics. Nonetheless, they play a significant role in
generating long post-input spiking delay D in response to periodic input pulses, thereby supporting phase
locking of the full oscillator model to much slower inputs.

Figure 12B shows the time series of the perturbed V (black) and q (green) of the full system subject
to periodic input pulses at frequency 2Hz, over one input cycle (also see Figure 2A, last row). From these
plots, we can see that the delay D is long enough to delay further spiking until the next input arrives. The
projections of the perturbed solution onto the (V, n, q)-space and (n, q)-space are shown in Figure 12D and
F. Below, we use these two projections to explain how Mss and the DHB enable the full system to generate
a post-input spiking delay D that is significantly longer than its intrinsic period.

As the input pulse begins at the yellow star, the elevated Iapp shifts the HC curve to higher n values
(compare the solid and dashed green lines in panels D and F), generating additional spikes through the same
mechanism described in the K−

SS-system. During this extended spiking phase, q accumulates to a level much
higher than in the absence of any input. Unlike in the M−-system where q decays shortly after spiking, here
q continues to rise throughout the input pulse. With increased q at the end of the input (green star), the
trajectory is drawn closer to the attracting side of Mss (red solid lines in panels D and F, denoted as Ma

ss),
oscillates around Ma

ss, passes over the DHB (red diamond) to the repelling side Mr
ss (red dashed lines), and

then experiences a delay as it spirals outward along Mr
ss before jumping away, either spontaneously or upon

the next input. This behavior reflects the classic way-in/way-out phenomenon associated with a DHB, in
which the delay along Mr

ss depends on the trajectory’s entry location on Ma
ss.

To further clarify the delay mechanism, we compare solutions of the full system initialized at different
distances from the DHB along Ma

ss (see Figure 13), as in the M− system analysis. The left panel shows the
q-traces over time, the middle panel shows their projections in (q, V )-space with initial conditions marked
by stars, and the right panel shows the time required for each trajectory to travel from its initial condition
qIC to jump away from Mss, defined as crossing V = −30 from below. As expected from a standard DHB
and the associated way-in/way-out mechanism, trajectories initiated farther along Ma

ss from the DHB point
experience stronger rotational attraction and exhibit more pronounced bifurcation delays [5, 42, 43].

Another potential source of delay along the repelling branch of Ms is the canard mechanism due to
folded node singularities (see Figures 12 and 13, magenta circle). Trajectories that land inside the trapping
region (i.e., the funnel) on Ms, formed by the yellow fold curve and the singular strong canard γs (Figure
13, magenta curve), will converge to the folded node, thereby passing through the fold from the attracting
branch to the middle repelling branch. Such solutions are so-called singular canards. The strong canard
γs is a special solution that locally separate those twisting around the folded node from those that do not
[16]. As shown in Figure 13, this funnel region is narrow, and none of the perturbed trajectories fall within
it. Thus, the small-amplitude oscillations (SAOs) and the associated spiking delays are not related to the
canard mechanism but arise solely from the delayed Hopf mechanism.
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Fig. 13. Local oscillations and bifurcation delay in the full system with standard parameters from Table 1. The top panel
follows the same layout as Figure 10 and additionally shows the LF of Ms (yellow curve), the folded node (magenta dot) and
the corresponding singular strong canard γs (magenta curve). The lower panel shows the projection of the trajectories from the
top panel onto (q, n, V )-space, together with the critical manifold Ms (blue surface), LF curve, γs and HB point (red diamond).

6. Discussion. In this paper, we investigate the phase-locking properties of a single compartment
biophysical model of cortical theta oscillators under strong periodic forcing. While it is straightforward to
see why a faster strong inputs could force a slower oscillator, it is not obvious how a slower forcing input
can pace a faster oscillator. We therefore focus our analysis on inputs slower than the oscillator’s natural
frequency and examined how they enable such entrainment. The theta oscillator model includes both a
theta-timescale (slow) m-current (Im) and a delta-timescale (superslow) potassium current (IKSS), and is
forced by strong periodic inputs over a broad range of frequencies. Previous work [49] demonstrated that
the interaction of these two intrinsic inhibitory currents on distinct timescales supports remarkably flexible
phase-locking to slow inputs, enabling entrainment over a substantially broader frequency range than in
models lacking either current. However, the mechanisms responsible for this flexibility have not yet been
fully characterized.

Using dynamical systems methods, including the geometric singularity perturbation theory (GSPT)
and bifurcation analysis, we show that flexible phase-locking to slow inputs in the theta oscillator model
arises from a genuine multiscale synergy between its intrinsic currents Im and IKSS

, rather than from either
current acting alone or from the sum of their separate effects. Geometrically, the slow m-current organizes
the intrinsic dynamics around a two-dimensional critical manifold Ms, while the superslow IKSS

induces a
one-dimensional superslow manifold Mss ⊂ Ms that is not accessed by the intrinsic dynamics but becomes
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essential for entrainment to strong slow forcing. Notably, the roles of the two currents are interdependent.
With only the slow current, Ms exists but the absence of Mss limits delays to the slow theta timescale. With
only the superslow KSS-current, Mss is present, but without the current on the slow timescale, the buildup
of inhibition during forcing is only modest and the dynamic Hopf delay is lost. Thus, the presence of Im
does not just add an extra delay through SAO generation, it also enables the delayed Hopf mechanism to
be fully engaged. Under strong forcing, the combined action of superslow drift along Mss, delayed loss of
Mss stability via a dynamic Hopf bifurcation and the slow-timescale subthreshold oscillations substantially
postpones the next spontaneous spike beyond the natural interspike interval, thereby enabling entrainment
to inputs well below the oscillator’s intrinsic frequency.

To investigate the role of the superslow IKSS in phase-locking, we constructed the K−
SS system obtained

by removing IKSS from the full model. Figure 2 shows that removing IKSS significantly reduced the model’s
ability to phase-lock to inputs slower than their intrinsic frequency. In particular, the K−

SS-system can hardly
entrain any slower inputs. To understand this behavior, we apply GSPT to the K−

SS-system and identify the
lower fold (LF) of the critical manifold Ms as the spike-initiation threshold: a spike can begin only after the
Im inhibition falls below the LF level. Paradoxically, although input-triggered spikes produce a larger Im
inhibition than autonomous spikes, the trajectory decay to cross the fold LF even more quickly. As a result,
the spontaneous spike following an input occurs sooner than the natural interspike interval, preventing the
cell from following a rhythm slower than its natural frequency. Our analysis shows that this paradoxical
effect is mainly due to the limited separation between fast and slow timescales. Following input-triggered
spikes, trajectories with elevated inhibition (stars with higher n values in Figure 7B) lie further from the slow
n-nullcline. Because the fast variables do not relax fast enough to the critical manifold Ms, their dynamics,
together with a faster decay rate of n when it is further from its nullcline, pull the trajectory toward the fold
of Ms more rapidly. In contrast, when the fast-slow timescale separation is increased by slowing down the
m-current (i.e., closer to the singular limit), elevated inhibition following an input prolongs the drift along
Ms, producing a post-input delay longer than the natural interval (see Figure 7E and F).

In the M−-system, increased inhibition following a strong input pulse prolongs the drift along the at-
tracting side of Mss, thereby extending the post-input delay. This behavior contrasts with the K−

SS-system,
where greater inhibition shortens the interspike interval. As a result, the M−-system takes longer than its
natural interspike interval to generate the next spike, allowing it to be able to follow some rhythms slower
than its natural frequency. However, the overall delay remains limited for two reasons. First, the inhibi-
tion accumulates only modestly during an input due to the absence of subthreshold oscillations (SAOs) on
the slow timescale. Second, the M−-system does not display the pronounced spike-onset delay typically
associated with a dynamic Hopf bifurcation [5, 42, 43, 19]. There observations are consistent with previous
studies showing the importance of the m-current in promoting SAOs and Hopf-mediated (Type II) excitabil-
ity [21, 2, 49, 53, 32]. Importantly, however, in our model the loss of delay does not arise from a transition
to Type I excitability. Although removing the m-current shifts the system closer to the Type I boundary,
as reflected in a nearly folded equilibrium branch, oscillation onset remains Hopf-mediated. Our analysis
indicates that this suppression of delay is primarily associated with a nearby saddle-focus equilibrium lo-
cated just beyond the Hopf point. Prior studies [57, 48] have also shown that delayed Hopf dynamics can
be significantly altered when the Hopf bifurcation lies close to a fold or Bogdanov-Takens bifurcation. In
the M−-system, although no true fold is present, the superslow manifold exhibits a near-fold structure in
the HB region and lies close to a codimension-two cusp bifurcation organizing the fold branches, which may
further influence the local spectral properties and delay behavior (Appendix A, Fig. 14). A more systematic
investigation of how fold–cusp structure affects dynamic bifurcation delay represents an interesting direction
for future work.

Our analysis of the full system shows that flexible phase-locking emerges from a multiple-timescale
synergy between the slow Im and superslow IKss

that cannot be reduced to the sum of their separate effects.
In the absence of forcing, spiking in the full system is paced by the slow theta timescale Im with trajectories
following Ms, while Mss and superslow dynamics are not involved (Figure 12A,C,E). Nonetheless, periodic
forcing can engage both currents, creating long delays alongMss and substantially expanding the entrainment
frequency range (Figure 12B,D,F). Specifically, Im-mediated subthreshold resonance spaces spikes during an
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input more widely, providing the temporal window necessary for IKSS
to accumulate effectively throughout

the input phase. In turn, the buildup of IKSS
brings the trajectory closer to Mss and causes it to land farther

from the delayed Hopf bifurcation (DHB) point. The trajectory then undergoes a prolonged superslow
drift along Mss, during which small-amplitude oscillations (SAOs) are observed. The combination of this
superslow drift and the delayed loss of stability via a standard way-in/way-out mechanism at a DHB on Mss

significantly postpones the next spike beyond the natural interspike interval.
Interestingly, although SAOs are absent in the intrinsic dynamics sinceMss and the DHB are not engaged

without input, they emerge under forcing and contribute critically to flexible phase-locking. Thus, it is not
the SAOs themselves, but the underlying delayed Hopf-mediated mechanism they reflect, that enables flexible
entrainment to slower inputs. This perspective is consistent with the observation that synaptic inhibition-
based theta rhythms exhibit inflexible phase-locking to input frequencies lower than their intrinsic frequency
[11, 56, 49]. Even when synaptic currents operate on timescales comparable to Im, such systems do not exhibit
SAO-associated dynamics under forcing and do not display the same degree of phase-locking flexibility. Our
results thus highlight that flexibility depends not simply on the existence of multiple timescales, but on
synergistic interactions among currents operating across those timescales. While the present work focuses
on oscillators paced by intrinsic inhibitory currents, extending this multiple timescale analysis to oscillators
incorporating both intrinsic and synaptic inhibitory currents [49] represents an interesting direction for future
work.

To analyze phase locking behavior of the theta oscillator, we focused on a geometric singular perturbation
theory approach. A widely used alternative mathematical framework for studying phase locking in forced
oscillators is the phase response curve (PRC), which has been developed for week forcing [23, 20, 37, 55, 45,
58, 22, 40] and extended for strong but pulsatile forcing [15, 62, 11, 13]. Our results lie in a dynamical regime
in which the PRC theory does not directly apply, since our forcing is both strong and long-lasting such that
the oscillator completes multiple cycles (i.e., bursting) during the input pulse. As a result, the phase at the
end of forcing is not uniquely determined by the phase at which the forcing began. Moreover, the presence of
multiple (more than two) interacting timescales makes it difficult to characterize the system state in terms of a
single phase variable, since both phase and amplitude influence its dynamics. Recent advances in augmented
phase-amplitude reduction techniques, which incorporate amplitude dynamics through isostable coordinates,
extend phase-based description beyond weak inputs [46, 65, 63, 66] and to bursting dynamics [64], suggesting
promising avenues for progress. Extending these approaches to systems studied here, which exhibits multiple
interacting timescales and bursting oscillations under strong and long-lasting forcing, represents an exciting
direction for future work.

Our findings echo the theme of degeneracy observed widely in biology across multiple levels of organiza-
tion, where distinct parameter combinations can give rise to virtually identical baseline activity [18, 50, 30, 4].
As in other examples of degeneracy, such equivalence can mask substantial differences in the underlying mech-
anism. Importantly, however, our results show that this degeneracy does not extend to functional flexibility
under external forcing: while similar baseline dynamics can be supported by different parameter sets, the
most flexible entrainment arises only when coordinated interactions of intrinsic currents across multiple
timescales are present, even if some components do not participate when no forcing is applied. From a
broader perspective, this highlights the important functional role of multi-timescale interactions of currents
in neural oscillators. Rather than serving as redundant pathways for slowing, the intermediate slow current
further extends the delay by engaging the superslow manifold in a delayed Hopf regime, thereby supporting
flexible phase-locking over a wide frequency range. While degeneracy supports robustness of baseline activity,
synergistic interactions across multiple timescales may be especially important in cortical theta oscillators
that must flexibly respond to perturbations, where speech segmentation requires entrainment to inputs that
vary substantially in timescale [25, 44, 31, 14, 17].
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Fig. 14. Two-parameter bifurcations of the fast M−-subsystem with respect to the superslow variable q and the applied
current Iapp. The Hopf bifurcation curve is shown in red and the curve of saddle-node bifurcations (LP) is shown in blue.
Horizontal black dashed lines denote the default Iapp value used in the M−-system.

Appendix A. Geometric Structure near the Hopf Point in the M−1-system.
To further characterize the local bifurcation structure underlying the absence of delay in the M−1-system

as discussed in Section 4, we examine the geometry of Mss and its associated spectral properties near the
Hopf point. Although no true fold occurs, the Mss equilibrium branch is nearly folded: its slope becomes
nearly vertical near the HB and an inflection arises without an actual fold point. This near-fold geometry
suggests that the system lies close to the unfolding of a cusp bifurcation that generates saddle-node (fold)
points. Indeed, by varying an additional parameter (e.g., Iapp), we identify a cusp bifurcation near the HB
at which two fold bifurcation points (LP) are created (Figure 14). Similar unfoldings occur under variation
of other parameters such as gm (data not shown). The M−1-system parameter set lies just outside the cusp
region, explaining why Mss appears nearly folded but lacks a true fold. Thus, while no actual saddle-node
bifurcation is present in the default parameter regime, the geometry of Mss remains strongly influenced by
a nearby cusp unfolding.

Fig. 15. Real part of the two eigenvalues of the fast-slow subsystem (y, n) along the superslow manifold Mss, that switch
between real and complex in (q,Re(λ))-space, for (left) the M−-system and (right) the full model, with Iapp = 8. Other model
parameters are the same as in Figure 3. The eigenvalues along Mss are real when there are two branches of Re(λ) and complex
when there is a single branch. The HB point is indicated by the red vertical dashed line and the true equilibrium is indicated
by the black vertical line.
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Proximity to a fold is known to modify delayed Hopf bifurcation behavior. Previous studies have shown
that when a Hopf bifurcation occurs near an actual fold or a Bogdanov–Takens (BT) point, the classical delay
can be significantly reduced or eliminated [57, 48]. In the present case, although no true fold is present, the
near-fold geometry may influence the spectral structure near the HB, thereby affecting the associated delay.
Specifically, Figure 15A shows the real parts of the two critical eigenvalues λ of the fast-slow subsystem
evaluated along Mss that transition between real and complex values, while the other eigenvalues stay real
and negative for q between 0 and 1. The eigenvalues are real when two distinct branches of Re λ are
present and become complex when these branches merge into a single curve. On the stable branch of Mss

(q > qHB = 0.3612), the eigenvalues are initially real and negative, and become complex as q approaches the
HB (red dashed vertical line). Although the complex pair persists briefly past the HB, the region of complex
eigenvalues is extremely narrow, and λ quickly becomes real again, similar to the observation when a true
fold is nearby [57, 48]. In contrast, when the m-current is present, the two eigenvalues remain complex along
Mss for all q ∈ [0, 1] (see Figure 15B).

REFERENCES

[1] S. Achuthan and C. C. Canavier, Phase-resetting curves determine synchronization, phase locking, and clustering in
networks of neural oscillators, Journal of Neuroscience, 29 (2009), pp. 5218–5233.

[2] C. D. Acker, N. Kopell, and J. A. White, Synchronization of strongly coupled excitatory neurons: relating network
behavior to biophysics, Journal of computational neuroscience, 15 (2003), pp. 71–90.

[3] N. Adams, C. Teige, G. Mollo, T. Karapanagiotidis, P. Cornelissen, and J. S. et al., Theta/deltacoupling across
cortical laminae contributes tosemantic cognition, Journal of neurophysiology, 121 (2019), pp. 1150–1161.

[4] L. Albantakis, C. Bernard, N. Brenner, E. Marder, and R. Narayanan, The brain’s best kept secret is its degenerate
structure, Journal of Neuroscience, 44 (2024).

[5] S. M. Baer, T. Erneux, and J. Rinzel, The slow passage through a Hopf bifurcation: Delay, memory effects, and
resonance, SIAM J. Appl. Math., 49 (1989), pp. 55–71.
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